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Syllabus

CALCULUS & GEOMETRY
SC-102

CHAPTERI1

Successive differentiation, Leibnitz theorem, Maclaurin and Taylor series expansions. Indeterminate form, Tangent
and Normal (Cartesian curve), curvatures, Asymptotes singular points and curve tracing (only cartesian curve).

CHAPTERII Vi ' b
Length of curves, Area of Cartesian curves, Volumes of revolution and surfaces of revolution. '
CHAPTER III

Definition of differential equation, Order and degree of differential equation. Differential equation to first order
and first degree. Exact differential equations, First order higher degree differential equations, Clairaut’s form and
singular solution. Linear differential equation with constant coefficient. Homogeneous linear ordinary differential
equations. Linear differential equation of second order Wronskian.

CHAPTERIV .
Geometry (2-dim) : Coordinate system, General equation of second degree, System of conics, Confocal conics.

Geometry (3-dim) : Coordinate system, Direction cosines and ratios, The plane, The straight line, Sphere, Cone
Cylinder.



UNIT

SUCCESSIVE DIFFERENTIATION:

| STRUCTURE |

® Introduction . .
. @ Successive Differentiation of Standard Forms
@ Test Yourself-1
® Leibnitz’'s Theorem
® Test Yourself-2
® Summary
@ Student Activity
@ Test Yourseff-3

. LEARNING OBJECTIVES

“| After going through this unit you WI|| learn : - .
@ How to dtﬁeréntlate the given functions upto finite number of times
@ Leibnitz's rule which is applicable for the product of two or more functions

e 1.1. INTRQPUCTION
Let y = f{x) be a function, then the differential coefficient of Ax) denoted by f'(x) is defined

as follows
. x+0x) —fx) _dy
‘) = lim ﬂ_L_ﬂl
et f( ) &0 dx
If the limit exists (i.e., limit is finite and unique), then f(x)} is called first differential coefficient
of fix) with-respectto_x. Similarly, if fx) is differentiable twice, it is denoted by f“(x), if it is
: dlffcrentlable thrice, it is denoted byf"’(x) ie.,

=L (@) 4y

dx_dxz

. R d(d) &
: I 0=
dx | dx* | dx

Ify=flx) bea functlon of x, then we adopt the fo]lowmg notations.

» f(x)“ —thx)——cftx» y2=f1)= ?ir% Df(r)-—(f(x))
? T = x} Djur- uu»
Simifarly, y,=f"(x)= D”ﬂx)——(f(x))

This process of finding ﬁ‘re dgﬁ’erenual coefficients of a function is called successive
differentiation.

e 1.2. SUCCESSIVE DIFFERENTIATION OF STANDARD FORMS
() Hy=f(x)=x"then D" (")=n!.

n! !

(i) If y = fix) =x™, then D" (x™) = p—— [ " (m > n)
P 1 71 (1)'d"n!
(iii) Ify—f(x)—{ax_l_b),lhen D"[aerb]— PRI

Successive Differentiation
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Calculus & Geometry - _ _ 1 [ 1 ]_ (- l)"’ an!
V) Ify =flx) = (ax-i-b)“‘ then D" prrwrel b -1 (ax+b))m+n

(v) If y = f{x) = sin (ax + b). then D" =[sin (ax+b)]=a"sin{£2-n+ax+b]

(vi) If y = flx} = cos (ax + b), then D"=[cos(ax+b)]=a"cbs[n—;-+ax+b]

i) Ify=fix)=e™"*®, then D" = (¢=* ) =a"e™ *?,
(viii) I y =f{x) = log (ax + b). then D" = [log (ax + b)] = (- 1)"~ 14 ax +;) ’
(ix) y = fix) = ¢* sin (bx +¢).
Here, we have
y1=f(x) = ae™ . sin (bx + ¢) + be™ cos (bx + ¢)

= ™ [a sin (bx + ¢) + b cos (bx + ¢)]

Put a=rcos@.b=rsin®@=r~=a*+4
and tanB=b/aie,B=tan""b/a.
Therefore, =f(x)=r - e"sin{bx +c+86)

1 b
= (a’ <i-b2)"2 ¢ sin| bx + ¢ +1an '; .

Similarly,  ys=f"(x) = (a> + 69" (@® + )2 . ¢ sin (bx + ¢ +tan™' b/a +tan”' b/a)
=(a® + 67 ™ sin (bx + ¢ + 2 an” ' b/a)
y3=f7(x) = (@ + 2% ¢ sin (bx + c + 3 tan” ' b/a)
Similarly, y,=f"(x)=(a" + 5" ¢®sin (bx + c + ntan” ' b/a)

= Yn= d—i—} [e* sin (bx +€)) = (@* + 53" * sin (bx + ¢ +n tan” ! b/a)

(x) y=fx)=e" cos(bx +¢).
Similarly, we may obtain

Ya= % [e* cos (bx +¢)] = @+ b’)"’2 e cos (bx + ¢+ ntan"' b/a)

SOLVED EXAMPLES
Example 1. Find the n™ differential coefficient of log (ax + 22).
Solution. Let  y = log (ax + x°) = log [x(a + x)] = log x + log (a + %)
Differentiating n times, we get

d" d"
yﬂ»d{(logx)+dxﬂlog(a+x)
=T =) tupls LN ‘a1t
%’ x+a)
Y n=1 —l [} PR l
AR l:x"+(x+a):[

Example 2. Find the n'™® differential coeffcieints of
() €™ sin bx cos cx.
(3] e sin’ x.
Solution. (i) Let  y=¢%sin bxcoscx
= -'- £ [2 sin bx cos cx)

l ™ [sin (bx + ¢x) + sin (bx ~ ¢x)]

N-—N

== [e™sin(b+c)x+eTsin(b—c)x]

Since, we know that

fn-[e"sin(bx+c)1=(a‘+b’)"" e sin (bx + ¢ + n.tan” 'b/a)

Therefore, by differentiating (1) a times, we get
2 Self-Instructional Material



and

-"[{a 2+ (b + )P ™ sin {((b+c)x :

tntan”! (B +c)/a)+{a’+ (b -c)'})* e sin {(b-c)x +ntan” (b~ c)/all.

(ii) Lety=e*sin’x.

Now using the result
sin 3x = 3 sin x — 4 sin’ x.

We have 4 sin® x = 3 sin x — sin 3x RS
= sin® x = % (3 sin x — sin 3x).
Therefore, y= i ¥ [3 sin x — sin 3x] 2% ¥ sin x — i* ¥ sin 3x.

4

Now, differemia(ing n times, we get

——[(2 241397 X sinx 4 n tan™! 1/2] )

- i [(22 +39%)" ¥ sin [2x + n tan”™ ! 3/2).

Example 3. If y = sin mx + cos mx, prove that y, = m [1 +. (— 1)" sin 2mx]
Solution. We know that T

1/n

B masinln.
o [sin{(ax + &)} =a sm(n-2+ai+bJ

s

d i
Therefore, . =— (sin +—(cos
Y dx"( mx) dx”( mx)
= sin|mx+n T+ m® cos | mx+nE
2 2
b )2
=nm Hsm[mx+n §J+cos{mx+n§)}:|
: ' 1/2
———m"[l+2sin[m+ng}cos(m-'i-ngﬂ

=m" [1 + sin@mx + nm) ]2 = m" [1 £ sin 2mx]'"?
=m" {1 + (- 1)" sin 2mx)">
Example 4. Find the n™ differenial coéﬁciem of log [(ax + b) {cx + d)].
Solution. Lety =log [(ax + b) (cx + d)] = log (ax + b) + log (cx + d).
We know that D" log (ax+ ) =(= 1" "' (n— 1) ! a" (ax + b)"".
=D - @+ A (DT - D (ex v d) T

=-D"t'n-1!

n n
[4] ‘C

+
(ax+ b)Y (cx+d)"

Example 5. F; md the ' derivative if y = cos* x.

Let y= cos*x = (cos x) =[1/2 (1 +cos 2x)]
=1/4 (1 +2cos 2x + cos’ 2x)
=1/4[1 +2cos 2x + 1/2 (1 + cos 4x))
=1/4{3/2+2cos 2x+ 1/2 cos 4x]
=3/8+1/2sin2x+ 1/8 cos 4x.

Now D" cos (ax + by=d" cos (ax + b+ nn/2).
l n l l n i
yn—0+2.2 cos(?_x+2mt]+8 4 cos(4x+2nnJ |

=" 1 cos(2x+%nn]+22"_3éos(4x+%mt}.

Suvvestive Differentiation
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TEST YOURSELF-1

Find the n™ derivatives of

(i) sin3 X (i1} cos x éos 2x cos 3x ..

(iti) €™ cos? x sin x (iv) sin ax cos bx

(v) sin® x sin 2x.
th

Show that the value of the n* differential coefficients of
and is —n !, if n is odd and greater than 1.

for x =0, is zero if # is even
— l -

= L{:ZDStBK.?4 i
27 da 2

i) If x=a(cos @ +0sin8), y=a (sin® - 0 cos B), find —d—é

N Mo
-z

l

(i) If x=a(t~sin?) and y = a (1 + cos 1), prove that

a:"qg.

ANSWERS

1 nim 1

= . 3" sin 3.r+-§~ .
L2x+%)}

2| 4
(1i1) y, =% [(@®+ 1Y"? ¢ sin {x +ntan”' 1/a} + (a* +9)""

1. G) y,,='%sin[x+ﬂ
. 1| n 1 n nm "
(i) y,,——4{6 cos[6x+2nﬂJ+4 cos(4x+ 2]+,2 cos

¢ sin(3x +n tan™' 3/4))

% m‘l:} +{a—b)"sin {(a —-b)x+ ‘é‘-nﬂ;} ]

) yp=2""" SiU{Z«r+lnnJ—4"_] sin{4x+—21‘n7rJ

@iv) y,= 'é' {(a + )" sin {(a +byx+

2

1 sec B_

3. (i) y= 55

1.3. LEIBNITZ’S THEOREM

This theorem help us to find the o differential coefficient of the product of twa functions in
terms of the successive derivatives of the functions.

Statement. If u, v be two funcuons of x, having derivative of n™ o1 dr,r then

D' (wy=ay+"Cra,_v1+"Cotty_ 3ot oo +"Crig_ v, + oo +"C, v,

where suffixes of « and v denote differentiations w.r.t. x.
,SOLVED EXAMPLES

Example 1. Find the n™ derivative of x° sin x.
Solution. Let u=sinx and v=x°

Then, u, = sin {x +%}
T =sin[x+(n— l}%]
My p = Sin[x-k(n -2) g}
Also v, =2x
V2=2
V3=0.

Now, by Leibnitz theorem, we have
n

— (V) =ty . v+"City_

n
v T+ Chltyn vy

= iﬂ;(Jc2 Sin X} = sin (x+
dx

L‘}Jf +1C, sin {x +(n—1) ﬂ 25+ "Cy sin {x +(-2) gJ 2



Example 2. If v = a cos (log x) + b sin (log x), show that . i
x2y3+xy| +y=0and xzyhz +2a+ D xy,4 + (n*+1)y,=0.

Solution. Here, we have

y=acos (log x) + & sin (log x). (1)

Differentiating (1} with respect to x, we have

a . -b
n=-7 sin (log x) + o8 (log x}

= xy; =—asin (log x) + & cos (fog x).
Again, differentiating w.r.t. x, we get
Xy +y3=-— % cos (log x) - % sin (log x) .
= leyz +xy,=—acos{logx)—bsin(logx)=-y
= Py 3y, +y=0. _ 7 Proved ..(2)

Now, differentiating (2) both # times by Leibnitz theorem

= D'&y)+ D" )+ D) =0 )

= (Dy) £ +7C (D" yn) (Dx) +"CHD" ) (D) . e
| £ D'y x+"C(D" 1) (D) + D'y =0

nn-1 I
= xz)"u+2+2"xyn+l+ 2 _lzyn+xyn+]+nyn+yn=0

= et @+ Dy, P+ 1)y, =0, " Proved.
« SUMMARY
e y=x"= y,= X" (m > n)

(m—n)!

%(sin (ax+b)=d" sin(%+ax+b}‘]

%(cos(ax+b))=a"cos(%+ax+b)

n-1a {n=1)!

dﬂ = f(—
E(log {ax+6))=(-1) (@15

n

d (e sin (bx +¢)) = (@” + b7)"% ™ sin ( bx+c+ntan” [%]]

]

4 (€™ cos (bx +¢)) = (a® + b2 €™ cos ( bx+c+ntan”! [%]]

Liebnitz's Theorem : If «, v be two functions of x having n'" order derivatives, then

D" (iv) = upv +"cypap vy + "ty _ava oo + "f,,uv,,
*  (y,)0= value of y, (x} at x=0.
» STUDENT ACTIVITY
1. Find the #™ derivative of sin ax cos bx.

g

= x sin x+n—;—l+2nxsin[x+(ri—l)g]+n(n-—l)sin[x+(n—2)g] /

Steecessive Differentiation
\
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Calculus & Geomeiry

2. Ify=[xr+V1+x°1" then find (vn)o.

N

* TEST YOURSELF-2

1. Use Leibﬁitz‘s theorem, to find yn in the following cases :
() x'e™ L (i) x% (iii) x° sin ax :
(iv) X logx  (v) ¥ cos x (vi) ¢ logx (vii) «" log x

2, Ifi,= % (x" log x), prove that [, =nl,_ ,+ (n — 1) ! and hence show that

) l 1 1
—_p! 242 =
i, n.{logx+i+2+3+...+ J

3. Ify=[x+ V(1 +)]" prove that
(142 Yo i 2+ @n+ D xynsy + (0° = m?) 3, = 0.
4. Ify”™ 4y " =2x, prove that
& = 1) ynr 2+ 2+ 1 xypsr + (0" = m?) 3, =0,
5.  If y=cos (log x), prove that
Xyppz+ 20+ 1) xypes + (2* +1) y,=0.

ANSWERS
1. (@) e*ad" P [@ +3nd%® +3n(n— ) ax+n(n - 1){n-2)] k
(i) € [x*+ 2nx +n(n - 1)]

(iii) a"_{aa’xg sin ax+% + 3na’s® sin [a.x +(n-1) g} +3n(n—1)axsin {ax +{n-2) %]

+n(n-1) ([n —2)sin [ax +(r-3) gﬂ

D't 3 3 1 ! o
3 n n-1 n-2 n-3 '

(v) & |:2”/2 x* cos (x + Ef-] +200=V2 905 cos (x +{n-1D %]

vy &

+ 2("'1:")/2 n(n~1)cos [x +(n-2) %ﬂ

8 Se!ﬁ!nstrud_iom-;l Material



/
Vi) e [logx+"Cx ' ="Cx 4G 2 - 4G, 1) T -1y 1)
.. n!
(vii)ypa = .
OBJECTIVE EVALUATION

> FILL IN THE BLANKS :
1.  D'(logx) is equal to ......... .

2. Tofind the n ™ Gerivative of the product of two functions we USe ... lheortm.
3. Iy= sm(nx+b) then D" sin (ax+b)- M- -
4. Nys=(ax+b) ', then Dax+b)” — &

>» TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :
1. Tofind the n'® derivative of the product of two functions we use Leibnitz’s theorem.  (77F)
2. If we observe that one of the two functions is such that all its differential coefficients after a
certain steps, become 2¢ro, then we should take lhlS function as second function. (T/F)
3. Ify=acos (log x} + & sin (log x), then x yz +xyy = (T/F)
> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. D™ D) isequalto: .
(a) a"& (b) &t
(©) a"be=t?b (d) a"e™*?,
2. D'logxisequalto:

! -1 i{n— 1yl o L.
)(n-.l). [b)( ' {n—1)! (c)_[_l) {n=-1)! (d)! lxnl n!

Aot amr——

£ P <
ANSWERS
Fill in the Blanks :
-1
1, EDT @-b! x}f" “1%s. Leibnitz's 3.4 sin[ax+b+%]
4. (-1).nta"(ax+b)y"""
True or False :

1.T 2.T 3.F
Multiple Choice Questions :
1.ic}y 2{(c)

]

Successive Differeniiation
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Calcrdus & Geometry U N I T

o )
EXPANSIONS

3 STRUCTURE ' :

® Taylor's Theorem N
Maclaurin’s Theorem
® Failure of Taylor's and Maclaurin’s Theorem

@ Summary :

@ Student Activity -

@ Test Yourself - .

LEARNING OBJECTIVES | '

After going through this unit you will learm :
® Some standard results like Taylor's and Maclaurin's Theorem
@ Expansion of given function in a power series of its variable.

* 2.1. TAYLOR’S THEOREM

Statement. Ler fx) be a function of x which can be expanded in powers of x and let the
expansion be differentiable term by term any number of times, then

N

2 . "
fa+h) Zj{a)+hf'(a)+%f”(a}+ +£—'—Tf”(a)+
(i) Writing x for @ in (2), we have
2 n '
fx+ k) =£fx)=hf'(x) +§Tf”(x) + ... +%f"(.r) + ...
(i) Puttinga + k. =b or A =b —a, in (2), we get
_ 2 R
f{b}=ﬂa)+(b—a}f’(a)+£%Lf”(a)+ +@n—f‘3—f"(a)+
(iii) Changinga + Atox i.e., A tox —a in (2), we have

2 n
flx) =f(a)+(x-—a)f’(a)+£%Lf”(a)+ +E—;—!aLf"(a)+

* 2.2. MACLAURIN'S THEOREM

Let fx) be a function of x which possesses continuous derivatives of all orders in the interval
[0, x] and can be expanded as an infinite series in x, then

2
F) = f0) + x(0) + -;—!f”(O) 4. +§~!f‘(0) +...
SOLVED EXAMPLES
Example 1. Expand
0] e G (1 +x)" (iii) sin x.
(iv) log (1 +x). ) a*.
Solution. (i) Let fix) =& = A0 =e"= 1. f (=" =F(0)=1fF(0)=1.

Put all these values in Maclaurin’s series
2 3

&) =R0) + 2 (©) + 57O + 57 F7O0) ..
2 3 4 n
We get e’=1+x+%+§—?+{:—l+...+%+.".

This is known as exponential series.

8 Self-Instructional Material



(ii) Here, we have
fy=(1+x"
= oy =1
FE=n(1+x " = f(0)=n
fi@=nn-1)(1+x)"" = f40)=nn-1)
ff@=nr-1)n-2)...a-m+ D +0)""
= O =nn~-1)...(n~m+1). o
Put all these values in Maclaurin’s series

2
Jx) = R0) + xf (0)+—+f”{0)+
We get  (1+x)" —1+m:+—(———)-x2 L b VR (ﬂ m_lx.,.

This is known as Binomial series.
(iii)Here, we have
fX)=sinx=>80)=0 |

Flry=cosxm @) =T« e e
fﬂ(x) - s’n x ﬂkf”(O) = 0 ‘
frxy=-cosx= f(0)=~1 <
)= g'{i;{g + 22"-}
AN 0, when n=2m
= f{o)—{(_l)m Wheﬂn:'Zm{'-[.

Putting all these values in Maclaurin's series, we get
) . x . xs x? - xz»nl
sinx=x-7+z7—
315!

;’" +( l) m+1)'
{(iv) Here, fix) = log (1 +x) =5 f0) =0 .
PR LT () NN l(n—l)‘n"123

(x+ 1)
Put all these values in Maclaurin’s series, we get
. 2 3 4 n
_ _x £ _x X o -t _
log(l +x)=0+x X -1t +31 2 i 304 +n!( D" " m-114+ ..
T 3 4
T ST SN A0 n- 1x“
= log(+x)=x 2+3 4 vt (=1)

This is known as logarihmic series.

{v) Here, we have

fx)=d" = AO=a"=1
Fx)=da" loga = f(0)=loga
frx)=a*(loga)’ = f(0)=(log a)
frw=a (log a = f”’(O) (log a)

Putting all these values in Maclaurm s series, we get
2
a* —1+xloga+ (loga} +'1)(10ga) +.

Example 2. Expand log sin (x + h) in power of h by Taylor’s theorem.
Seolution. Let Ax + k) = log sin (x + k)
= fxy=logsinx . .
|
i =" = i
(%) inx cosx=cotx

fx)y=- cosec’ x

227

S7(x) =2 cosec x cosec x cotx =2 cosec® x cot x

& .N%Y’i‘:'* b

st

(D)

-*’éfm

Expanvions

.t Av.z.*.r’ ‘f
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Now by Taylor’s theorem, we have
B oo
S+ . (2)

2
Rx+h) =)+ hf(x) + % fOz+ 31
Putting all the values from (1) in (2), we get : [
2 3
log sin (x + A) =log sinx + /1 cot x - % coseczx + ?coseczx cotx +....

Example 3. Expand sin x in powers of [x - g) by using Taylor's series.
Selution. Let f{x) = sin x.

We may writef{x) =f{-12£ + (x - % }

Now, expanding f [% + (x - %J] by Taylor’s theorem in powers of (x - g] , we get
1 n _ ' !
f(x)—f[zm(x—z] |

APl el -1

(1)
f'(x):COSXﬁf'(g‘ =cosg=0
f”(x)“*smxz.'»f” g):—_glng;_l

mp N w| T - E=
JSrx)y=—cosx=f [2] c0s 5 0
iv o v E o E_
fx)=sinx=f (2]—sm2—»l

Putting all these values in (1), we get

2 4
. 1 n} 1 T
smx=1—i(x—5] +a—!-[x~5] — e -

SUMMARY

Taylor’s Theorem : Let f (x) be a function of x which can be expanded in powers of x and that
-the expansion be differentiable term by term any number of times, then ;

2
fla+x)=f@) +xf’ (a)+%f” @+...... +os
Other form of Taylor’s theorem
. 2
F=f(@)+ (x-a) f’ (@) + LJ‘TT“L F@

Maclaurin’s Theorem : Let f (x) be a function of x which possesses continuous derivatives of
all orders in the interval [0, x] and can be expanded as an infinite series in x, then .

2 n
£ =£(0) +xf (0) +%f” O +...... &%f” )+ ......

STUDENT ACTIVITY

kil

Expand sin x in powers of [x ~5

J-by using Taylor’s series.




2.  Apply Maclaurin’s theorem to prove that
fo sec'x=lx2+lxz+lx4+-l—x6+
€ 2% Tt TRt st e
« TEST YOURSELF
1. Expand the foilowing function by Maclaurin’s theorem -
(i) secx (i) €' secx (iii) log (1 + sin x)
2.  Apply Maclaurin’s theorem to prove that log sec x = % X+ Tlix + 4—15-);6 + ...
3. Ifyssin 'x=gqptax+ az:c2 + ... Prove that (n+ lj (n+2)a,,,= nza,,.
4.  Expand the following
(i) sin % + 6 {in powers of 6. (i) 207+ 7x> +x — 1 in powers of x — 2.
(iii) sin”* {x+#) in power of x.  (iv) log sin x in power of (x —a).
) ANSWERS
2 o5t 3 Pi
L O 1+%+4—x!+6—j+:. (i1} l+x+F+?+
X &x
(iii) x—5+-g—ﬁ+£—
4.

L1 ¢ 6 e 6
(i) @[1+B—2!—3!+ +5|...

(i1) 45 +53(x~2) + 19(x -2 + 2(x - 2)" +
2

e . - et x -
(iii) sin 1h+;c(l -k m_’_;! h(1 -0+ 3 il

2
. . x—a
(i) logsma+(x-a)c0ta—£—'—-)—cosec a+£—L2cosec acota+...

2!

OBJECTIVE EVALUATION
> FILL IN THE BLANKS :

1.
2.
3,

If y = tan x then y5(0) is ........ .
sin x

If y = " then y3(0) is ....... .
By Maclaurin’s theorem

=AY 2 +200)+ ...

Expansions

Self-Instructional Material 11
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. ” o - y=e’sin_\‘=x+x2+—2-—x3+.,,+2——Mﬂx”+,,,f
31 n! -
Theh y3{(0) = ......... .
>» TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :

_ 1.  We get the Maclaurin’s series by putting a =0, s = x in Taylor’s series. (17F)
< 2. Iffix)=d", then f(0) is equal to (log a)"". _ (175
13, Ify=logsecxthen yy(0)is 3. - ' (17F)
4.  Second term in the expansion of log {1 + tan x) is - % X CLIF)
> MULTIPLE CHOICE QUESTIONS :
Choaose the most appropriate one :
1.  If Rx) = 4" then f(0) is equal to :
{ay O (b 1
1 " n
(o {oBal @ (oga)"
2. If y=tan x then y5(0) is :
(a) 4 (b) 8 (©) 12 (d) 6.
3. If y=log sec x then y,(0) is :
(a} O ' by L (cy 2 d 3
4. Expansion of ¢" sec x is equal 1o :
2x° x°
(a) l+x+a+.‘. (b) i+x+§+...
2 2
2
(©) l—x+§—! {d) l—x+2—x!+....
ANSWERS
Filt in the Blanks :
1. 16 2.0 32
True or False :
1.T 2.T 3.F 4.T
Multiple Choice Questions :
1. (a) 2. (d) 3. (¢} 4. (a)
aad

12 Self-Instructional Muatericl



UNIT ~
INDETERMINATE FORMS

STRUCTURE

Indeterminate Forms

L'Hospital Rule for the indeterminate form 0/0
L'Hospita! Rule far the Indeterminate form es/eo
@ Test Yourself-1

The Indeterminate form 0 x «

The Indeterminate form 00 — o0-

The Indeterminate forms*0", 17, e ~.
@ Student Activity '
@ Summary

@ Test Yourself-2

LEARNING OBJECTIVES

After going through this unit you will learn :
@ About all determinate and indeterminate forms witnessed while. evaluating the limit of

the given functions,

* 3.1. INDETERMINATE FORMS

When a function involves the independent variablé in such a manner that for a certain assigned
value of that variable, its value cannot be found by simply substituting that value of the variable,
the function is said to take an indeterminate form.

. The most common cases occuring is that of a fraction whose numerator and denominator
“both vanish for the value of the variable involved.

As f(x) > 0 and g(x) — 0 when x — a, then the quotient L6 is said to have attained the

g(x)
. . 0
indeterminate form 9
Similarly if lim f(x) =cc and lim g(x} =0, then the fraction £ is said to have attained
r—a xX=a g (x}
the indeterminate form z :

The other important indeterminate forms are ¢ X oo, 0o — o, 0°,1" and =",

s 3.2. UHOSPITAL RULE FOR THE INDETERMINATE FORM 0/0

If lim f(x)=0= lim g (x)
r=3a xX=n
then lim [ _ lim L.L)_ provided

208 @) a8 )

lim 'ﬂﬂ lm wemsts

rovided
P con () o €O

» 3.3. HOSPITAL RULE FOR THE INDETERMINATE FROM /<

If lim f{x)=e0and lim g (x)=-se, then
xT—a X=n
lim L9 o pm £
roa 80 x5 &

’
Indeterminare Formys

Self-Instructional Material 13
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provided lim ‘L,Lr)- exists.
i=sa § ()
Solved Examples

_ sinx
Example 1. Find lim e-e
1m0 X—sinx

. _ Mor
Solution : lim A 9t"c.)rrn
~ . x=0 X—Sinx - -0
= lim & - e™* cosx avai gf
=0 1-cos x B mO orm
- fim & —[cosx. "% . cos x + €™ (= sin x)]
| f—0 sinx
=" cos® x — sin x] 0
= | in—
xl_r;r:J pr again 0 form
= lim & — " [2 cos x (- sin x) - cos x] — ((cos” x — sin x) £™"* cos x|
=0 . cosx
= lim ¢ — &°* [~ sin 2x ~ c0s x + €0 x — sin x cos x]
x—0 Cos x
1=l 1
| 1L :
= 1.
Example 2. Find lim 253 ~log(1+x)
x—0 Xz
Solution : We have lim 2<%~ I;)g U +x)
x=0 - X
T2 4 3 !
. X X P x 0
= | -t |- ==, =
,'_’,“0[ 21740 ](“ 273 |Qf°”“
2
X 3 3
—-cx¢
= lim 2 6
x—0 .\2
= lim %-%.r+tcn'ns comaininng
x=0
=1
> -
Example 3. Find lim SShX—-cosx
10 X sin x
Solution : We have lim M |gf0rm
0 xsinx 0
= tim [ cosh x — cos x x ]
£=0 e sin x
. coshx—cos
= lim —-..-,-—--—x Igform
x=+0 X
. sinhx+sinx IO
= lim —————— =~ form
=0 2x 0
= tim cos.hx+cos.ar=l+1=_1
z=0 2/ 2 ]

* TEST YOURSELF-1

1. Find the following limits :



() lim 230X (i) lim 1‘?”
x50 X x=0 X
X
(ifi) lim d-b (iv) lim 128X
x—0 x—=1 x=1
&) lim (1+x)"—1 (i) lim xe* - log {1 +x)
x—0 x x—=0 xz
o .. tanx-—x e . @ —2°
{vii) lim ——— (viii) lim

a

x>0 x tanx x—2a X —a

. | 2

. . Sinxsin x—x

2, Fid lm —————.
x—0 X

(1 +x)”‘lt—e+%ex-

3. Find lim ———s
x=0 i X
ANSWERS
L0 Gy Gidled 1 e o :
... loga-1 1 - lle ’
i) Yo a + 1 218 >

(vii) %

' 3.4. THE INDETERMINATE FORM 0 X oo.

To find lim [f(x).g (x)), when lim f(x)=0and lim g (x)=ce.

xX—=a xX—a X—=a

To determine this limit, the produce may be transformed into the form % or z , using any one

of the following relations

r@ e@=LL or fgn=£

-& (%) )
and lhen_apply previous method.
Solved Examples
Example 1. Evaluate lim (xlogx).

» x =04+

Solution : lim (xlogx)= lim log x

* x—=H x—0+ 1/x

= fim 1’x2= lim (-x)=0.
x—0H — l/x x> 0+

Example 2. Evaluate lim xlogsinx.

10
Solution : lim xlog sinx.

x=0

1/x

x=0

lim ( log sin x ]

. (1/sinx).cosx

= lim 3

x—0 -1/x

. —x’cosx
= lim ———

r50 SinX

- x'sinx—-2xcosx
‘= lim

x>0

COS x

= form

| from O X oo

form—

o0
form—
o

form—

Indeterminate Forms
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- e

3.5. THE INDETERMINATE FORM o — <o

To determine lim [f(x) - g(x)], when lim f{x)=oc= lim g (x)
xX-a ..f xX—a X — e

/

Here, this can be reduced to the form 6 by the relation

B
G L‘L@—]ﬂ’—‘)j

eEEEE T e o

and they aply previus method. .
Working Procedure. S =

1. Change all trigonometric-ratio into sin x and cos x (if T-ratio ae present).
2. Take LCM. )

. , . .. 0
Now the indeterminate form is reduced into 0 form.

Sotved Examples

Example 1. Evaluate lim ( = _1 )

x—=0 51n2x

1

x

Solution : lim [— J
X sm X

x—0

|
I
5_

|f0rmoo~;>o

form —

4 .
2
Y + terms containing hzgher powers ot &
= lim 3
190 ¥ terms containing higher powers of x
2 . . .
— 37 terms containing x in the numerator
= lim : — ,
<0 |+ terms containing x in the numerator
=_2__1
3! 3
Example 2. Evaluate lim (sec x —tan x).

xIR2

Sehttion : We have lim (sec x — tanx)
x—=n/2

. 1 sin x
= lim -—
x=n/2 COS X 0SS x

. | —sinx
= lim | —
x> n/2 COS x
. - COS X .
= lim = Jlim cotx=0.
x—n/2 —SIMX 2

| form oo — oo

form =

3.6. THE INDETERMINATE FORMS 0°, 17,

To determine lim [f(x)]F® when the limit is of the form 0—, 17, =°

XxX—=a
Let y=[F@FY
Taking logs; log y=g (x) log f (x).



The R.H.S. assumes the indeterminate form O X e= in each of these above cases. The limit can,
therefore, be dtermined by the method used in the article (4).

Suppose
lim [f(x}logf(x)] =1 (say)
xX=n

= lim logy=1I

X—a
S= lim[ lim y]=_i
X—a xX—n
= lim y= ¢
RE X
= lim [FOF¥=¢.
Xr—=3a

Working Procedure

1. Let the given limit = y.

2. Take logs onboth sides 10 get the forms 0 oo gnd pmceed by the merhad of the type
0 X oo,
Solved Examples '

1 /%
Example 1. Find lim (“’“.“J .

x—0

Solution : Let ¥y :( | form 1°, forx=0

form 0

H
3
8]

tan x ]:xseczx-tanx:l
1 7

2x

= lim
x—0

. xsec’—tanx L
= lim ——m—m— : -+ lim =1

x=0 2x3

. x.2secxsec xtanx+sec’x —sectx
= lim 3
x—0 bx

2xtanxsec2x tan x sec’ x

= lim ——= lim
10 6x° =0 3x
1 tanx 1 2

. 2 1
= lim | 7. ——.sec"x [=oXIXsecx=7
-0 3 x i- 3

w

tan x 1/xz P
im y=e? lim [ ] =13,
x>0 x—0 x

. 1/x
Example 2. Evaluate lim (M} .
x—0 x

. x
Solution : Let y= lim ( 51;” J

x—0

Indeterminate Formy

ookl

Self-Instructional Material 17
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: 1, sinx) . 179
logy= lhm | = log = lim —
A X

1
= lim —log (I -2) : -
el et 6 120"

= lim L(-z'—z—z— J
x=0 X 2

-~ N “,'\k
i L[ (£ e ST
. T a0 X 6 120 ° 20 6. 120
= lm _[_£+(x_4_x4] ]
20 X 6 120 72 !
I < X :I
= [im ——[————+
a0 2L 6180
soo LG 180
_. 1
=-%
SUMMARY
Indeterminate Forms : Some indeterminate forms are
%, g‘ 0 X oo, 00~00 0°, 17 and =", .
If lim f()=w= lim g, then lim L&) = fim L-E 220
Sz i s ten I e T N g8 @
If lim f{x)=ec= lim x), then lim f_ﬂ-l‘)_: lim f;{_ﬁ-ﬂ rovided lim ‘g‘ﬁexisls.
x=0 f() x=10 g() x=0 g()‘.’) x—=0 8 (x) P x>0 & (x)
If lim f(x)=0and lim g(x)=oo, then lim f(x)g(x)= lim S
x—=a x=a x—=a x=0 [/g(x)
: 11 :
I lim [f()-g @)= lim |2 f&)
xX=3a - xa —]‘ :
f)glx
Ifthe lim [F)E® is of the form 0°, 1% and «°, then log y = lim g {x) log (f{x) =/ (say).
£—0. . x=a
= y=e’._
STUDENT ACTIVITY
Find lim 28& =3
xon2 tan x




sin x 2
2. Evaiuate lim [——) .

x—0

“uf -

TEST YOURSELF-2

1. Evaluate the following limits :

(i) lim xlogtanx
x—0
(i) lim 2 sin—
x>0 2*
2. Evaluate the following limits

@ lim [%—%log(l%—x)]

x—0 X

N, 1

(i1} lim [—2—0083(:21]
x—->0-x

3. Evaluate the following limits :

1 tan x
() lim [—J
xo0\ ¥

tan x 1/x
(i) tim [ J
x—=0 X

OBJECTIVE EVALUATION
Fill in the Blanks :

1. lim [oBX;

. x4+ .
3 lim 5 05 e

X—r oo

True or False :

. . o0 . 0
1. The indeterminate form -, can be converted into the form —.

2. 1°is not an indeterminate form.

_x)

(i} lim tan(

x50

03

Gy fim | == ——
rs2 \x—2 log(x—1)

(iv} lim -1—2—c0t2'xJ
x-=-0 VX AN

1/x
Gi) lim ( g —tan~' x )

sinax . .
B T
x—0 Sinbx

. tanx
Im = 1S v

x—0 X

0 (T/F)

(T/F)

Indeterminare, Forms
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Multiple Choice Questions :

. fanx
1. lim

is :
x>0 x )
(a) 0 (b} oo
2. lim (1+m0)is:
x—0
(@ 1 (b) "
L0 (ii) o
N w1
2. (1) ) (i) - 5
3.()1 (i) 1
Fill in the Blanks :
a
1.1 2. 5
True or False
1T 2.T
Multiple Choice Questions :
1. (c) 2. (d)

3.F

L W=

ANSWERS

@ -1
(d) g.'l
. B
o s i:!
(iv) |
() 2
B!
om0



UNIT

4

TANGENTS AND NORMALS

Tangent
- Equation of the Tangent
Normal
Equation of a Normal
® Summary
@ Student Activity
@ Test Yourself

LEARNING OBJECTIVES

After going through this unit you will learn :
Determing the tangents and normals-to the given curve at the given points.
How to determine Angle between two Curves.

4.1. TANGENT

Let P be any point on a curve y =f(x) and Q any other point
on it such that Q is very close to P. The point Q may be taken on v =00 (x + 8x, y + 8x)
either side of P.

As @ tends to P, secant line PQ, in general tends to a definite {x.y)
straight line TP passing through P. This straight line TP is known
as the tangent to the curve y =f{(x) at the point P. G X
Fig. 4.1°

* 4.2 EQUATION OF THE TANGENT

Lety = f{x) be a given curve. Let P be any given point (x, y) on this curve and Qbeany other
point (x + dx, y + dy) on it such that Q is very closed to P. Let (X, ¥) be an arbltrary poml on the
secant line PQ, then the equation of the secant line PQ is .

eym| 2EY =y
Y y_[x+5.x—x](x
or Y—y=§§(,¥—x) - .. (D

As Q tends to P, 8x — 0 and PQ tends to the tangent at P.
. Equation (1) tends to an equation

ey [ d_ §z]
Y-y dJ:(X x) s 5112‘10&_
Hence, the equation of the tangent to the curv at P (x, ¥} is given by
=@y
Y-y="2(X-%)
REMARKS

If we are to find the tangent to the curve y =f(x) at (xy, y;), we first find % at {x;, y;). Then

the equation of the tangent to the curve at (x,, y;) is given by

Tangents and Normals
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Y
y—»n =[%l‘pm (x=x1)

J"}'l_[gf)jl' (X1, ¥1)
or =
x— Xy dx Jx.n) 0

If © be the angle which the positive direction of the tangentat # X
makes with the positive direction of the x-axis, then Fig. 4.2

- . T e— T d Mrmy MR Beaber - \
. tan9 = -y-l e whe s
- : " { dx: Koy 3

If 8=0, then ( i‘:- lt " 0. which means, the tangent is parallel to x-axis.
i

If0=90°, then % )= 0. which means, the tangent is perpendicular to x-axis or paraliel
F AT
to y-axis.
Two curves y = f(x) and y = g (x) are at right angle, if m X m, =— | where m; = $lope of the
tangent to y = f{x) at common point and m, = slope of tangent to y = g (x) at common point.

Twocurves y = f(x) and y = g (x) touch each other if they have the same tangent at the common
. AT T

point. e _
If © be the angle between the curves y = f(x) and y = g (x). then
tan 8 - M .
1 —mmy
Result 1. The tangent to a curve y = £ (x) at a point P (x,. y;) is parallel to x-axis if and only
if
e‘zl “o
{ dx Kz ») ’
Result 2. The tangent to a curve y = f(x) at a point P (x. y,) is parallel to y-axis if and only
if

dx
[ dy lx..x.l =0.
* 4.3. NORMAL

The normal to a curve y = f (x) at any point P on it, is the straight line passing through P and
perpendicuiar to the tangent to the curve at P.

¢ 4.4. EQUATION OF A NORMAL
Let y =f(x) be a given curve and P (x,, ;) be any point on it
Since, the normal to y =f(x) at P {x;, y;) is perpendicular to the tangent at P.

-1
dy
dx fx.y)

*. The equation of a normal at P (x, y;) is given by

y->'1=-g-2:'l""'(x—x|)
dx 2y, 71}

So, slope of normal =

or yon_ -1
x-x (dy
dx % 3)
dy _
- + - =0
or (x—x)) (dx]u..m(y )

Solved Examples
Example 1. Find the slope of the tangent of the following curves :



(1,6).

or

or

Qr

or

(i) y* = dax at (a*, 2a) (i) y=x"-xat(2,6)
Solution : (i) We have y?‘ = 4ax
4
2y e 4a
dy_2a
= oy
2 _{ 8y
So, the slope of the tangent at (a”, 2a) ( i lﬂ; 2 s
_[ 22 2a_
y fn2) 2a
(ii) We have ¥ =x—x
4y _a2_
=" 3 -1
So, the slope of the tangent at (2, 6} = dy
’ P E T dx ke
=3~ ng
=32 1=1l. i
Example 2. Find the equation of the tangent and the normal to the curve y =x'-2x+7 at
Solution : We have y= X ~2x+7
4y _s2
o 3¢ -2
So @) S30P-223-2=1.
’ dx 1.6

The equation of the tangent to the gi\;'en. curve at (1, 6) s~

P _
y 6_(Idx)(l.6)(x 1)

y=6=1{x-1)
x—y+5=0. "
The equation of the normal to the given curve at (1, 6} is

y-6=-( 2], @D

y-6="L-1)

xty-7=0.

Example 3. Find the equation of the tangent to the curve x*+ 3y =3, which is parallel to the

line y—4x+5=0.

Solution : We have

x2+3y=3
= 2x+3g2=0
dx
dy %
= i3

Let (x;, y;) be a point of contact.
So, X+ 3y, =3
Now the slope of the tangent at (x;, y,) to the given curve is

(D)

Tangents and Normals
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&) =
\ dx X3 ¥q) 3

and, the slope of the line y —4x+5=0is 4.

and

Since the tangent is parallel to the given line.

4
L

x==06
Putting x, =~ 6 in (1}, we get y; =— 11,
Point of contact is (- 6, — 11).
Thus, the equation of the tangent at (— 6, — 11) is
y+11=4(x+6)
4x—-y+13=0.

Example 4. Find the angles of intersection of the curves y=4- x* and y= £

Solution : We have

y=4- x
y=x

Solving eqns. (1) and {2), we get

‘ y=4-2

x=4-x

27 =4

xt=2
x=1\2

Putting x =+ V2 in eq. (2), we gety =2.

Thus the common points are (¥2,2) and (- V2, 2).

Now from eq. (1), we get J -

g8 4l

b__
L=

So, my = slope of the tangent to eq. (1) at (\f2_, 2).

_{dy -
_(a‘x}ﬁ,z)_ 22

From eq. (2), we get

@ _
L= 0x

And, m, = sope of the tangent to the curve eq. (2) at (Vr2_ . 2)

_{dr -
F(dﬁxlu’fa) 22

If 8 be the angle between the curves at (V2, 2) then,

my = ny

tan9 =
1 + mym,

-2¥2 -2¥2 |.
1-8
—42 | _42
-7 1" 7

8=tan“l[%2_)

Al
V)

« [Fromeq. (1}]
[using eq. (2)]

.. (3)
iusing eq. (3)}
(D

{using eq. (4)]



SUMMARY

If v :f(x). then the SlDPC of the tangent to y =f(x) at (I;; y1) ism= ( % l ; .
XY

+  Equation of the tangent to the curve y = £ (x) at the point (x,, i) is :

OV & A WL
y—» [d.lﬁ ‘:I'-vl)"(x xl)'

If y = f(x), then the slope of the normal to the cuve y = f(x) at (x;, y;) is given by

o = — dx S . .
: CLdy fan C

Equation of the normal to the curve y = f(x) at the point (x; ,‘yl) is

dx .
e b BN

o« STUDENT ACTIVITY
r x2 2
1. Find the equation of the tangent to the curve = + '{% = [ at the point (@ cos 0, b sin 8).
a
2. Find the angles of intersection of the curve y = x— x* and y= 2.
» TEST YOURSELF
1. Find the stope of the tangent to the following curve :
() y=(2F+3sinx)atx=0 (i) y=(sin2x+cotx+2)? at x=7/2
(iif) y = sin” x at x = /4
2. Find the equation of the tangent and the normal to the given curves at indicated point :
(a) y2=4axat(%, 22) (b) xy=cza1(c,c)
m m
2 42 2 12' _
3. ()5 +%5=1at(acosB,bsin@) (ii) = - 55 =1 at (a sec 6, b tan 6).
a“ b a® b
4, y*=4axat(af, 2af)

Tangenrs and Normals
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Find the equation of the normat to the curve y = (sin 2x + cot x + 2):Z atx =m/2.

Show that the tangents to the curve y = 2% — 4 at the points x =2 and x = — 2 are paraliel. | '
Show that the curves xy = a® and ¥ + y2 = 2a? touch each other.

Find the angles of intersection of the curves x* — yz =a®and £ + y2 =a™N7.

ANSWERS

(i} 3. Gy ~ 12 (iii) 1 jeo
(i) mzx-my+a=0, mzx+m3y—2am2-a*—'0 (i) x+y-2¢c=(,y=x f
(i) bxcos@+aysin@=ab, axsec®~bycot8=a’+b*

(i} bxsec @ —aytan 8 = ab, ax axcos 8 + by cot 8 = a* + H*

x-~ty+af=0, tx+y=af +2at

24y-2%+m-96=0 8. w/4.



UNIT

5

CURVATURE
" STRUCTURE

Definition of Curvature

Formula for Radius of Curature (Cantesian form)

Radius of Curvature at the Origin

@® Summary

@ Student Activity

@ Test Yourselt Jbeae 3y

. LEARNING OBJECTIVES -

After going through this unit you will learn : o
@ How to calculate the radius of curvature of the given curve at a given point

+ 5.1. DEFINITION OF CURVATURE RN £ ROV St A e Pl |
Let P, Q be two negihbouring points on a curve AB. Also, let AP =5, arc AQ =5 + 8s and arc
PQ = &s. . . , ’ T T
Let the tangent to the curve at points P and Q makes
angle ¥ and v + 8y respectively with a fixed line say B,(B\ T
X-axis, then ¢ %V
(D) The angle 8y through which the tangent turns as A }fp
its points of contact travels along the arc PQ is called the
total bending or total curvature of arc PQ.
(it) The ratio %‘f is called the tnean or average
curvature of arc PQ. . Wy .{V“S‘P .
(iii) The limiting value of the mean curvature when A 0 > X
Q tends to P is called the curvature of the curve at the point b
P. Therefore, the curvature K at point P is .
. _8_1]1_ ) _531_’ dﬁ Fig, 2
lim = lim =

p-P 8s 8s—0 Ss—ds .
(iv) The reciprocal of the curvature of the given curve at P (provided this curvature is not
equal to zero), is called the radius of curvature of the curve ar P. This is. denoted by 0
1 ds

T K dvy
« 52, FORMULA FOR RADIUS OF CURVATURE (CARTESIAN FORM)

Let y = f{x) be the equation of curve. Then the radius of curvature P is given by’

dy
dxz

» 5.3. RADIUS OF CURVATURE AT THE ORIGIN

Let the curve y = fx) passes through the origin. Then, we may use the following methdos, to
find the radius of curvature. .
&y

dx*

(i) Method of Direct Substitution. Since y = fx) be given. Calculate the values of % and

at origin and then use the following formula

Curvature
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dy/dx*
{ii) Method of Expansion. Let y = f{x} be the equation of curve. Since, it passes through the

origin, therefore {0) = 0. In this case we use the following formula : l _
_@+py” .
P . . '

‘ d d*y
where p; =&‘:— andpz=;x2——
(iii) Newton’s Method. If a curve passes through the origin, and axis of x is the tangent

at the origin, then radius of curvature p at origin

= lim -
x>0 2}’
y—o0
REMARK
» .If a curve passes through the origin and axis of y is the tangent, then radius of
2
curvature at the origin is given by = lim D
x4 2x

SOLVED EXAMPLES

Example 1. Find the curvature of the curve x° + y3 = 3axy at the point 3a/2, 3a/2).
Solution. Here, we have the equation of the curve is

x3+y3=3a.1y. (1)
Differentiating w.r.t. x, we get

3 + 3y —X 3ay+3ax%

2, 298 dy .
=> X +y I ay+axdx (1)
' dy X' -ay
= dx—ax—yz
@ .
= {dx) .[3 2] 1
atza.za

From (ii), we have

2
2x+2y[£1] +y i% ‘—g % autfd{r—x'Z

dx
= (ax - y f‘% 2x+2y((—?} ixz (i)
Puttingx—%a. y=§2£and[% i =-1, we get
T?]
&l 321
dxz 3a 3a 3 a
3]
Hence, the radius of curvature p at (2-25—1, %q , is given by
. .
1+ 9
Bl .
PO R S B (R GO
d’y 217 g
dxz ) 1[3_(:&] 3 a
2'2



Therefore, the curvature = é— = %é_- (By ignoring the negative sign)
Example 2. Apply Newton'’s formula to find the radius of curvature at the origin for the

curve
.7:3—2J|:2y+3.1:y2 —'4y3+5x2“6xy+7y2— 8y=0.
Solution, Since, the curve passes through the origin. Equating to zero, the lowest degree
terms, we may find y =0
=»x axis is the tangent at the origin.

Therefore, by Newton’s formula, p at (0, 0) = lim ;2_)!
-0
y—0

Dividing the equation of the curve by 2y, we get
2 2
X 2,3 2 X 7
— x4+ Txy - +S5-—-3x+-y—-4=0.
2y T TP 2y 2”7
Taking lim x — 0 and y — 0, we get
2
X 4
5liim —~4=0=5%-4=0=p=—
x—=0 2)’ P P 5

y—=>0

X

SUMMARY

If y = £ (x), then the radius of curvature is given by

2 2
dy
(&)
dy
d_xz

1
« Curvature=—.

» If a curve passes through the origin and x-axis is the tangent at the origin, then the radius of
curvaure p at the origin is

p=lim [ x_2 J
x> 0,0 \ 2Y
« If a curve passes through the origin and y-axis is the tangent at the origin, then the radius of
curvature at the oriin is given by

2
o y
p=lim { J
) - 0,0 | 2X

STUDENT ACTIVITY

1. Find the curvature of the curve x° + y3 = 3axy at the point ( 3?“ , %E ) .

2. Find the radius of curvature at the origin to the curve
x3—2.x2y+3xy2—4y3+5x2~6xy+7y2-8y=0.

Curvaisre
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B R C

» TEST YOURSELF

1. Find the radius of curvature of the following curves :

G) x72+yV2=42 (i)dly = -
(i) x¥3 + y23 = 0?3, (iv) £ +y" =1
(V) J}+G=1.at(i,ﬂ. (vi) s =4a sin ¥ at (s, W).

~(vil) ay® = 2.
(vii}) y = €" at the point where it cuts the y-axis.
23, 23 2

- (ix} x at (a cos” 8, a sin” 9).
{(x) y=4sinx—sin2x at x=g--
2.  Find the radius of curvature at the origin of the following curves :
) x’*+y"~3axy (i) y = x° + 5% + 6x
(1|l)5x +7y +4xy+x} +2x +3.ry+y2+4x=0
(iv) a (y —-Xx ) .r
ANSWERS
3/2 4 4,372
LG 2t f,{) iy LT iy 3012513
6a'x
2n— 2 .m—?. 3/2
i & e (vii) g (da + 902 57
(l m} xm ym— o
(viii) 3 (ix) 3a sinbcos8® (X} i
SNGIES () 202
OBJECTIVE EVALUATION
> FILL IN THE BLANKS :
1. The curvature of the curve at any point P is defined as the ............ of the radius of curvature

at P.
2. For a curve y = f{x), the radius of curvature p=.......... .
> TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :
1. The curvature of the curve at any point P is defined as the reciprocal of the radius of curvature

of P. (T/F)

2, If y axis is the tangent to the given curve at the origin, then radius of curvature at the origin
. y2

isequalto lim <— (T/F)
x—0 2x

3., The curvature of the circle and circle of curvature, both are the same.

(f1F)



> MULTIPLE CHOICE QUESTIONS :
Chaose the most appropriate one :

1. The radius of curvature of the curve y = ¢" at the point where it crosses the y-axis is :

(@) 2 (b) N2 (©) 242 @ 1.
2, For the curve xy = a® the radius of curvature at (2,2)is :
(a) 4 (b) 16 {c) 10 (d) None of these.
- ANSWERS
Fill-in the Blanks : - . ' )
1+

1. reciprocal 2.
Y2

True or False :
LT 2.T 3F
Muitiple Choice Questions :
L© 2.0

Curvatitre
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ASYMPTOTES

L st el ’ ‘1
® Asymptote '
® Determination of Asymptotes
@ Asymptotes of General Equation ' . .
® Number of Asymptotes of a Curve '
@ Asymptotes Paralle! to Co-Ordinates Axes Fertd et LR

® Test Yourself—1
@ Test Yourself-2
® Summary

@ Student Activity
@ Test Yourseli-3

LEARNING OBJECTIVES |

After going through this unit you will icam :
® How to determine the asymptotes of the given 6urves. which are heipful to draw the
given curve

* 6.1. ASYMPTOTE

In calcutus, there are some curves whose branches seem to go to infinity. It is not necessary
that there always exists a definite straight line for all such curves which seems to touch the branch
of the curves at infinity but more or less there are some certain curves for which this type of definite
straight line exists, this straight line is therefore known as asymptote.

Definition. A definite straight line whose distance from branch of the curve continuously
decreases as we move away from the origin along the branch of the curve and seems to touch the
branch at infnity, provided the distance of this line from origin should be finite initially, s cailed
an asymptote of the curve.

More than one asymptote of a curve. Suppose in the equation of a curve, two or more than
two values of y exists for every value of x, then we obtain different branches of the curve
corresponding to these distinct values of y. If each branch have its own separate asymptote, then
we can say that a curve may have more than one asymptote.

» 6.2. DETERMINATION OF ASYMPTOTES ,

Let us consider a curve

fx, y)=0 (1)
and also consider that there are no asymptotes parallel to y-axis. Thus we shall take the equation
which is not parallel to y-axis, in the form of

y=mx+c. .(2)

Let us take a point P(x, ¥) on the curve (1), therefore this point as tends to infinity along the
straight line (2), x must tend to infinity. Now find the tangent to the curve f{x, y) =0 at the point

P(x, y).
- The equation of tangent at P(x, y) is
) _ @ _ &
Y-y dx(x x} or Y dxX+[y xdx' (3

The equation (3) is of the form y = mx + ¢ so in order to exist the asymptote of the curve there

must both % and [y—x% tend to finite limits as x tends to infinity. Therefore, if the equation
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(3) tends to the straight line given in (2) as x tends to infinity, then the line (2) will be an asymptote
of the curve fix, y) = 0 and also we have ’

. d
m=lim %2 (slope of the asymptote)
soe dX
d
and ¢= lim yw,:c—')i .
X ~3 oo [ dx]
Since ¢ is finite, then we have
dy
y—x
tim Tl lim €0 or lim |£-Z]=0
X—poo x xee X x—reo dx
or lim |£|= lim dy or lim L=m.
e | X xoe dX x—e X
d
Also ¢= lm y—x—'2 .
X—3ea [ dx}
¢= lim (y-mx).
X — oo . -
Hence, if y =mx + ¢ is an asymptote to the curve f{x, ¥) = 0, then we obtain
m= lim Q‘l= lim
x s OX X —y o
and c= lim (y —mx).
X0

* 6.3. ASYMPTOTES OF GENERAL EQUATION

Let £ (x, y) =0 a general equations of a curve of degree n. To find the asymptotes y=m + ¢,
we proceed as follows :
‘@ Puty=mand x=1in n" degree terms (highest degree) of f(x, y) =0 and we obtain an
expression ¢, {(m).
(ii) Find the values of m by solving equatin ¢, () = 0.
We have two cases :
Case I : If all the values of m are distinct, then we calculate the values of ¢ by using the
formula

| ¥ (m) + 051 (1) =0
Case II ; If r values of m are tdentical, then we calculate the values of ¢ for these identical
values of m by using the formula

r—1

SO+ T O )+ et Ty ()4, () =0,

(r— 1!
s 6.4. NUMBER OF ASYMPTOTES OF A CURVE
Suppose the degree of an algebraic curve is n, then we find a polynomial ¢,(m) by putting

y=mandx=1in the n'* degree terms of the curve. Thus the equation ¢, () =0 is of degree n
in m and which gives almost n values of m real as well as imaginary. These n values of m are nothing
but the slopes of the asymptotes, which are not parallel to y axis. If there are some asymptotes,
parallel to y-axis, then the degree of ¢, (m) will be smaller than » by the same number of parallel
asymptotes. Suppose all the roots of ¢,(m) = 0 are distinct and real, then to each value of m we
obtain one value of . Hence, we obtain n asymptotes. In case, there some roots say 7 (out of »)

of §,,(m) = 0 are same, then we can find the values of ¢ for these same roots by the following equation
r—1

)+ T ) 4 e+ 0 ) =0,

This equation in ¢ is of degree r so we get r distinct values of ¢ for the same roots. hence,
again we obtain n asymptotes. Therefore we can say that the rotal number of asymptotes of & curve
are equal to the degree of the curve. These asymptotes are real as well as imaginary but we have
required only real asymptotes so we ignore all the imaginary asymptotes.

Asymplotes
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* 6.5. ASYMPTOTES PARALLEL TO CO-ORDINATES AXES

(a) Asymptotes parallel to x-axis. Let the general equation of an algebraic curve in
decreasing powers of x be

X 00)+ 2 )+ TP+ =0 .
where 0(y), &1(y), 02(y) ... are the function of y only.

To find the asymptotes parallel to x-axis we equate the coefficient of highest power of x in
the given curve to 0. -

(b) Asymptotes parallel to y-axis. Similarly, we may obtain the asymptotes parallel to y-axis
by taking the coefficient of highest power of y in the equation of the curve equal 1o zero.

REMARK
» If the coefficient of highest power of x or y or both are constant, then no asymptotes
parallel to either x or y or both axis exists respectively.
SOLVED EXAMPLES

Example 1. Find the asymptotes of the curve x+ y3 - 3axy =0.

Solution. Obviously, the degree of the curve is 3, so it will have 3 asymptotes real as well
as imaginary. Here the coefficient of highest degree in x and y are constant so no asymptotes parallel
to co-ordinate axis exist. Let

y=mx+c ’ (1)

be the asymptote of the curve. r.
So putting y =m and x = 1 in the highest degree terms of the curve, we get

Oy(m) = 1 + .
Solving the equation §3(m)=0ie., 1 + m =0

or (l+m)(m2—-m+1)=0 or m=-—1
is only real root and other two roots are imaginary so ignore them, )
Next, putting y = m and x = 1 is second degree terms in the equation of the curve {1), we get
¢y(m) =~ 3am.
Now we find value of ¢ by the following equation
’ ¢ ¢'r!’(m) + ¢rx = l(m) =0 or ¢ ¢3I(m) + ¢"2(m) =0
or c[3m* + (- 3am) =0 (0 Os(m) =k +m°, o 05 (m) = 3n)
when m= -1, then
cBE-1+[-3a(-11=0
3¢+3a=0 or c=-a.
Hence, the asymptoteis y=-x-aorx+y+a=0.
Example 2. Find all the asymptotes of the curve x’ +):2y -xf-y-3x-y-1=0.
Solution. The degree of the curve is 3 so it has 3 asymptotes which are real as well as
imaginary. Since the coefficients of highest degree i.e., 3rd degrée of x and y are constant so there
are no asymptotes parallel to co-ordinate axes. Thus there are oblique asymptotes of the form
y=mx+c.
Now putting y = m and x = | in the third degree terms of the curve, we get

G(my=1+m—-m* —m".

Z_m’=0, we get

Solving the equation ¢s(m) = Oie,l+m—m
(M+m)(I-m)=0 or m=—1,-11,
- Determination of ¢. For m =1, we use the following equation
¢ O () + Gy (M) =0 or < &5'(m) + o) = 0.
Putting y =mand x =1 in the second degree terms of the equation, we get

Gy(m) = 0.

From (1}, we get



c[1-2m=-3m1+0=0
atmz‘l
c(1-2-3)+0=00r —4c=0 or ¢c=0.

Thus one of the asymptote is y = x.
Determination of ¢ for m = - 1, - 1. Since two out of three roots of the equation dJ;(m) 0

are same, then we use the following formula to determine ¢ I et

¢3”(m)+ ¢2(m)+¢1(m) 0. : (2)

Putting y =m and x = | in the first degree terms of the equation we obtain ¢,(m) =—3 —m.
From (3), we have
o2

(2 6m)+ 0+ (-3-m)=0
atm=-1

2 .
%(—2+-6)—3+1'=0 or 2¢*-2=0 or e=t1.

Thus other two asymptotes are y=—x+ 1, y=-x~-1.
Hence, all the asymptotes of the givencurve are y=x, x+y~1=0,x+y+1=0.

» TEST YOURSELF-1

Find all the asymptotes of the following curves :

1. &/ =1
2. A/ =1
3.y (az—xz):x".
4. xH=d @+ ).
5. xzyz—xzy—xyz—y+l:0.
6. 3 +uNy-To 42y + ldy + TV +4x + 5y =0.
7. 2x3—x2y—-2xy2+y3—4x2+8xy—4x+1=0.
8. - x3-+2x2y+xy2—x2—xy+2=0.
9. Y osyul+sty -4 -3  + 9%y - 6"+ 2y~ 22+ 1=0.
10, Y —Py-20°+20 - Txy + 3y + 2%+ 2+ 2y + 1 = 0.
ANSWERS
1. x=ta 2. x=ta,y=1b
3. x=%a 4 x=ta;y=ta
5. y=0y=Lx=0x=1 6. x+2y=1,2x-2y=7,Tx-6y=15
7. x+y-2=0;x-y+2=02x-y-4=0
8. x=0x+y=0x+y-1=0 9. x-y=02x-y+2=02x-y+1=0

10- x—y—IZO;x+y+2=0;2x_}.:0
SUMMARY

If y = mx + ¢ is an asymptoie to the curve f(x, y) = 0. then
m= lim %: lim (ZJ

x—ow yom \ X
and c= lim (y—mx)
x—peo

»  The asymptotes parallel to x-axis are obtained by putting the coefflc:lems of highest power of

x in the quation of the given curve f(x, y) = 0 to zero.
« The asymptotes parallel to y-axis are obtained by putting the coefflclents of hlghest power of
y in the equation of the given curve f(x, y) = 0 to zero.

Asvmpiotes
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If y = mx + ¢ is in asymptote to the given curve f(x, y) =0, then
To dtermine m : Put y =m and x = 1 in the highest degree terms say n of the curve so we get
¢, (). The roots of ¢, (m) = 0 gives the values of m.
To determine ¢ : For r identical values of 1 we use the following formula to find ¢ -
r r—1 -
L)+ T ) 40, () =0

(r—1)!

*. STUDENT ACTIVITY

1.

2.

Find tl:|é asymptotes of the curve £+ y3 - 3axy=0.

Find all the asymptotes of the curve
y3—xy2—x2y +_).’3+x2—y2— 1=0.

TEST YOURSELF-2

OBJECTIVE EVALUATION
> FILL IN THE BLANKS :

1.
2.
3.

If y = mx + ¢ is an asymptote of the curve fix, y) =0, thenm=......... andc=.......... .

The equation ¢, () =0 gives the .......... of the the asymptotes.

If one or more values of m obtained from ¢q(m) =0 are such that ¢,"(m) =0 and ¢y - 1(m),
then the asymptotes .......... .-

>» TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :

1.

The line y = mx + ¢ is an asymptote of the curve

y=mx+c+i+%+%+.... "
] rox" X N ¢/ '
The polynomial ¢x(m) is obtained by putting y=m and x=um in the ntt degree terms of the
curve. _ (T/F)
If y = mx + ¢ is an asymptote of the curve f{x, y) =0 then
m= lim |%].
1o | X (T/F)

» MULTIPLE CHOICE QUESTIONS :
Cheaose the most appropriate ene :

1

If y = mx + ¢ is an asymptote of the curve f{x, y) =0, then lim (y/x) equals :
(@) ¢ (b) m yore
€ —-m (d) —-c



2. If y=mx+ ¢ is an asymptote of the curve fix, y) =0, then lim {y — mx) equals :

@) m

©) ¢

Fill in the Blanks :

1. lim
X=>w

True or False :
1.T 2.F

(b) -¢ X 00, y/X =
(d) —m. '
ANSWERS
y/x, lim  (y—mx) 2. Slopes 3. Will not exist ’
Xx—yom, Y/ M U - _
3T h ' L

Multiple Choice Questions :

1. (b)

2.{c)

a0

Asymprotes
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UNIT

24 37” AN

SINGULAR POINTS AND CURVE TRACING

STRUCTURE

® Concave and Convex Curves

Point of Inflaexion

Formuia for Finding the Point of inflexion
@ Test Yourself-1

Muttiple Points and Singular Points
Types of Double Points

Tangents at Origin

Position and Nature of Double Points
® Test Yourself-2

Curve Tracing

® Test Yourself-3

® Summary

@ Student Activity

@ Test Yourself4

vt Lat

LEARNING OBJECTIVES

After going through this unit you will learn :
@ About the singular points on the curve.
@ How to trace the given curve.

e 7.1. CONCAVE AND CONVEX CURVES

Definition. If P is any point on a curve and CID is any given line which does not passes
through this point P. Then the curve is said to be concave at P with respect to the line CD if the
small arc of the curve containing P lies entirely within the acute angle between the tangent at
P to the curve and the line CD and the curve is said to be convex at P if the arc of the curve
containing P lies wholly outside the acute angle between that tangent at P and the line CD. Which
are shown in figures betow :

¥é A
5 P
D D
C ¢
0 > Y 0 >X
Concave Convex
Fig. 1
¢ 7.2. POINT OF INFLEXION Yo
Definition. A point P on the curve is said to be the point v,
| of inflexion, if the curve in one side of P is concave and other side
of P is convex with respect to the line CD which does not passes D
through the point P as shown in fig. 2. ¢
Inflexion tangent. The tangent at the point of inflexion of a Q .
curve is said to be inflexion tangent. In the fig. 2 the line PQ isthe O > A
inflexion tangent. Fig. 2



* 7.3. FORMULA FOR FINDING THE POINT OF INFLEXION

a
We can have a point of inflexion at P, Vfr'% =0 but j—x'?i #0. o

SOLVED EXAMPLES

Example 1. Find the points of inflexion of the curve
x=(log .o ) .

Solution. Since the equation of the curve is

x=(log y)’. )

Differentiating (1) with respect to ‘y’, we get
dx 2 1
—=3(lo L
dy (log y) y
Again differentiating w.r.t. y
dx _ 3[2 logy (log zf}
dy? y ¥
Again differentiating w.r.t. 'y’, we get
3 2
st[%_4logy_2logy+2(lom}.

& Y Y y
For the point of inflexion, we have

2

-d—’j =Q.

dy

log y - 0%

3[20 2’0 :|=0 or 3(logy) (2-logy)=(
y
or logy=0, logy=2 or y=1,y=e2.

2 dx

From (3) it is obvious that at y=1, y=¢°, F #0.
Y

Hence, the points of inflexion are (0, 1) (8, ).

_ Example 2. Find the points of inflexion of the curve y2 =x(x+ 1)2.
Solution. Since the equation of the curve can be written as

y=[{x+1) Vx.
Differentiating (1) wr.t. ‘x’, we get

a3 gn, L.

dx Wy

Again differentiating w.r.t. ‘x’
dy_3 1
a4l 7
and again differentiating w.r.t. ‘x’, we get
dy 3 <
o’ g
For the point of inflexion, we have

2

4y,

&
3 1 1
—_ =0 or |[3—-—|=0 or x=1/3,
W ( ]

3
From (3) it is obvious that at x=1/3 é—% 20

(2)

(3)

(D)

w(2)

-(3)

Singudar Points and Curve Tracing
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Thus, the point of inflexion are given by (1/3, + 4/3V3)}.
TEST YOURSELF-1

Find the points of inflexion of the curve x = log (v/x).

Find the points of inflexion of the curve y{a“+x°) = P
Find the points of inflexion of the curve y =(x—1)" (x - 2)3.
Find the points of inflexion of the curve xy=a’ log (3/a).

ANSWERS

1. (-2,-2/6%. - 2, (0.0),[\/37:,%3—&:). (—@a,_iﬁa}

Ll i

3. Point of inflexion at x =2, (11 & \E}/’;’. 4. {% ae 3/2. ae3/2] .

* 7.4. MULTIPLE POINTS AND SINGULAR POINTS

Definition. A point on the curve is said to be multiple points :f through this point more than
one branches of a curve passes.

Definition. A point on the curve is called a double point if through it two branches of the
curve passes.
. Definition. If three branches of the curve passes through a point, then this point is called
triple point.

Definition. If n branches passes through a point on the curve, then this point is called a
muitiple point of n™ order.

Definition. The point of inflexion and multiple points are also called the singular points.

Or
An unusual point on the curve is basically called a singular point.

* 7.5. TYPES OF DOUBLE POINTS

(i) Node. A double point on a curve is said to be a node, if Y
through this double point two branches of the curve passes which are

real and having two different tangents at that point. (Fig. 4) 3 f

(ii) Cusp. A double point en a curve is called a cusp if through
this double point two real branches of the curve passes and have real
coincident tangents at that point. (Fig. 5)

-

)4

o' >\
\ Fig. 5
. i
P (iii) Conjugate point. A point P on the curve is said to be
0 g% conjugate peint if there are no real points on the curve in the

neighbourhood of that point and having no real tangent at that point.
Fig. 6 (Fig. 6)

* 7.6. TANGENTS AT ORIGIN,

The nature of a double point depends on the tangents so we find the tangent or tangents there.
If a curve passes through the origin, then the equation of the tangent or tangents at the origin

_are obtained by equating to zero the lowest degree terms in the equation of the curve.



* 7.7. POSITION AND NATURE OF DOUBLE POINTS

Thus the necessary and sufficient condition for any point of the curve j{x, =0 to be a
multiple point are that .

¥ o 3

ox dy

The double point will be node, cusp or 'coﬁjugate point according as

dxd axz ayz . .
REMARK
» Q:ff 82;_‘ o%f . . . .
If o e > ayz are all zero, then the point P(x, y) will be a multiple point of order

greater that two,

SOLVED EXAMPLES

Example 1. Show that the origin is a node on the curve X+ y3 -3axy=0.
Solution. The tangent at the origin are obtained by equating to zero the lowest degree terms
i.e., second degree term in the given equation of the curve.

=3axy=0 or x=0,y=0.
Thus at the origin there are two real and distinct tangents. Hence (0, 0) is a node.
Example 2. Find the double point of the curve (x—2)* =y (y — 1)

Selution. Let fix,y)=(x-2)>-y(y-1=0. A
Differentiating (1) partiatly w.r.t. x and y, we get

T2 -2 @)

and —gfi—(y— -2y (y-1) : (3

Since the necessary dnd sufficient condition for a double poiats are

A _o U g . 2(x-2)=0 (4)

ox dy

~o-W-20p-1=0 (5)

Now so]vingftx. y=0, gf =0 and % = 0 simultaneously.

From (4), we get x =2 and from (5), we get
—-DO-1+2)=0
or --D@By-1)=0o0r y=1,y=1/3.
Possible double points are (2, 1} and (2, 1/3).
But (2, 1/3) does not satisfy fx, y) =0. Hence only double pointis (2, 1).

Example 3. Examine the ndture of the origin on the following curve :

y2-ax + b2 + cxy’

Solation. The given curve is

Rx,y) =yt —a*? —bx’ —cxy* =0, (1)
Equating to zero the lowest degree terms in the equtaion of curve (1), we gét :
2_ 22

y'=ax*=0 or y=tax.
Thus we have obtained two real and distinct tangent at (0, 0). Hence (0, 0) is a node,

« TEST YOURSELF-2

1. Find the equations of the tangents at the orligin to the following curves :
(@) (x +y ) (2a-x)=b%x ) oty =x* P -dd

(c)x+3xy+2xy y—O (d)x+y —3axy
2. Examine the nature of the origin on the curve (Zx + y) —6xy (2x+y)— 7 =0..

Singutar Pointy and Curve Tracing
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ANSWERS

1. (a) x=0 (b) _;)=0,y=0 ©y=0,2x-y=0 (d) x=0,y=0
2. Origin is a single cusp of first species '

« 7.8. CURVE TRACING

Cartesian Form of Equations :

To trace any curve of cartesian form we should apply following process :

(a) Symmetricity. In order to find the symmetry of the curve we should apply following
rules : .

(i} If the powers of y in the equation of the curve are all even, then curve 1s symmctncal
about x-axis.

(ii) If the powers of x in the equation of the curve are all even, then the curve is symmetrical
about y-axis.

(ii1) If the powers of x as well as y in the equation of the curve are all even, the curve is
symmetrical about both axes.

(tv} If the equation of curve remains unchanged when x is replaced by ~ x and y is replaced

by — y, then the cure is symmetrical in opposite quadrants.

(v) If the equation of the curve remains unchanged when x and y are interchanged, then the
curve is symmetrical about the line y =x.

(b) Nature of the origin on the curve. If the curve passes through the origin, then find the
tangent at {0, 0) by equating to zero the lowest degree terms of the curve. If we obtain two tangent
at the origin, then origin will be a double point and then find the nature of this double point.

(c) Intersection of curve with co-ordinate axes. We should check whether the curve cuts
the co-ordinate axes or not, for this pur y =0 in the equation of the curve and find the values of x,
then we get the points at which the curve cuts the x-axis. Similarly if the curve cuts the y-axis, then
put x=0 in the equation of the curve and obtain the points on the y-axis. Hence in this way we
obtain the points of intersection of the curve with co-ordinate axis. Thereafter we should find the
tangents at these points of intersection. For this first we shift the origin at these points and then
obtain the tangent at these new origin by equating to zero the lowest degree terms in the ncw
equation of the curve. On the other hand the value of dy/dx at rhese points of intersection can also
be used to find the slope of the tangent ar that point.

(d) Nature of y or x in the curve. We should now solve the equation of the curve either mr
y or for x whichever is convenient. Suppose we solve for y and see that nature of y as x increases
from O to +co, Similarly see the nature of y as x decreases from 0 to ~ o and finally collect those
values of x for which y=0or y — oo or — ca,

REMARK

» If the curve is symmetrical about x-axis in opposite quadrants then there is no need to
take the values of x of both positive and negative. We can take only positive values of
x to see the variation in y. '

(e) Regions in which curve does not exist. In order to find the regions where the curve does
not exist we should solve the equation of curve for one variable in terms of the other. Therefore,
the curve will not exist for those values of one variable which make the other variable imaginary.

(f) Asymptotes. Next, we should find all the asymptotes of the curve because the branches
of the curve approach to the asymptotes if they exist.

(g) Sign of dy/dx. Next, we should find the value of dy/dx from the equation of the curve
and find the points on the curve at. which dy/dx =0 or dy/dx =. Therefore at these points we
obtain the nature of tangents. suppose in any region a < x < b, dy/dx remains positive throughout,
then in this region y increase continuously as x increases. On the other hand if dy/dx remains
negative, they y decreases continuously as x increases.

(h) Special points. If necessary, we should find the some special point on the curve.

(i) Points of inflexion. If necessary, we should tind the point of inflexion to know the position
of the curves at that point.

Now taking all above considerations in mind, draw an appmx:mal‘e shape of the curve,

SOLVED EXAMPLES

Example 1. Trace the curve y2 (2a-x)= x.



Solution. (i} Obviously the given curve is symmetrical about x-axis.

(i) The curve passes through the origin and the tangents at the origin are obtained by equating
to zero the lowest degree terms i.e., 2ay” in the equation of the curve.

o 2ay—00ry0y0

Thus at lhe origin we obtamed two coincident tangents y =0, y =0 i.e., x-axis. Therefore
(0, 0) is a cusp.

(iii) From the equation of the curve it is obvmus that the curve does not cut the co- ordmate
axes.

(iv) Now solving the equanon of the curve for y, we get

¥ =x/(2a - x)
when x =0, y2 =0 and when x = 2a, thus y* — o thusx = 2 is an asymptotes of the curve.

It is observed that y increases as x increases from 0 to 2a.

(v} Whenx lies b-;t,ween 0 and 2a, y2 will be positive and the curve will exist in this region.
When x> 2a, y2 will .be nf:gative so the curve will not exist beyond the line x =2a. When x <0,
again y* will be negative and thus the curve will also not exist for x < 0. Hence we can say that the
curve only exists in the region 0 <x < 2a.

(vi) In order to find the asymptotes, putting y =m and x = | in the third degree terms in the
equation of the curve, we get

$i(m) = mi+ 1.

Therefore the equation §3(m) = O gives both its roots imaginary so ignore them. Consequently
x =2a is only the asymptote of the curve. y

(vit) Differentiating the equation of the curve

3/2
p

V(2a - x) . 9

dy _(Ba-x)x"?
dx  (2a-x)**?

x=2a

1

1

1

I

|

|

|

!

|

'

we get :
]
]
!

. dy . "
In the region 0 < x < 24, ;'..% will be positive, 50
o . , Fig.7
therefore in this region y increase continuously as x increases.

Now taking all above points of consideration in the mind and draw the curve whose shape is
shown in fig. 7.

Example 2. Trace the curve y2 {1~ xz) =x* (1+ 12).

Selution. (i) In the equation of the curve the powers'of both'x and y are all even so the curve
is symmetrical about both axes.

(ii) The curve passes through the origin. The tangents at thc origin are obtained by equating
to zero the lowest degree terms in the equation of the curve.

y -=0 or y= Z4x
Thus there are two real and distinct tangent at ‘the origin 50 {0, 0) is, a node.

(iii) From the equation of the curve it is clear that curve does not cut any co- -ordinate axes.
(iv) Solving the equation of the curve for y, we get

2 _x{ 1+ le
T
Whenx=0, y*=0and whenx == |, y? —» 0050 x = % 1 are two asymptotes paralle! to y-axis.
(v When-1<x<1, ¥ is positive, so the curve exists in this region. When x> 1, ¥ will
be negaive thus curve will not exist beyond the line x=1. Also whenx<-1, y2 will be negative

so that curve will not exist for x<— 1. _
(vi) In order to find the asymptotes, putting y = m and x = 1 in the fourth degree terms of the

curve, we get ¢, {m) = m ¥+ 1,
Solving ,(m) = 0, we get both values of m imaginary so ignore them. Consequently x =+ 1

are only two real asymptotes.
(vii) Since, we have

Singular Pouus and Curve Tracing

Self-Instructional Material 43



Calcudus & Geometry

44 Self-Instructional Material

I -

2 —
\h—f[ 1427 +—= ]—x\'l(l-_{-xz)i: - }
dy _ Vi+42 V1 -2
dx (1-+
-+ D) -1+ (=% A
- (l_xz)m(l +x2)'/2 ‘
_ 25041 -4 ]
(-2 (1 +H?
When - 1<x<0 ‘—:{f is negative this means - x==1

&

x=1

that when x decreases from — I to 0, y decreases. x
WhenO0<x< 1 % is positive this implies that when
x increases from O to 1, y increases. i

Now taking all the above facts in mind and
draw the shape of the curve. We get

v
yl’
Fig. 8
« SUMMARY
. e can find a point of inflexion to the curve y =f(x), if i 0 and 3 #
N A Yo
For multiple points in f(x, y) =0 we must have 3 0= -
gy Py (&
Multiple point (a, b) is node 1f( ox 3y ko) > a2 v\ 3y faor
o N ([ g’if)
Multiple point {(a, b) is cusp |f( AWy fov \ 322 ket ayz_ oy

Multiple point {a, b) is a conjugate point 1f[ ox 3y ](a. 5 <( P ]‘“. b)( 8y2

*  To trace any curve f(x, y) = 0, we must remember the following points :

(i) Symmetricity

(if) Nature of origin (if £ (x, y) = 0 passes through the origin).

(iii) Points of intersection of f (x, y) = 0 with coordinate axes.

(iv) Nature of y or x in f{x, ¥)=0.

(v) Regions in which curve does not exist

(vi) Asymptotes

(vii)Sign Drdx .

(viii) Points of inflexion (if they exist).

0.

)lu. b).

* STUDENT ACTIVITY

1. Show that the origin is a node on the curve X+ y3 ~3axy =0.




2. Trace the curve ay2 =x° (a—x).

» TEST YOURSELF-3

Trace the following curves :

1. a=x. 2. aly=x. _
3. y=x(F-1D) 4, er2 =44 (2a - x).
5. Y (@+x)=x(a-x). 6. X (% -ad%)=y (*-dd.
7. £+ y3 =x 8. chy2 =g (x2 + yz).
ANSWERS
ya ye
x'¢ o »x x'¢ —»x
/ ’
y'v y'v
1. 2.
¥y
ya A
\\\\ .L
-1,0
. 0 . e 0 2a.0)
(1,0)
\\‘ hd -
~ yz_x
y'v vy
3 4,
. y=x
X==-a 0
x'€ @D 5

o o o N e ]

. ——— i s o i 2 e i i N e

e
{I
b
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OBJECTIVE EVALUATION ' '

» FILL IN THE BLANKS : s

R L dy .
1. A point P(x, y) on the curve y = fix) will be a poirit of inflexion 1fé'§ =0 but —% 1s not equal
10 creenne. : S dx dx
2. A double point is a node if at this point there are .......... distinct tangents.
3. A double point is a cusp if at this point there are two .......... tangents.

» TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :

L] 7) E- -
1.  For the point of inflexion of the curve y = fx}, iz“% =0 but -423 #0.
dx dx (V/FE)
2. If we obtained two real and distinct tangents at the double point, then double point is a cusp.
. (T/F)
» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one : .
3 $
1. At the point of inflexion of the curve x=Ry), %= 0 and -:—%C is not equal to :
Y 'y *
(a) 1 (b) O (c)—1 {d) None of these.
2.  The points of inflexion of the curve Y= (x- 1:1)2 (x — b) lie on the line :
(a) 3x+a=4b (b)3x+a=b (©3x+b=4a _(d)3.rl=a. ) .
ANSWERS
Fill in the Blanks ;
1. Zero 2. Two 3. Coincident .
True or False :
1.T 2.F 3.7 4. T
Multiple Choice Questions :
1. & 2@
[ [



UNIT

8

RECTIFICATION OF CURVES

STRUCTURE -

® Formulae for Finding the Lengths of the Curves
® Summary
® Student Activity
® Test Yourself

" LEARNING OBJECTIVES .

After going through this unit you will learn :

How to find the whole length of the given curve between the given points,

* 8.1. FORMULAE FOR FINDING THE LENGTHS OF THE CURVES

{a) Let the equation of a curve be y = f{x) and let A and B be two points on this curve between
A and B, the length of curve is to be required. Let s be the length of an arc from a fixed point on
the curve to any point on it.

Therefore, we have

where positive and negative sign will have to take according as x increases and decreases as s
increases. Thus the length of an arc between the points A and B where at A, x=a and at B,x=b

is given by
b f 2
szL [l+[%]] dx, (a<b).

{b) If the equation of the curve is x = f{y), then the length of an arc between C and D is given

by
d - 2
L N[(E]] o oo

(¢} If the equation of the curve is in parametric form, i.e., x = f{#), y = g(z), then we have
2 2 2 2
ds _ [[[axV , (dy A (Y (dy
- dr] +(er ] or ds= | .dt. .

Thus the length of an arc between A and B where at A, ¢ = t;and at B, t=1, is given by

1 r 2 2
_ dax| [dy
S-L H[dt} +(dt)] dt.
REMARK

» If the curve is symmetrical about some lines, then in order to find the length of an arc,
we first find the length of one of symmetrical part and multiply this length by the number
of symmetrical parts.

SOLVED EXAMFLES
Example 1. Find the length of the arc of the parabola y2 = dax cut off by its latus rectum.

Solution. Latus rectum. A line which passes through the focus of the -given parabola and
perpendicular to the axis of that parabola.

Here the equation of the parabola is y? = 4ax whose trace is shown adjoining figure and in
the fig. LL’ is the latus rectum, the co-ordinates of L and L’ are respectively {(a, 2a) and (a, — 2a).

——1
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Calculus & Geometry Since y* = 4ax is symmetrical about the line OX. Therefore the required arc length =2 x arc length

OL. v
Since yz = 4ax. 1 L
y=2va V. (;)— 1
dy_Ya :
dx  y - (0,0 (a,0) oy
a > Xll O
_ dy v
Now arc length OL = N 1+ e dx
Vv er\
' At point O,x=0and at point L, x =a)
Fig. 1
2 ]
_[ 1 + = I(} x1a dx
Vx
a . 1Y
=J. x+a =_;_ . 2x + 2a di
x2 + ax (x2 +ax)
V(x2 + ax) 2 \’(.!c2 + ax}
J- (@xta)dx L8 dx
T 1]
(,\2 +ax 2 V 2 2
a a
=12 ]“ a a 2
=5 [2 (x"+ax) 0+ ) [log {x+ 2J+ X +a.x}:£
=a€+%log(3 +2V2) =a\5+%]0g (1 +¥2)
Arc length  OL=aV2 +alog (1 +V2).
Hence the required arc length =2 X arc length OL
=2V2 a +2alog (1 +\2).
Example 2. Find the whole length of the astroid
V3, w3_ 23
+y"=a
or : x=acos 8, y=as:’n3 9.
Solution, The equation of the curve is
2/3+y2/3:a2/3_
Since the curve is symmetrical about both the axis,
i.e., curve lies in all the four quadrants as shown in fig. 2.
Therefore the whole length of the given curve
=4 x arc length of the curve in first quadrant.
Since the co-ordinates of A and B are (g, 0) and (0, @)
respectively. Thus in the first quadrant x varies from O to 4.
Now differentiating (1) w.r.t. x, we get
2 15,2 indy
3% + 3V g 0
173 Fig. 2
or @ =-|Z| .
dx X
Therefore, the length of the curve in the first quadrant
[ AT (@] e A
SN ek 2

!
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@ 2 GV a 2/3 _
=L V[wx—;g’— =], %7; dx [using (1)]
=am‘[ax_'/3dx=a'/3|:§x2/3:[:
0 3

_113|3 3| _3
=a [26 }—za.
3a -

Hence, the whole length of the astroid =4 x 5= 6a.

SUMMARY

Length of an arc from x =a to x = b of th curve y =f(x} is
b Z
- (&
s L V1 [dx] dx
Length of an arc from y = a 10 y = b of the curve x =f(») is given by
b/\/_?' ’
s= 1+| | 4
v[a (dy) Y
Length of an arc from t =1, to r = ¢, of the curvexr‘x(t),y'-—'-y(r) is given by

[T &

ar:

114
X

STUDENT ACTIVITY

. x
Find the length of the curve y = log ( Zx—l ) fromx=1tox=2.
+1

Find the whole length of the curve x° +y2 =a’

ReeMfication of Curves
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1.  Find the whole length of the curve 24y =t
Find the length of the arc of the curve X’ = 8y from the vertex 1o an extremity of the latus
rectum,

Find the arc length of the curve y = % X - % log x fromx=1tox=2.

4.  Find the length of the arc from 8 =0 to 8 = 21 of the curve
x=a(cos©+0sinb), y=a(sinB-0cos6).

ANSWERS .
T e 2 2[\[_+10g(1+r)] 3. %-l—ilogz 4. 2am’

:OBJECTIVE EVALUATION

» FILL IN THE BLANKS :

1. The curve y =f{x) is rectified between x=q and x =5 iff(x) IS oo

2. The whole length of the arc of the curve 2t ye=a“is. .

3. Ifx=fly), then the formula for finding the length of the curve belweeny agandy=bis ......
> TRUE OR FALSE :

Write ‘T’ for True and ‘F’ for False :

I.  The length of the loop of the curve x = 3} =1 -: is 4V3. (T/F)
2. The whole length of the astroid P 2” ls Ta. (1/F)
> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The whole length of the curve X +y —2ax=01is: i

(a) ma (b) 2na.

© na® - - - (d) 3nma.
2.  The whole length of the curve x =4 cos’ty=a sin’ s :

(a) 6a - (b) 8a

{¢) 3a . {(d) 2a.
3. The length of an arc of the cycloid x=a {0 —sin8), y=a(l —cos B} is :

(@ 6a (b) 5a

(©) 3a (d) 8a.

ANSWERS

Fill in the Blanks :

b 2
1. Continucus 2. 2na 3. J. {] +[£” d
a dy

True or False :

1.T 2.F
' Multiple Choice Questions :
' 1. (b) 2.(a) 3.(d)

Qaa
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UNIT

. AREA OF BOUNDED CURVES

@ Equation_of Curve in Cartesian Form
® Summary
Student Activity
Test Yourself

- LEARNING OBJECTIVES

After going through this unit you will learn :
How determine the area of the bounded regions, bounded by the co-ordinate curves
and the given curves.

+ EQUATION OF CURVE IN CARTESIAN FORM

Let y = f{x) be a continuous curve in cartesian form and let A be the area of the region bounded
by the curve y = f{x), the axis of x and the two ordinates x=a and x = b. Then

4:Lbydx=Lbf(x) dx.

'éimilmly. the area bounded by the curve x = A), the axis of y and the ordinates y =a and
y=b is given by ’ '

zll =‘J;b Jy)dy = _[: xdy.

REMARK
» [f the given curve is symmetrical either about x-axis or about y-axis or both axes, then
find the area of one of the symmetrical part and multiply this area by the number of
symmetrical parts, we get the whole area of the bounded region.

>  Area bounded by two curves =| Area bounded by one curve — Area bounded by other

- fcur_\gj -
%\Dyﬁ ’l e

SOLVED EXAMPLES s
Example 1. Find the area of the region bounded by the A4
line x =2 and the parabola y* = 8x. _ *=2
Selution. Since the equation of the parabola is P o >x
y2 =8x .
which is symmetrical about x-axis and the line x =2 intersects
the parabola y* = 8x in two points (2, 4) and (2, - 4) as show in B
fig. 1. .
2
~. The required area =2 .[0 y dx Fig-1,

, _
=2j0 \@r_dr:hh_{%xmj[

=§_;)2— 5q. uni(s./ E’T\A

Example 2. Find the whole area of the ellipse
2.2
Lty

@ b

Arent of Bounded Curves
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2 2
Solution. Since the ellipse x—2+‘§5 =1 is symmetrical about both axes and whose trace is
’ a

shown in fig. 2. y
p

A
(0,a)
SR O Ao o Neo
S W e N
Heefewe - o Y e - - - ---a xz
_ X v
ol N2 l

Let us put x =g sin 6. Fig. 2
dx = a cos 8 d0 and 0 varies from O to /2.

Jr Ao smmsmems e

) - RwR/2C i /2
- -RUA. =4bL cosﬁ.acosed9=4ab-|‘0 cos® 8 do

a

. Required area =4 .I.O y dx

= 4ab [Q—g—ll : g] (By Walli’s formula)
=Tab sq. units.

Example 3. Find the common area between the curves y2 =4axr and 3= 4ay.

Solution. Since the curve y*=4ax is Ay

symmetrical about x-axis and the curve

x2=4ay is symmetrical about y-axis. Both  x2=44 C 4 (4a. 4a)
curves intersects at two points (0,0) and (_K M
(4a, 4a) which are obtained by solving both LD >

€ > X
equations of curves. The tracing of the curves 0 B
is shown in fig. 3. \ 2 =4y
The required area ¥es
= area of OBACO
— area of OBADO. {1 v
Fig. 3

4a
Now area of OBACO = J:) y dx, where y* = dax

4a
' . =jo V4ax;{i22\f&‘|i%,x3f{[ﬂ=3—2az

... 3
4a 2
X
and area of OBADO = .[0' ydx, where y= ym
4q
_ j 2, _1[2] _16a
"0 47 T4a|3] 3
From (1), we get
Required area = %?-az - % a= ITG a* sq. units.

* SUMMARY

*  Area of bounded region, bounded by the curve y = f(x) and x-axis between x=a 10 x = b, is
given by

a= [y 1oy a

a

*  Area of the region bounded by the curve y = f(x} and y-axis between y=a and y = & is given
by



- f 00 dy

«  Area bounded by two curves = | Area bounded by one curve — Area bounded by other curve | |

* STUDENT-ACTIVITY

1. Find the whole area of an ellipse St
a

M
N
—_

2. Find the area common to the curves y2 =daxand ¥ = 4ay.

* TEST YOURSLF
1. Find the area of the region bounded by the followirig curves, and the axis of x and the given |
ordinates : '
(1) y=logx; x=a, x=b
(ii} y =c cosh (x/¢); x=0, x=a
{iiy= sinx; . x=0, x=7n/2.

2. Find the area of the region bounded by the parabola y = 4x and the line y 2x.
3, Find the area of a quadrant of the ellipse x 2/a + v 2/pt=1.
4, Find the area of a loop of the curve .xy2 + éx +a) (x+2a2)=0.
5. Find the area of the loop of the curve 3ay” =x (x—a).
6. Find the whole area of the curve a’x?= y3 (a-y).
ANSWERS
1. (i) blog (b/e)—alog(ase) (ii) ¢* sinh (a/c} (iii) ©/4
2. % 3. i—mb 4. 2°(1-n/4) 5. 8a°/(15¥3) 6. ma’
R

OBJECTIVE EVALUATION
» FILL IN THE BLANKS ;

1.  The integral L Rx) dx represents .......... .

Area of Bounded Curvey
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2. The area of the ellipse x°/a° + y2/b* = 1 is oo :
3. The area of the curve x* + y2 -2ax—2ay=01is ... .
4, The area common to the curves yz = 4ax, x2 =4ay 1S .......... .

> TRUE OR FALSE :
Write ‘T’ for True ‘F’ for False :

1. Tt_le integral .J.a Ry) dy represents the area of a plane bounded by the curve x =fy) the

y-axis and the lines y=a and y = b. (T/F)
2. If the curve is symmemcal about x-axis, then the area of bounded portion is equal to twice
. the area of the upper portion of the curve above x-axis. " ATIF)

| » MULTIPLE CHOICE QUESTIONS :

Choose the most appropriate one :

1. . The value of the integral .I.l Ax)de if fx)=—

(a) log?2 (b)log(2-1) © ¢ (d) L.
b

2. The integral L fix) dy represents the area of bounded region between the lines :
(a) x=a,x=b (by x=1,x=8

, () x=—a,y=b d) y=a,y=b.

3. The area bounded by the curve y=sin”x, x-axis and the lines x = 0 X=T/21s:
(a) n/2 (b) n/4 on . (d) n/3.

ANSWERS

Fill in the Blanks :

1. Areaof bounded region 3. mab 4. 2na’
True or False :

1.T 2.T
Multiple Choice Questions :

1. (a) 2. (d)

Q00
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SURFACES AND VOLUMES OF SOLIDS OF
REVOLUTION

® Surface of Revolution . (. : .

® Revolution about x-axis v
® Revelution about y-axis
® Revolution about any Line
® Surface Formulae for Different form of Equations
@ Test Yourself-1
@® Volume of Solids of Revolution
® Volume of a solid of revolution when the evalutions of the curve are in different Forms
@ Summary
@ Student Activity
® Test Yourself-2

4 TRk T

LEARNING OBJECTIVES

After going through this unit you will learn : ‘
How to calculate the surface areas and votlumes of solids on revalution.

* 10.1. SURFACE OF REVOLUTION

Definition. When a plane curve is revolved about a certain fixed line which is lying in its
own plane, a surface is generated. This surface is called a surface of revolution:- Also the fixed
line is calléd the axis of revolution,

» 10.2. REVOLUTION ABOUT x-AXIS

Let S be the surface area (curved surface) of a solid which is generated by the revolution of
the curve y=fx) about x-axis between the o
ordinates x = a and x = b and let 5 be the arc length Lb.f (6D
measured from the point a,fa) to any point
P(x,y). Then

b b
ds
S=L 21:yds=L 2@;-(&.
ds dyY
Where s [14-{(&}:] and § is the

surface area of the solid of revolution of the curve
y = f{x) about x-axis between x =a and x = b.

* 10.3. REVOLUTION ABOUT y-AXIS

Let S be the surface area of a solid generated by the revolution of the curve x = {y) about
y-axis between y =g and y = b. Then

b b d
S
S=L ands:_L 2 - dy

2
where % = [1 + (;ﬁ] } and s the arc length being measured from the point (fa), a).
Y .

[ s
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* 10.4. REVOLUTION ABOUT ANY LINE

Let § be the surface srea of a solid generated by the curve about any line between certain
points. Let s be the arc length of the curve measured from one of the two given poinis to any point
P on the curve and let Q be any point very near to P such that PQ = 8s. Now draw a perpendicular
PM from the point P to the line of axis of the revolution. Then

. s =] 2n (PM) ds.

Here the limits of integration are taken the given points between them a solid is formed by

the revolution.

* 10.5. SURFACE FORMULAE FOR DIFFERENT FORM OF EQUATIONS

Equation of a curve in parametric form. Suppose the equation of a curve is given in
parametric form x = 1), y = g(r). where 1 is the parameter, then the surface area of a solid generated
by the revolution of the given curve about x-axis between the suitable limits is

where

Similarly for y-axis as the axis of revolution we may find the surface area.
REMARK

» [f we have to find the surface area of a solid generated by the revolution of the curve
about any line, then use the following steps :

1. Take any point P on the curve between the given points.

2. Draw the perpendicular from P to the line of axis which meets the axis at the  point
M (say).

3. Find the perpendicular PM.

4. And use the formula given is § Revolution about y-axis.

SOLVED EXAMPLES
Example 1. Find the surface of a sphere of radius a.
Solution. The sphere is gencrated, if a semi-circle is revolved about its diameter. Let the

equation of a circle of radius a is

.r2+y2=a2. _ LD
dy _ dy__x %
2x42y50=0 or =l FC
2 )
ds _ dy X
2 A[@]]-\[-3
> & A 0 B » x
X+ a , \ e
) (?ﬁ] =; I [USIng (1)] ‘\\ I"
Let A (-a, 0) and B (a, 0) be the bounding points RN S
of the semi-circle as shown in Fig. 2. c
Here the diameter is taken as x-axis. Let § be the 2
surface area of the sphere, then : Fig. 2

a
ds
S=J‘_a 211)’.;.4#




=2m_|i dszm[xI .

¢

S = 4ma’.

Example 2. Fmd the surface of the solid generated by the revolition of the curve

x=acos tandy=asin’ t about the x-axis.
Solution. We have

x=acos’t and y=¢r.zsir13 t
This curve is symmetrical about both the
axes. .

A

NY

AB(O, a)

At A(a,0) ¢r=0and at B(0,a) r=7/2.

dx )
Now @ 3acos’ tsint

d .
& _3gsinfreost
dt by

ds _[(ax) | (@)
dt dr| "\ dt

= 3a Veos* ¢ sin” 7 + sin® ¢ cos® ¢

. 3a .
=3asinrcost = sin 2¢.

<
<

Fig. 3

Let § be the surface of a solid of revolution of the given curve about x-axis. Then

/2 ds n/2
§= ZJ. Znyd dt*—4'n:J‘ @ sin

T
= 12na* J; sin® t cos t dt = 127a” {

3

2

sin” ¢

t.ksinmdr

/2
X _ 121ra2_
5 T 5

TEST YOURSELF-1

1. Find the curved surface of a hemi-sphere of radius a.

3. Find the area of the surface formed by the revolution of the parabola y = 4ax about the x-axis

by arc from the vertex to one of the latus rectum.
3. For a catenary y = a cosh (x/a), prove that
a8 = na (ax + sy)

where s is the length of the arc measured from the vertex, S is the area of curved surface of

the solid generated by the revolution of the arc about x-axis.

4. Find the surface of the solid generated by the revolution of the astroid e y2/3 = a?’ about
X-axis.
ANSWERS
2
1 2nd 2 St z-1) 4 A
* 10.6. VOLUME OF SOLIDS OF REVOLUTION
(a) Revolution about x-axis. Let V be the volume B
of a solid which is generated by the revolution of a plane v 4 /
area bounded by the curve y = f(x), the ordinates x = a,
x = b and x-axis about the x-axis. Th=n g Q
b —
2 A__ - ‘ -
V= L ny” dx |- P x
. . . x=q dx
where y = fx) is a continuous and single valued .
function defined on [a, b]. > v
{(b) Revolution about y-axis. Similarly, the volume v ¢ M XN L
of a solid formed by the revolution of a plane area bounded Fig. 4

Surfaces and Volume of Solidy of
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by the curve x = fy) and the lines y = a and y = b and y-axis about y-axis is

b
= J; T dy.

(c) Revolution about any line. The y

volume of a solid formed by the revolution of a
plane area bounded by the arc AB and the lines B axis of rotation
AC and AD and the axis CD about any line 0
CD (different from x-axis and y-axis) is A P
oD
Ve foc T (PMY d (OM) MmN
C
>V

where PM is the iéngth of perpendicular from O
any point P on the arc AB to the axis CD and

O be any fixed point on the axis CD. Fig. 5

* 10.7. VOLUME OF A SOLID OF REVOLUTION WHEN THE EQUATIONS -
OF THE CURVE ARE IN DIFFERENT FORMS

- (a) Equation of curve in parametric form. Suppose the equation of a generating curve are
in parametric form x = f{t) and y = g{z), then the volume of the solid generated by the revolution of
the plane area bounded by the given curve, axis of x and the ordlnates at the points where t = « and
¢ = b, about x-axis is

b b
dx d
V:L Ty {dr] dr:_[a ﬂ:[g(:)]zj:»dr

where ﬂ——[f'()

Similarly, the volume of a solid formed by the revelution of a plane area bounded by

.x=ft), y=g(?) axis of y and the two absciassaes where t = a and ¢ = b about y-axis is

a

b
V=I mz[%}dr='|; n[f(r)]zl dt

dy_d
where 1 [g(r)]

SOLVED EXAMPLES
Example 1. Find the volume of a spherical cap of height h cut off from a sphere of radius a.
Solutlon The spherical cap is generated by the revolutlou of a plane area bounded by the
curve x* y =a®, the axis ofyand theliney=d—hand y=ain the first quadrant about y-axis as
shown in fig. 6.

Let ¥V be the volume of this spherical cap, then v
a .
= 2 C
V= _L_h o’ dy
fr
a . B A
r ﬁ ‘\\ f{'
’ = 2 - \\-. J’I
. :‘r_ay_ 3[-;, N
- 3 h 3 v
_a a-
R L PV B
[ 3 3




(20° - (a - k) {2a% - 1% + 2ah}]

[2a° - 2a* (a - h) + (a — k) W* - 2ah (a - k)]

WA wy

=% [3ak? - 1) .
3] ) .

Example 2. Find the volume of the solid generated by the revoluiion of the tractrix

x=acost+ g log tan® (1/2), y=a sin . Ar
about its asymptote. 4100, a)
Solution. We have .
x=a cosr+—§log tan” (#/2) .
and - y=asint. 0 -

dx : a__acosit
Now E"=——asm:+—_ = ..
'f‘ sin ¢ SlI.lf AY(0, - a)
Here x-axis is the aysmptote of the given -
curve so that for x-axis i.e., y=0, 7=1/2 and )
at A(0,a), t=0. Fig. 7
Let V be the volume of the solid
generated by the revolution of the tractrix. Then

0 ‘fx 0 2
. 2.acos t
V:2J' my® = dt =271:I asin’ 1 = dt
/2 dt /2 sin ¢

0 3
. cos™ 1 -
=2m3J cos? ¢ sin t df = 27a’ | ——
©Jd2 ' 3 "

el _glo2,3
—2m[3 Q}—Sm.

* SUMMARY:

= Surface area of solid of revolution of the curve y = f.(x) about x-axis between x=q o x=15 is

given by
b b
ol &g = N
S—J.a ZTEy(dea'x—J‘a Iny I+(dx) dx.

»  Surface area of solid of revolution of the curve y = f(x) about y-axis between y=a and y=5
is given by

b b 2
ds dx
S=I 2nx—d =J- 2mx l+[-—] d
a dy Y a dy Y

s Surface area of solid of revolution of the curve x=x (r) and y‘_:'y_{t)_"abéﬁt x-aXis EetWecp
t=1 and t =1 is given by

I;z de 5_122
§= \ 2ny (dr)“{dr) dt

. Volume of solid of revolution of the curve y = f(x) about x-axis between x = a to x = b is given

oy
b EETHE,
V:J. o7 yzdx :

a

Surfaces and Volume of Solids of
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Volume of solid of revolution of the curve y =f(x) about y-axis between y=a and y=b is

given by

a

V'=Ib R X dy

= STUDENT ACTIVITY

1. Find the surface area of a sphere of radius a.

2. Find the volume of a sphere of radius a.

» TEST YOURSELF-2

1. Show that the volume of sphere of radius a is % na.

2. Find the volume of a heml -sphere.

3. The part of a parabola y 2 = 4ax cut off by the latus rectum revoIves about the tangnet at the
vertex. Find the volume of a solid thus generated.

4. Find the volume of the solid generated by the revolution of an arc of the catenary

y =c cosh (x/c) about x-axis.

ANSWERS

T 2
2. %mﬁ 3, %mﬁ 4. E{x+£sinh

2

2

(*

2x
¢

)

i



OBJECTIVE EVALUATION
» FILL IN THE BLANKS :

1. The mtcgmlf 2ny ds represents .......... of a solid generated by the revolution about x-axis

of the area bounded by the curve y -f(.r) the ordinates x = a. x = b and x-axis.
2.  The surface arca of a hemi-sphere of radius a is .

» TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :
. . N E 3
1.  The volume of & hemi-sphere of radius a is 3 1'!: - (TIF)
2. The surface area of a sphere of radius a is 2na”. . (T/F)

3.  The surface area of a solid generated by the revolution of the curve

2""‘+y:""=a"'“"’ is%ﬂaz.

(T/F)
» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The surface area of a sphere of radius r is :
(@) 2nr (b} 4nr*
(©) n? (d) 3n2.
2.  The volume of a hemi-sphere of radius a is :
(@) 3na’® ® 2na
(€} 3’ ) na’.
ANSWERS
Fill in the Blanks :
1. Surface 2. 2na’
True or False :
1.T 2F 3T
Muttiple Choice Questlons :
L®) 2.09)
aana

Surfaces and Vatume of Solidy of
Revedution
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UNTIT oot : SR

11

DIFFERENTIAL EQUATION OF FIRST
ORDER AND FIRST DEGREE - -

. - STRUCTURE ,

® Definitions
@ Test Yourself-1 i
® Solution of the Differential Equation
@ Test Yourself-2 P . . . . g
® Formation of a Differential Equation . ’ &
@ Test Yourself-3
@ Solution of Differential Equations
® Test Yourseli-4 ‘ -
® Homogeneous Differential Equations
® Test Yourself-5
@ linear Diffrentia} Equation
® Test Yourseli-6
@® Equatin Reducible to Linear Form G
@ Test Yourself-7
® Exact Differential Equation
® Test Yourse'{-8
® Integrating Factor
® Summary
® Student Activity
@ Test Yoursel{-9

LEARNING OBJECTIVES

After going through this unit you will learn :
® How to determine the solution of the given differential equation of order one and degreg

* 11.1. DEFINITIONS

1. Differential Equation. An equarion involving one dependent variable and its derivatives
with respect to one or more independent variables is called a differential equation.

2-3/2 -
o Fp ) (5 v dy . dy _ d’y )
For Examples : () € dx+& dy=0, (i) y=x e (iit) [:1 +(d.r] } ¢ _a'x2

@iv) & = 1 a_zy are all diffrential equations.
ax* ¢t -
2. Ordinary Differential Equation. A differential equation which contains only one
independent variable is called an ordinary differential equation 2

2 il
For Examples : () xdx +ydy=0,(i} 1 + [%] = fx}g are both ordinary differential equations

as they have one independent variables. -
3. Partial Differential Equation. A differential equation which contains more than one

independent variables, is called partial differential equation.

41



: 2 2 2 2 2

For examples : (1) % + % + % =0, (ii) g—; = i—gy—g are both partial differential equation
as they have more than one independent variable such as x, y, 2.

4. Order of Differential Equations. The order of a differential equation is the order of the
highest derivative appearing in it

5. Degree of Differential Equations. The degree of a differential equation is the degree of
the highest derivative occurring in it, after the equation has been expressed in a form free from
radicals and fractions as far as the derivative are concerned.

For examples : (i) €* dx + & dy =0, is of the first order and first degree.

(it) i?é +x% =0, is of the second order and first degree.

VT £
(i) The differential equation [l+[-}i)]3 =c[zx2'z] can be written as

23 2 V¢
1:1 +[£{X] } =c {i}%] , it is of second order and second degree.

dx
SOLVED EXAMPLES
Example 1. Determine the order and degree of the differential equation
3 4
&y dyy 2.
x e +y i +y"=0.

Solution. The given différential equation contains second order derivative which is the highest
derivatives, so the order of the differential equation is 2. The power of second order derivative is
3, so the degree of the differential equation is 3.

Hence, order =2 and degree = 3.

Example 2. Determine the order and degree of the differential equation

AT

Solution. Making the differential equation free from redicals, we get

2 2 2
AN ES
dx dx*
Now in this equation, the order of the highest derivative is 2, so its order is 2.
The power of the highest derivative is 2, so its degree is 2.

Hence, the given differential equation is of order 2 and degrée 2.
Example 3. Determine the order and degree of the differential equation -

ayy 2 __ 2
el
dx

Solution. Making the given differéntial equation free from fraction, we get

2 .
L2 AP 1 ¥
x(hdx +2=y de .

Now, in this equation, the order of the highest derivative is one and its power is 2.
. Hence, the differential equation of order 1 and degree 2.

 TEST YOURSELF-1

Determine the order and degree of each of the following differential equation :

2 2 3
dy o \ 4y oy =
1. (dx] + S5y =sinx. 2. dx2+3[d—x +2y=0.
3. (P-yVdx+ (P -y dy=0. 4. xz[%]+21y—6x3=0.

ANSWERS

1. Order =1, Degree =2 2. Order = 2, Degree = 1 3. Order = 1, Degree =1
4. OQrder = 1, Degree =1

Differential Equation of First Order and
First Degree
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* 11.2. SOLUTION OF THE DIFFERENTIAL EQUATION

Any relation between the dependent and independent variables i.e., a function of the form
y =Ax} + C, which satisfies the given differential equation is ca!ted its solution or primitive.

‘

For example : Let QX =cos x be a given ditferential equation. Then a function y =sinx + C,

is its solution.

1. General solution. If the solution of nth order differential equation contains n arhitrary
constants, then it is called general solution or complete primitive. ‘

2. Particular solution. A sofution obtained from the general solution by gwmg particular
values to the arbitrary constants in the general solution is called partlcular solution or particular
integral.

Singular Solution. The solution which can not be obtained from general solution by assigning
particular values to the arbitrary constants, is called singular solution.

Example 1. Verify that y = A cos x — B sin x is a solution ofrhe dgfferennal equation

2
_d_x +y=0.

. dx* ) '
Solution. We have, y=Acos x— B sinx. _ NEY
Differentiating {1) w.r.t. x, we get ' '

. ix;—Asinx—Bcos,x.
. Differentiating again, we get p
,
jrz =—Acosx+ Bsinx
=—(Acosx-Bsinx)=-y [using(l)i
d
Exg +y=0

Hence, y =A cos x - B sin x is a solution of f‘% +y=0.

Example 2. Show that y = Ae" + Be” “ is a solution of the d{ﬁreremiaf equation

a_*’-% -y=0.
dx
Solution. We have :
y=Ae" +Be " (D
Differentiating (1) w.r.t. x, we get
% =Ae' - Be .
Differentiating again, we get
2 :
j—x-§=,4e*+3e“*=y fusing (1)]
2

2
Hence, y = A¢" + Be * is a solution of % -y=0.
X

Example 3. Show that y = ae™ + be™* is a solution of the differential equation
p

dy dy ., _
2 dx 2y=0.
Solution, We have
y=ae™ + be X, D
Differentiating (1) w.r.t. x, we get
%z%ek—be”. -(2)

Differentiating again, we get



1% ]

% =4ae™ + d’)e'_"fT = . ) .(3)
Now, from (1), (2), (3), we get '

) _ .
i{ - Zx -2y = (dae™ + be™ ") — (2ae” - be *) - 2 (ae™ + be ¥y =0.

Hence, y = ae” + be™* is a solution of the differential equation f—xzz - % ~2y=0.
e TEST YOURSELF-2
1.  Show that y =ae® is a solution of the differential equation t—:& —-y=0,

2.  Show that y =ae™* is a solution of the differential equation % +y=0,

3
3. Show that y=c¢ (x - ¢)® is a solution of the differential equation 8y° = dxy % - (%J .

N

4.  Show that y =4 sin 3x is a solution of the differential equation frzl +9y =0,

11.3. FORMATION OF A DIFFERENTIAL EQUATION

The general solution of a first order differential equation contains one arbitrary constant, which
is called a parameter. If this parameter takes various values, then we get a family of curve of one
parameter. .

For example : The equation 2 +y’=c? represent a one parameter family of circles if ¢ takes
atl real values. ;

Suppose there is an equation, representing a family of curves, containing # arbitrary constants.
Then in order to find its differential equation we proceed as follows :

(i) Differentiate the given equation of family of curve n times to get n more equations
containing n arbitrary constants and derivatives.

(ity Eliminate all the n constants from all of these (n+ 1) equations to get an equation
comtaining a nth order derivativie, which is the required differential equation of the given family of
curves.

Example 1. Fiud the differential equation of the family of ail straight lines passing through
the origin.

Solation. The general equation of the family of all straight lines passing through the origin

is
y=mx (1)

where m is a parameter.

Differentiating (1) w.r.t. x, we get
% =m. (2)

Eliminating m between (1) and (2}, we get
which is the required differential equation.

Example 2. Find the differential equation of the family of all straight lines making equal
intercepts on the co-ordinate axes.

Solution. The general equation of the family of ali straight lines making equal intercepts on
the axes is

. :
"+X=l or x+y=c (1)
c ¢

where ¢ ts a parameter.

Differentiating (1) w.r.t. x, we get

U\
1+ I 0
which is the required differential equation.

Differential Equatlon of First Order and
First Degree
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TEST YOURSELF-3

Find the differential equations of the following families of the curves :

1.  y=3x+c, where c is a parameter.
2. (2x+ a)2 +y* =a’, where a is a parameer.
3.  x*+y*=a* where a is a parameter.
4. x*+y*=2ax, where a is a parameter.
5. y=asin (x+ b), where a and 5 are parameters,
6.” y=uacos(x+b), where a and b are parameters.
ANSWERS
dy _ dy 2 42 dy _
1 e 3 Z.nydx y+4x' =0 3'-x+ydx 0
dy, 2 .2 dy &y
4. QiR y=0 5.9L5y-0 6.2 +y=0
Colrs . y FEAR PEAR

». 11.4. SOLUTION OF DIFFERENTIAL EQUATIONS.
1: Method of Solving Differentiat Equation by Separation of Variables :
_If any differential :equarfo_n can be exprea“seff as - v 0 -
Ax) dx = gy) dy. A1)

Then we say that variables are separable.
In order to solve the given differential equation, using variable separable, we first reduce it

.10 the form (1) and then integrate both sides, we therefore obtuin the required solution.

Example 1. Solve % =xy+x+y+ L.
Solution. We have

2('-Z=J|:_v~lwc+y+l

dx
= %=(l+x)(l+y).
Separating the variables, we get
: _dy _

L+y (1 +x) dx.

Integrating, we get
2

o log|1+y|=x+%+C

which is the required soluation.

Examptle 2, Solve % =log (x+ 1).
Solution. We have
% =log (x+ 1). ‘

Separating the variables, we get.
dy=log{x+ 1) dx.
Integrating both sides, we get
y=[log(x+1)dx+C

~ log (x+ 1)_[@—_[{%(1% (x+ 1)).J.dx}dx+C

=x]0g(x+l)—jx—i-l-dx+c

:xlog(x+l)v‘|.x:—i{—ldx+c



=xlog(x+1)—jdx+jﬂdx+c
y=xlog(x+1)~ x+log|x+1f+C

Wthh 1s the required solution.

* TEST YOURSELF—4 o '
Solve the following differential equations :
dy _ : L
1. X =y 2, a'x+y 1.
D Ny D _ gty
3. it 4-y. 4'dx e
d dy _(1+y)
5, H_(F41)y. 6. &= 2,
4 €ty & (1+2)
ANSWERS e e
1. y=Cx 2.00g|i-y|+x=C . 3.y= 251n(x+C)
4 +e’=C S.0og|y|=€¢"+x+C 6tan1y—tan x=C

11.5. HOMOGENEOUS DIFFERENTIAL EQUATIONS

Hoemogeneous Function. A function fx, y) in x and y is said to be a homogeneous function

of degree n, if the degree of each term of flx, y) is n.

For Example : fix, y) = ax’ + 2hxy +b % is a honiogeneous function of degree 2.

REMARK

> In general, a homogeneous function of degree n can be expressed as

=S FlY
Sy =x F[XJ.

Homogeneous differential equatioh.‘ A differential equation of the'form ™™ '

& fmy)
" fix )

is said to be homogeneous, if fl(x, y) and fo{x, ¥) are homogeneous functions of same degree.

For example : dy = —-L is a homogeneous difterential equation.
ple s X €q

Method of Solving Homogeneous Differential Equation :

In order to solve a homogeneous differential equation we proceed through the following sleps
Step 1. Substitute y = vx (or x = vy).

Step 2. Reduce the given differential equation in terms of v and x.

Step 3. Solve the reduced equation by the method of separation of variables.

Step 4. Replace v by -z (or v by f after integration,

Example 1. Solve (x*+ yz) 4 xy.

Solution. The given dlfferennal equation can be expresscd as
a4y _ _.‘i__ A1)
dx x +y

Clearly (1) is a homogeneous differential equation.

Putting y = vx and & =v +J|:£f£ in (1), we get

dx dx
v+xﬁ= ke = v
dx x2+\_:x 1+ v
- _cig= Voo -
dx 147 1+

Differential Equation of First Order and
First Degree
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Separating the variables, we get

2
_1+3v dv:g.
v x
Integrating both sides, we get -
dv_(dv_fds
= _Iv3 J.vvj'x+log|c|
= %—log|v|=log|x|+log|€|.
2v
= %zlog{xvcj '
2v
= nC=e"?
= yC=eX72y—

which is the required solution.

* TEST YOURSELF-5

Solve the following differential equations :

1. ﬂ=ﬁ 2. 4X=xz_+ﬁ 3, x+y‘4“i=2y.
d  2xy ) dc 2y dx :
dy _ 5 B _Xty Y
4, xdx x+y. S, dr x—y 6. (x y)dx x+3y.
ANSWERS
L (E+yH=Cx 2.x=C (- y) 3.l0g(y-8)=C+3 73

4. y=xlog|x|+Cx 5.tan'1§=%log(xz+y2}+c 6. i‘ogix+y|+;%=c

» 11.6. LINEAR DIFFERENTIAL EQUATION

Definition. A differential equation in which the dependent variable and all its derivatives
are of first degree only and not multiplied together, is called a linear differential equation.
dy
dx
General Form of Linear Differential Equation :
(i) The equation of the form

&, p_
Zipy=Q

where P and Q are either constants or functions of x only, is most general form of linear differential
equation. :

For example : x ==+ y = x is a linear differential equation. .

(ify The equation of the form

dx
—+Px=
dy Q

where P and Q are either constants or functions of y only, is most general form of linear ditferential
equation.

Solution of %+Py =@ : Multiplying by e[ P& which is known as integrating factor
{(i.e., LE}, we get
paxdy | fraxp _ o |Pde
eI i + eJ Py Qe-[
= %[yej‘p'u =Qe[P‘£’.

Integrating both sides, we get
y.eIde=JQeIPd‘dx+ c

or y.(UF)=[ Q. (LF)dx + C, where 1E. =&l **



Working rule for solvmg dr +Py=0Q.

1. Find LE = o P®

2. The solution is y . (LF) =] @. AF) dx + C. L~

SOLVED EXAMPLES
Example 1. Solve (1 + xz) g +2xy=cos x.
Solution. The given differential equation can be written as
l 2x - cos X
dx I+x° 1+a%

dy
dx

P=

Comparing (1) with == + Py =, we get

COSI
142 ° 1+4

2 ]
LE =ef”‘=ejﬁ?dx=e'°8“”7: 145
Thus, the solution is :
Y(1+x2):_[Q(l ¥ dx+C

- )= _[ cosx (l+x2)dx+C
= y(l+x2)—_[cosxdx+c
= y(1+x) =sinx+C.

Example 2. Solve x %-— y=x%

Solution. The given differential equation can be written as

dy 1

dxxyx

Comparing (1) with E‘E +Py=0Q, we get
p=-1 and Q=x
X
-ta
e X

50, IF e Pé = —gloer L

Thus, the solution of (1} is

(e e

= y.[l}=jx.%dx+c=_[dx+c=x+c.

-

x
y=x2+Cx.

(1)

1)

* TEST YOURSELF-6

Solve the following differential equations :

1 %—y=82‘. 2. jz+y & 3.%44y=e2‘.
4. %ﬂ;:e'l‘. 5. ji+2y e, 6.%+2y=6e".
7. %—%zzﬁ | 8. %uy:xe“. 9.%%:);".
ANSWERS
1. y=eX+Ce 2.y= %e +Ce " 3.y=—%em'r+Ce4J|r

Differential Equation of First Order and
First Degree
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S5.y=¢+Ce > 6.y=2e"+Ce *
’ 8.y=%x3‘“_ 36 ¢ +Ce ¥ 9 (D xy=0" 4 (n42) C
e 11.7. EQUATION REDUCIBLE TO LINEAR FORM

A differential equation of the form

4, py =0y | |
tPy =0y

is called an equation reducible to the linear form or Bernoulli’s equation.
Solution of the equation. The given equation can be written as

-n &y -n+l __
y dx+Py

=Q. ‘ (D
Put y ey
-n dv
= (—n+1)y i:j
Then (1), becomes ..
-1 dv
a-nar TV 0
dv
or

E‘x—(n—l)Pv=Q(l—u)

which’ is a linear equation of first order, and can be solved in a usual manner
Working Procedure :

(D) Write the given equation in the form d— + Py=0Qy
(ii) Divide by ¥", substitute y "*

=y and get the equation of the form
_d_v_(n_ Pv=0(1-n).

(i) Then, apply rhe method of solution of linear equation
SOLVED EXAMPLES
. Example 1. Solve x -g +y= y2 log x

Solution. The given equation can be written as
ldy, 1. 1_1

==1
yde x y x 08 X
-1 1dy v
Put ——p = - =
U y v yidx i
Hence, the given equation becomes
_dv 11
dx x

log x which in linear in v
X

[E=o Pt o gl

:g—log,t:__l_
x
The solution ts
1 1
x.v_‘[ s logxdx+c Lo i}
1 i .
‘-—logx - —dx Iogx+ +c
or

logx+1+cx or 1=cyx+y+ylogr
or l::y(1+10gx)+cxy.
Example 2. Solve

Yiogy=2 2
5 tology ,_,(!ogy)-

Solution. The given equation is of Bemou]ll s type because of presence of non-linear part
on right side, so dividing by y (log y¥, we get

| dy, 1 11
ylogy? 4 x logy ;2
70 Self-Instructional Material
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—m-%in(l), we get I ~

:#du_lu___l_
& x5

Now substituting u =
log y

du 1
-———+—-u=

dx  x

which is a linear equation in u, therefore
LE :e-flfxdx=i_

or B _
dx
1
2

=

Multiplyirig equation (2) by LF. and after integrating, we get

u 1
—=—+4¢

X 2l

1 1
xlogy 1,[2-'-6'

which is the required solution. 7% _» =25

- 'ui'nq '

(2}

TEST YOURSELF-7 . e e

Solve the following ordinary differential equation :
1 26 _.Z dy
1. —+—y=x%. . = =
dx+x.y xy 2 +y= y 3d¥+l—x2y x\‘;
5. y(l+x)dx—xdy=0.
== 7. {.7r3’y2 + xy) dx = dy.

ANSWERS

%=x2(3—cx)
y

4, ny2 +exyl=1

Y
»

=%(1/x2)+c 2,
Loy se

e 6.2x=(2cx*+1) ¢

+ 11.8. EXACT DIFFERENTIAL EQUATION

The differential equation which can be derived from its primitive by direct differentiation
without any further transformation (such as elimination or reduction), is called an exact differential
equation.

For Example : The equatlon ydx + xdy = 0 is exact, as it is derived from it is primitive

yr=e. : !

Working Procedure :

(i) Compare the given equation with Mdx+ Ndy =

(i)} Show that %ﬂi = aa . which conclude the exactness of the given equation.

AR 2 v
(iii) Integrate the coefficient of dx (i.e., M) with respect to x, regardmg y'to be cor:stant ]
(iv) Oimir the terms containing x is N and find the integral of the coefficient of dy with respect

0 and find out M and N.

ioy.
(v) Add the above two results and equate this sum to an arbitrary constant, i.e.,

I M dx +I {terms in N not containing x) dy = c.
{y constant) -

REMARK

» It is clear from the definition that the exact differential equétion ts formed from its general
solution by direct differentiation and without any further operation of elimination or
reduction.

Differential Equation Gf -First:OQrder' wid
First Degree
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* 11.9. INTEGRATING FACTOR

If the given equaiion Madx + Ndy =0 is not exact, then it can be made exact by multiptying |
some function of x and y. This mult:pher is called an integrating factor {LF.).

REMARKS

»  The number of integrating factor for the equation
Mdx + Ndy = 0, is infinite.
> If p is an integrating factor. Then pu (Mdx + Ndy) = O is an exact differential equation.

»  Although an equation of the form
Mdx+ Ndy=0
always has integrating factor, there is no general method of finding them.

Here, we explain some rules for finding LF. :
{A) By Inspection. The following list of xact diffefentials shoutd be noted very careful]y

ydx-xdy y)_=xd
o

@) dltan ' 2|2y E gy gl X)Ly XA
x X +y y 'ty

5) d[log 5]=M (6) d[log X}=M
y Xy x Xy
() dix,y)=xdy+ydr ® d| - =—[——“’—Lxd ;zdx]
Xy xy
2 2 2 _2
®) d X =M - (10)d 2z =M
y Xy x X,
2 _ a2 f.2 25 A2
J x ky ¥
N e e L G T s e
\ Y oy

There are several methods which are usual]y given for dctermmmg mtcgratmg factors in
particular classes of equations.

If Mdx+Ndy=0.

is the given equation, which is not exact, then we proceed as follows.

LD

. 1 . . ,
Method (i) : If Mx + Ny # 0 and the equation is homogeneous, then —————is an integrating

Mx + Ny
factor of (1).
Method (i) : If equation (1) is of the form

fix »)y de + fiolx, y) xdy = 0.

Then Mx — Ny is an integrating factor, provide-Mx — Ny # 0.
Method (iii) : If — [g——f gf] is a function of x alone say f{x) or a constant ¢, then
LF. =e“(""i“r or ejc‘i'.
. oN oM
Method @iv) : If Mlax ay is a function of y alone say f{y) or a constant, say ¢, then

I.F.:ejmw or eIw’.
Method (v) : If an equation is of the form
%y [my dx + nx dy] + Xy (py dx + gx dy) =0

Differential Equation of First Order and
First Degree

s
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Calculus & Geometry where a, b, m, n, r, 5, p and g are all constants, then the integrating factor will be xt y¥ where 4
and k are such that after multiplying by the integrating factor that the condition of exactness is
satisfied. ’ : :

SOLVED EXAMPLES
Example 1. Solve (y’¢" +2xy) dx - x> dy=0.
Solution. The given equation is
P+ 2xy) dx — x> dy = 0.
Compare with Mdx + Ndy =0
Weget M=ye*+2ry and N=-x
M_, . IN_

a—y=2ye’. . =-~2x
. M
gy Ox

= The given equation is not exact.
Now, if in the equation €* is multiplied by some other function, then it must occur twice in
the differential equation. But since it is occurring only once, therefore we should divide by ¥

_ 2 ]
Fay 4 LD o [ex+%de+[ ’*]@:0

2

y
2
Now M=c+ 2 and N=—1r—,,
y bl
= % =— % = %—f =» Equation is exact.

Hence, the solution is

'[ M. dx +J‘ N.dy=c
_ Jyis constant only those terms does not contain x

. 2
J‘[e*+£}dx=c = S+-Zg
y y

Example 2. Solve (xy —2xy%) dx - (x’ = 3x°y) dy = 0.
Selution. The given equation is

(xzy - 2xy2) dx - (x° - 3.x2y} dy=0.
Compare withMdx + Ndy =0

We get 1r1/}’=.=:2),’-2,\fy2 and N=3xy-1
M _ 2 g IN 2
= . ay—x 4xy and gx-—()xy 3x
. am_ N
dy Ox

=> The given equation is not exact.
Here, we observe that M and N are the homogeneous functions of x and y and

1
m x2y2 # 0 therefore, IF = xzyg'

Now, multiplying the given equation by L.F., we get
Lo2) gy s 2—iﬁl.:ty:o.

y X y y2
In this equation
M=l—Z and sz_i
y x Yoy
oM__1_oN
)’__yzw x

= This equation is exact.

3
.. X
The solution is = + log L2 =c.
Y X
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SUMMARY

Differential equation : An equation involving one dependent variable aﬁcll its derivatives with
respect to one or more independent variables, is called a different equation. -

For example : x% +y=0

Order of D.E : The order of the highest derivative appearing in D.E is called the order of D.E.
Degree of D.E : The degree of the highest derivative appearing in D.E, after making D.E free
from radicals and factors as for as the derivative are concerned, is called the degree of D.E.
General solution of D.E : If the solution of ™ order D.E contains » arbitrary constants, then
it is called general solution.

Particular solution of D.E : The solution of D.E obtained from its gneral solution by assigning
particular values to the arbitrary constants in it, is called particular solution of D.E.

Singular solution of D.E : The solution of D.E, which can not be obtained from its general
solution as obtained particuiar solution, is called singular solution of D.E.

STUDENT ACTIVITY

1.

2.

Find the order and degree of the differential equation

f_fxz__ ézlﬂ
”[dx] *[dxz] '

So]vex‘—il:y—xtanx.
dx x

Differential Equation of First Order and
First Degree
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TEST YOURSELF-9

Solve the following ordinary differential equation :
(1+xy)ydx+(l—xy)xdy=0.
ydx—xdy+{(1+xY)dx+x*sinydy=0.
(x3y3+x2y2+xy+ Dyde+ &y ~x* —xy+ 1) xdy =0.
(7" + 2xy) dx — x* dy = 0.

xzydx—{x3+y3) dy=0.

xdx+ydy+ (X +y)dy=0.

(xz.y2+xy+ l)ydx+(x2y2—xy+ D xdy=0.

(x> +y7) dx - 2xy dy = 0.

(xy sin xy + cos xy) y dx + (xy sinxy — cos xy) x dy = 0.
0. (Cydx+3xdy)+2xyGydx+4xdy)=0.

ANSWERS

SRR AL R WD

1. log(x/y)=c+(1/xy) 2.§+i—x+cosy=c Joxy+(-1/xy)=2logy=c
3.3

4. ex+x;=c S5.y=ce’¥ 7. By=e

S.xy+logx—]0gy—$=c 12.x2-y2=cx 9. x sec (xy)=cy

10. x2y3+2x3y2:c

OBJECTIVE EVALUATION

> FILL IN THE BLANKS ;
1. An equation, which contains, dependent, independent variables and different derivatives is.
called .....ocvivene

2. Adifferential equation, which involve only one independent variable is called ................. .
3. A differential equation, which involve two or more independent variables and partial
differential coefficients, is called .....c.coveu.... .

» TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement :
1. An exact differential equation can be derived from its primitive by direct differentiation (27F)

2. If uis an integrating factor then p {M dx + N dy) = O is not necessarily exact. (T/F)
3. Ifthe given equation is homogeneous and Mx + Ny # 0 then 1/Mx + Ny 1s the LF. of the given
equation. (T/F)

> MULTIPLE CHOICE QUESTIONS :

Choose the most appropriate one :

1.  The general solution of a first degree equation contains :
(a) one arbitrary constant (b) two arbitrary constant
(c) three arbitrary constant (d) none of these.

2. The equation (12 + yz) % =xyis:

(a) homogeneous {(b) linear
. (c) reducible to linear (d) none of these.

3. The number of integrating factor for a differential equation of the type M dx +Ndy=0is:

(a) one (b) finite (¢) infinite (d) none of these.
ANSWERS
Fill in the Blanks : _
1. differential equation 2. ODE 3. PDE
True or False :

1.T 2.F 3T
Multiple Choice Questions :
L. 2@ 3.0 40 .



UNIT

12

DIFFERENTIAL EQUATION OF FIRST
ORDER AND OF HIGHER DEGREE

@ (A) Equations Solvable for p .
® Test Yourself-t
® (B) Equation Solvable for y -
® Test Yourself-2 .
® (C) Equation Solvable for x
® Test Yourself-3
@ lagrange’s Equation
® Clairaut's Equation
® Test Yourself-4
@ Summary
@ Student Activity
@ Test Yourseli-5

LEARNING OBJECTIVES ' :

After going through this unit you will learn :
How to'determine the solution of ditferential equation of order one and degree more
than one

In this chapter we shall deal with some special types of differential equations of the first order
and of degree higher than the one. ’
Definition. A differential equation of the form

. pn+A]pn—1+A2pn—2+A3pn—3

+...+4,=0
dy
dx’

is called a differential equation of the first order and nth degree, where p is a symbol for

Some special types of equations are
{a) Selvable for p. (b) Solvable for y.

« (A) EQUATIONS SOLVABLE FOR p

Consider, the differential equation
PrHAI P AP T A p+A=0 (1)

(c) Solvable for x.

where A4,, A, ... A, are functions of x and y.
Working Procedure : -~
. dy
(&) Put p for e

(ii) Solve the equation for p.

(iii) Apply the method of solving the equation of first order and first degree.

(iv) Write down the result in closed brackets in the form of product and put this resulting
equations equal to zero, by replacing ¢y, ¢,, ... ¢y by c.
SOLVED EXAMPLES

Example 1. Solve ,192 ~-5p+6=0.

Solution. The given equation is

PP-5p+6=0 (1)
The linear factors of (1) are given by

Differensial Equation of First Order
and of Higher Degree
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Calcutus & Geometry P-D{p-3)=0 = p=2,p=3

p=2 = %:2 = dy=2dx.

On integrating, we get y = 2x + ¢.
Similarly p=3 gives y=3x+c.
Hence, the single combined solution of (1} is given by
-2-¢)(y=3x~-¢)=0.
Example 2. Solve xyp® ~ (X + Yp+xy=0.
Solution. Here, the given differential equation is
op’ = (P +y)p+xy=0 C D

which is the quadratic equation in p.
Solving (1) for p, we get

- AN+ a8 ey ael-y)
2y 2y

@)t -y _x
so that = == ()
’ 22.::y 2 d (
and pe ==y )
2xy x
Now from (2), we get
=ﬂ'—£ dx =
4 A"y = x ydy
On integrating, we get
xz—y2=c. . {d4)
Now from (3), we get
by _ dy_dx
P™x = y x
On integrating, we get logy—logx=logc
= X:{'_ ...{(5)
x

Hence, from (3) and (5), the single solution of the given differcntial equation is

-y =)y -en=0.
e TEST YOURSELF-1
Solve the following differentinl equations :

1. (a) p°-7p+12=0 (b) pP-9p+18=0.

2 - - -np+t+y-F=0. 3 (p-0)p-X)(-y)=0.
ANSWERS

1. (@) (p-4x+c)(y-3x+c)=0 (b) (y=3x+c)(y—-6x+c)=0.

2. lan"[-}]—%‘log[l+[§ﬂ=1ogx+1ogc 3 (e D @y--c)y+cy+ 1)=0

« 12.2. (B) EQUATION SOLVABLE FOR y

Let the given differential equation is

Lxyp}=0 o)
Solving for y, the equation (1) gives
y=Flx.p) ' A2
Differentiating (2). with respect 1o x, we get an equation of the type
dp
= I 2} - ' P 3
P 8[1’ p dx} (3)
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Equation (3), being an equation in two variables x and p. may possibly be solved. Let its
solution is given by :
d(x, p.c)=0 ...(4)
The elimination of p between equations (2} and (4) gives a relation involving x, y and ¢, which
is the required solution. .

Working Procedure :
(i) Solve the given equation for y and put it as F(x, p) only.
(if) Differentiate it with respect 10 x.

@iy Put p for % and use the previous method.

{iv) Now eliminate p between (1) and (3) and get the required general solution.
SOLVED EXAMPLES '

Example 1. Solve y+px= pzx"'.

Solution. Here, the given equation is

v+ px =p2x4 D

Differentiating (1), w.r.t. x, we get '

%z—p—x%+2pi4%+4pzx3.
Put%zp,wegel L

p=-p —x%+2px4%+4p2x3
= 2p-4p2x3+i%(1_2x3p)=0
= 2p(1—2x3p)+‘£%(1—2x3p)=0

h

= (1-2x3p)[2p+x§f]=o

2p+x-3‘§=0 and 1—2x?p=0.

Now, we solve these two equations, separately.
First consider
dp _ dp_-2

2p+xdx-0 = dxm P
On separating the variables, we get

dp _ —2dx

P ox
On integrating, we get

logp=-2logx+logc

= log(pxz)zlogc = pxi*=c¢ or p=fl--
Put this value in eq. (1), we get

2
fnd fod C
y="X‘—2—'+—4.¥4 =>—y=—[;]+c2

X x
or xy= ¢® x — ¢, which is the required sofution of (1).
) )
Y 3
Example 2. Solve y-x=x i +(a’x] .
Solution. Here, the given differential can be written as
2 dy
-x=xp+ h =
y-x=xptp’, where p="p
= y=x(l+p)+p- oD

Differentiating (1), with respect to x, we get

Differential Equation of First Order
and of Higher Degree
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Calculus & Geometry . dy

dp ., dp
o +2p

=p=1+p+xdx i

dp. o 4P _ 2 S,
or l+xdx+2pdx 0 or dp+x 2p

(

) I
which is a linear differential equation of order one, with p as independeént variable. l
IF=d %= .

Hence, the solution is
xf=]-2pfdprc = xF=-2(pd-) e

= x==2F(p-1D+¢c = x=-2(p-1+ce’”. ..(3)
Putting this value of x in equation (1}, we get
y=(l+p) -2~ +ce1+p’
or y=c(l+p)e"’+(2—p2)
Hence, the equations (3) and (4) given the required solution of {1).

« TEST YOURSELF-2

Solve the following differential equations :
1, y=4p3+3xp‘ 2, yp:x2+p2x. 3. y:x[p+\}(l+pz)].
4. y=xp’+p°. 5. y=3x+logp.

ANSWERS

1. x:—ﬁpz+m'3/2 y:~§p3+3r:,45v"l/2
7 7
! )
_Ep:hcpvzj
2

2. x=_%p3+cp|/ y=_'—.__+p (;%pz‘}‘q@]ﬂ}

AR

p
3. x2+y2—2cx=0
_1 c+3p"-27) y=2cp2+2p3-p“
2 -1y 2(p- 1)

5, y=3x+log

4, x

3
l-ce”

+ 12.3. (C) EQUATION SOLVABLE FOR x

Suppose the given differential equation is
pirA P! tA P A p A =0,
Let us suppose, it can be expressed in the form

x=f,p) : BN ()

Differentiating (1) with respect to y, we have

which is a new differential equation with variable y and p.
Let the general solution of (2) is of the form’
dlx, p,c)=0. A3
Eliminating p between (1) and (3) we get, either
Flx,y,0)=0
as the required solution or in parametric form.
SOLVED EXAMPLES
Example 1, Solve y=2px +p2 ¥
Solution. Here, the given equation is
y=2px+pty.
Solving, it for x, we get .
2x=—py+y/p. (D)
Differentiating (1) with respect to y, we get

!
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or

Now, since the first factor does not involve a derivative of p with respect to x or y, thérefore

it will be omitted (such factor always give the singular solution).

Now consider p+y -3‘3 =0.

On separating the variables, we get
do dy_g
p oy

Integrating logp+logy=loge or py=c. ...(2)

To eliminate p between (1) and (2), solve (2) for p, which gives p= i Putting this value of

p in (1), we get

or

or

Id;=—c+y/c = Wwec-y +¢=0.
Example 2. Solve x=y+p*. :
- Selution. Differentiating the given differential equation with respect to y, we get
2p?
dy=-l—‘indp=-2[p+ 1+

dx 1 5 dp
1
- lJ dp.
Integrating, we have ’

_:_:l
dy p Py
2 g
y=-2 %+p+log(p—l) +c

y=c—{p’+2p+2log (p- 1I. ()
Putting this value of y in the given equation, we get
x=c¢c-[2p+2log(p—1}]

Relations (1} and (2) gives the required solution.

TEST YOURSELF-3

Solve the following differential equations :
p3 —dpxy + 8)‘2 =0. 2. y=2px+ pzy_ 3.
40t +py)=y. 5 x+p/ANl+p =0

ANSWERS

x=py +ap2.

2, Y =2x—-c*=0
plc—a cosh™! p]
@' - 1)

5. x-al+(y+b)i=1

1. y=c(x--.:')2
3 y:c—acosh'lg
Vi - 1)

4, y=dc(xyc+1)

X =

- ap,

12.4. LAGRANGE'S EQUATION

The differential equation of the form

y=xF(p)+fip) )

is known as Lagrange’s equation.
Method of Solution :

Differentiating the equation (1) w.r.t. x, we get

L.of

Differential Equativn of First Order
and of Higher Degree
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_ oy A o dD
p=F) +xF(p) L+ )%

, /] dx _xF'(p) +f'(p)
= - F{p) = [xF + or —— =
PFEY=LF @)+ Oy or =T
which is linear in x and p and can be solved by the usual method.

¢ 12.5. CLAIRAUT’'S EQUATION

The differential equation of the form
y=px+flp)
is known as Clairaut’s equation.

Method of Solution :
Here, the given differential equation is

y=px+fip). ey
Differentiating (1) with respect to x, we get

) N SNPORN

= P v fion=0

which gives either i‘% =0 or x+f'(p)=0

ij!‘:f=0=>,45v=c ..(2)
Now, the elimination of p between (1) and (2) gives
y=cx+fc), where ¢ is any arbitrary constant.

SOLVED EXAMPLES

Example 1, Sofve y=aqapx+ bpa.
. Solution. Here, the given differential equation is
y=apx+bp3. ..
Differentiating (1} with respect to x, we get
dy _
y

or p(l—a)=(ax+3bp2)§§

2dp

- dp
P ap+axdx+3bp_dx

2
dx _ax+3bp N & ___a 4 3bp
dgp (-ap dp (1-a)p (t-a)
which ig linear in x and p.

or

-adg- ] a Co_a =,
IE.=¢ \a-D» =e(a_Ulogp=p”-l. ST
Hence, the required solution is
a 2a-1
xp"_1=—l3_ba p“‘]pdp+c=—l3_ba p" ldp+e
a
@ b pm‘i_ 2/a - 0}
o a-lz . s +
] T 0-e) Ga-/a-1)" ¢
or x=(36p2)/ 2 -3ay+cp™' T S E (2

The required solution is given by (1) and (2} in parametric form, being p as a parameter.
Example 2. Solve y=px -I\~ i—

- Solution. The given differential equation is in Clairaut’s form
Put p=c, we get

y—cx+£
¢

which is the required general solution of the given equation.

Example 3. Solve (y—px)(p- 1) =p.
Solution. Here, the given equation is

O-px)p-1=p ' D)



which can be rewritten as

. p-

=px+
yEpxt o

which is of Clairaut’s form. Hence, replacing p by c, the reguired general solution is

Ty=cx+ , where ¢ is any arbitrary constant.

c-1

*» TEST YOURSELF—4

Solve the following differential equations :

1. y=px+ap(t-p) 2. y=px+p.
3. p21=py—l. 4. p=log(px—y).
5. xpP-(y+3)pP+4=0.
6 sin pxCcos y =cos px siny + p. 7. (y-p)*/(1+p) =’ .
ANSWERS
l. y=cxtac(l-¢) 2.y=cJ|:+.:'2 3.y=cx+%
4 y=cx—¢ 5.y=cx+i,,—3 6.y=cx—sin”’
¢ .

7. -}/l +c)=ad°

[

 SUMMARY

¢ Soluble forp :

(i) Putpfor % in D.E.

(i) Solve for p.

(iii) Apply the method of solving the equation of first order and of first degree.
~ (iv) Write down the result in closed brackets in the form of product and put this resulting
equations equal to zero, by replacing the constants ¢, ¢;, ..: ¢4 by ¢. :

¢+  Soluble for y :
Given D.E is f,y,p)y=0
Solving for y, we get
y=F{xp)
After differentiating eq. (2) w.r.t. x, we get the equation of the form

d
p=g(x.p,j§)

The solution of eq. (3) is given by
¢(x.p.c)=0

Now eliminating p between eq. (2) and (4), we get the required solution.

*  Soluble for x :
Given D.E is flx,y,p)=0
Solving for x, we get
x=F(y,p)
Differentiating eq. (2) w.rt. y, we get the equation of the form

1_ 2’2]
> g(y,p, dy

_ The solution of eq. (3) is given by
¢&xop.c)=0

Eleminating p between eq. (2} and (4), we get the required solution. -

()

e
. (3)

@

. (1)

. Q)
)

@
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e STUDENT ACTIVITY
1. Solve pp—y)=x{x+y).

......

2. Solve y=2px+p%y.

-+ TEST YOURSELF-5

Find the singular solution of the following differential equations :

1. y=px+a\}(l+p2). 2. p=logi{px—y).

3. Y -2py+pi (- 1) = m. 4 4p’x(x—a)y(x-b)= {3x272x(a+b)+ab}2,
5. x4y +2ex+27-1=0. 6. pPP+y’=1.
7

3p%e —px+1=0, 8. Iy2{1+4p2)—2pxy—l=0.
ANSWERS

1. A+y=d. 2.x+y—-xlogx=0. AV em P =m

4. x=0,x—-a=0and x—-H=0. 5.x2+2y2=2. 6.y=x1,

7. x*-12¢”=0. 8. -4y +4=0.

OBJECTIVE EVALUATION
» FILL IN THE BLANKS :

1. Thedifferential equation p" + Py p" ~ !

+... + P, =0, where Py, P2 ... Pyare functions of x and

y, is said to be the differential equation of first order and ......... degree.
2.  The general solution of a nth order differential equation contains ......... independent arbitrary
constant.
» TRUE OR FALSE :
Write T for True and F for False statement :
1. The Lagrange’s equation is a particular case of Clairaut’s equation. (T/F)
2. The Clairaut’s equation is a particular case of Lagrange’s equation. (T/F)
3. The particular solution can be obtained by general solution. (T/F) (T/F)



> MULTIPLE CHOICE QUESTIONS :

Choose the most appropriate one :

1. Asolution, which can not be obtained from general solution by assigning some particular value
of arbitrary constant is known as :

(a) Particular solution (b) Singular solution
(c) Integrating factor : (d) None of these.
2. Adifferential equation, in which both p and e-discriminant relations are same, it is said to be:
(a) Legrange’s equation (b) Equation solvable for p
(¢) Clairaut’s equation (d) None of these.

3. A solution of a differential equation, which is given by the envelope-of the family -of curves
" _ represented by that differential equation is said to be :

(a) Particular solution (b) Singular sotution
{c} General solution (d) None of these.
4. To find the singular solution of a differential equation, we use :
(a) p-discriminant relation {b) c-discriminant refation
(c) both {a) and (b) (d) None of these. -~ -
ANSWERS
Fill in the Blanks :
1. n 2. n .
True or False :

1.F 2.T 3T
Multiple Choice Questions :
1. (b) 2. (c)

QQa
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UNIT ° '

LINEAR DIFFERENTIAL EQUATIONS WIITH-
CONSTANT COEFFICIENTS '

Linear Differential Equation

® Methos of Finding CF.
® Test Yourseli-1 )

® General Method of Finding P.l. Tt
@ Test Yourself-2

® Short Methods of Getting F.I.

@ Test Yourself-3

® Test Yourself—4

@ Test Yourself-5

@ Test Yourself-6

® Test Yourself-7

@ Summary

@ Student Activity

@ Test Yourseli—8

LEARNING OBJECTIVES

After going through this unit you will learn :
@® How to determine the solution of differential equation with constant coefficients.
@® About complementary function and finding particular integral of the given differential
equation

» 13.1. LINEAR DIFFERENTIAL EQUATION

. dﬁ dﬂ—l dﬂ—z
The equation ;[—XE+A1 dxﬂ_f+A2dxﬂ_§+...+Any:B (L)

having A, ..., A, and B either constaat or function of x, is called the linear differential equation of

the n order.
If Ag, Ay, ..., A, are all constants and B may not be constant then equation (1) is said to be

linear differential equation of n degree with constant coefficients.
If we take B = 0, then the corresponding equation is catled homogeneous equation.

: d & " N
Using the symbols D, D%, ... D" for e ?‘% % respectively in (1), then we get
Dy+A D"y +4, D" %y+ .. . +A,y=B
= (D' +A D" +AD L +A)y=B = fD)y=8B ' A2
where ADY=D"+A; D" ' +A, D" 4 L+ A,
Now, consider the homogeneous differential equation
AD)y=0 3)

(obtained by putting right hand side i.e., B equat to zero).
Working Procedure :

(1) Firstly, we find the general solution of (2), which is called the complimentry function (C.F),
contains as many arbitrary constants as is the order of the given differential equation.



(it} Next, find the solution of (1), with no arbitrary constant which is called the particular
integrat (P.1.).
(i5) To find the general solution of (1), and C.F. & P.1, obtained in (1) and (2).

ie. y=u+v=CE+PL
Auxiliary Equation, Consider the differential equation (1) with B=0i.c., ’
(D' +A D" '+ A D" +AYy=0 or AD)y=0. A

Substitute y = ™ on a trial basis, then we get
A T A T L+ A) =0
which holds if .
M+ A T A m T L +A,=0 or fim)=0.. o)
Equation (2) is called the auxiliary equation,
From (1) and (2}, we observe that the auxiliary equation f{rm) = 0 will give the same value of
m as the equation D) = 0 gives of D.

* 13.2. METHODS OF FINDING C.F. '

To find the C.E, the roots of the auxiliary equation (2) are to be considered.

Three different cases arises :

(i) The roots of auxiliary equation (2) are real.

(i1) The roots of auxiliary equation (2) are complex i.e., &t + i [3 type. -

(iti) The roots of auxiliary equation (2) are surds i.e., o + \‘1—3— type.

Case (i) : (a) Suppose that the auxiliary equation (2) has » distinct roots my, my, ... m,, then
C.E is given by

T

Ce"* +C ™ + ...+ C, ™
where C,, C,, ..., G, are arbitrary constants.

(b} If the auxiliary equation having r roots are equal to m,; (say) and remaining roots are
distinct, then the C.F is given by '

[CL+Cx+Cyx 4 e + CX 7™ +C, €™ 4L+ Cp ™
Case (ii) : If some of roots of the auxiliary equation are complex, then we shall follow the

given procedure.
Let o+ if be the roots of the auxiliary equation, then the corresponding part becomes

=C e P L C ™ B o0 e Py ™ P
=¢e™ [C) cos Bx + iC; sin Ba] + €™ [C, cos fix ~ iC, sin Bx]
=e™ [(C, + Cy) cos Px + (iCy — iC,) sin Px]
C.F.=¢™ [B, cos fix + B, sin fx] v (L)
where By, B, are arbitrary constants,
The expression (1} can also be written as
(@) B, e™ cos (Bx + B,)
(b) B, ™ sin (Bx + By).
If, the equation has two equal pair of complex roots & + i} and ¢ — i3, say, occur iwice, then
the corresponding part of C.E is written as
* [(By + By x) cos Bx + (B3 + By x) sin fx].
In general, if &t + i B occur K times, then the comresponding part of the C.F. can be written as
e {(By+Byx+ oo+ BxxX* Ncos Px + (Bg, 1+ By, 2 X +.ue + Bog xX 1)} sin Pr
where By, By, ..., Bg, By 4 1, ..., Byg are arbitrary constants.
Case (iii) : If a pair of the roots of the auxiliary equation involves surds, say o 'V{E where
B >0, then the corresponding part of C.F. in one of the following three forms

(@) ¢™ [B, cosh (x \fﬁ )+ By sinh (x \fﬁ )|
(b) By e™ cash (x \B + B;)
(¢) B,e™sinh (x VB + By).

SOLVED EXAMPLES

Example 1. Solve [D*+6D*+ 11D +6]y=0.
Solution. Here, the given ditferential equation is

(D*+6D*+ 11D +6]y=0 (D)

Linear Différential Equations with
Constant Coefficienty

Self-Instructional Material ‘87



Calculus & Geometry

' ™88 Self-Instructional Material

To find the auxiliary equation, replace D by m, then (1) becomes,
m+6mt+1lm+6=0

= (m+1)(m> +5m+6)=0

= m+Dm+2)(m+3)=0 = m=-1,-2,-3

| i.e., Roots are real and unequal. Hence, the general solution is

y= Cl 6_x+ Cz e_zx + C3 8_31.
Example 2. Solve (D* +2D° - 3D* - 4D + 4] y =0.
Solution. Here, the auxiliary equation is
mt+2m =3mt —dm+4=0
or {m-1 (m3 +3m7 - 4y=0
n—-1)(m=1) (m*+dm+4)=0
m~-D(m=-1)(m+ 27 =0
m=+1+1,-2,-2
=> Repeated real roots exist.
Hence, general solution is
Y= (Cr+Crx) & +(Cy+ Cyx)ye ™

/I

* TEST YOURSELF-1

Solve the following equations :

1. $+3%+2y=0. 2. (P’-9D%+23D-15)y=0.
3. (D-D-9D’-11D-4)y=0. 4. (D*+1))(D-1)’y=0.
5. (D*-D*-12D)y=0. 6. (D% 20*D* +nYyy=0.
ANSWERS

1 y=Ce*+Ce ™ 2 y=C &+ C e +Cy

3 y:e"(C1+C2x+C3x2)+C4e4x )

4. y=(C,+Cx)sinx+{C3+ Cyx)cosx+(Cs+Cox) &

5. y=C1+C/—ve4x+C3e'3’

6. y:(g/"lczx) cos nx + (C3+ Cy4 x) sin nx

Particular integral :
Consider the differential equation

D)y=B = y=—=5.8B.
AD): Y=20D)
Let fT:JS . B denote some function of x, which when operated upon by AD} produces B.
1
Hence, PL=——.B.
fiD)

* 13.3. GENERAL METHOD OF FINDING P.L

Result, if B is a function of x, then

B=e" gy
D-a é Be T dx

| SOLVED EXAMPLES

Example 1. Solve D*-5D+6=¢"
Solution. The given equation can be written as
(D-HD-2)y=€"
CE=C e +C, e~
_ ! 1 v _ 1 ’lr! 3 ~32v¢
and P‘I'___D—B"Dw—Ze =53¢ e e ik
{

AN 3XJ. Ir -3¢ k5
= e et=e" e e T dx=xe.
D-3




Now, General solution = CF. +PL
= y=C e+ Cye +xe™
Example 2. Solve (D*+ 1) y = sec” x.
Solution. Here, the given equation is
(D' + ) y=sec’x (D)
To find the C.E of (1). )
The auxiliary equation of (1), we get
m+l=0 = m=#ij

= CE =Cicosx+Cysinx
l 2 1 2 1 l 1 2
Pl =——— [ RN [ R . S 2
_ 2_Hsecx ( +i)(D_gsecx 2!_!:13_5 D+I}sec x

2 [

{e’“‘l‘ e ¥sec? xdx— e i‘J. e” sec? xdx]

‘] cosx—isinx —o b cosx+isinx
{e“.[—"‘z——dr-e“J.“—z*—dX}

cos™ x cos ¥

f

|-

:“21_1‘ {e""j(sccx—z‘secxtanx)dx—e*'“-[(secx-i-isocnanx)dx}
:721_,' {(ek—e_“)Isecxdx—i(e“+e“")_‘-tanxscc-xdx}

:% {2i sin x log (sec x + tan x) — 2i cos x sec x)

. =sinxlog (secx +tanx)~— .
Hence, the general solution is,
y=CF +PlL
= y =C, cos x + Cy sin x + sin x log (sec x + tan x) - L.

» TEST YOURSELF-2

Solve the following differential equation :
1. (D*+a)v=secar. 2. (D*+aY)y=tanax. 3. (D*+1)y=cosecx.

ANSWERS

. X . i
1. y=C cosax+C251nax+;smax+—2 cos ax log cos ax
a

2. y=(C, COSax+Cgsinax—izcosglxlggtan[%+%x_}
a

3. y=Cycosx+ Cysinx+sinxlogsinx—xcosx

e 13.4. SHORT METHODS OF GETTING F.l.

The general method for getting P.1., discussed above requires lot of calculations. In certain
cases the P.I can be obtained by methods which are shorter than the general method.

(1) To evaluate PI., when B is of the form ¢™*, we use the following rule :
1 ox_ e

¢ " fa

provided f(a) # 0.

SOLVED EXAMPLES
Example 1. Solve (D*-3D+2y= e
.Solution. Here, the given equation is
(D*-3D+2)y=¢".
Auxiliary equation is
m*—3m+2=0
= m-1D(m-2)=0 =2 m=1,2.
CE=C &+ Cye™

Linear Differential Equations with
Constant Coefficients
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1 Sx _ 1 _ 1 S
DP_3p+2 ° 25-3x5+2 12°
Hence, the general solution is

y=CF. +PL

= y=C, &+ Cye™ +112 &

Example 2. Solve (D*+1)y= (' + )%
Solution. Here, the given equation is

Now, Pl.=

e D+ 1)y= (+1) : ()
The auxiliary equation is
m+1=0
= (m+ D) -m+1)=0 .
1, i3
==, -+ 2
= m 12_ 5
therefore CE=C e +&7 [Cg cos [%KJ +C3sin (E_Z‘EJ] :
. l ,r 2 l 2x
Now, Pl = 3, e+l =—3 [ +2&°+ 1]
(D7 + 1) D+ 1)
]. by Ox: 1 2x l S 1 Ox
=3(e+2.e'+e:36+23e+3e
D +1 D+1 D' +1 D’ +1
_ 1 2x 1 t Ox_l 2v X
—23+le +213+]+0+le =3¢ +e + 1.
Here, the general solution is
y=CEFE +PL

= y=C, e_"+em[Cz cos'(x—z-\@_]+ Cy sin(%ﬁ}+-ée2‘+e‘ +1.

* TEST YOURSELF-3

Solve the following differential equations :

1. (DP-4D+1)y=e"-c" 2. (D*+5D +6)y=e"
(@D +4D-3)y=¢* 4. " 2D+ 1)y y=2M"7
ANSYERS
1. y=eu(C|cosh x\f3'~+Czsinhx\fB_)—%eh—%e”
- - 3X 1 X, - 3x/2 i X
2. y:Cle?"‘f+C2e3+Ef3zjlr 3.y=C|eQ+Czeap+ﬁe

4. y=(CI+C}x)ex+-g-e

(2) To Evaluate P.I,, when B is of the form sin ax or cos ax :
Case M:If ﬂD) contams even power of D:

sin ax = sin ax

ﬂD’ fl-a®)
Case (1) ; If f{D) contains odd powers of D : If f (D) = f, (D°) + D, (DY)

Ly g A S simax— fi-aya cosax S

fiD) - a )Y +a {fy(-aHy

SOLVED EXAMPLES
dy

dy =
Example 1. Sotve <2 Py -3 2t 2y = cos 3x.

Solution. Here, the given differential equation can be written as
(D*~3D+2)y=cos 3 : - (D)
To find C.F, the auxiliary equation is ' :




mi=3m+2=0

= m-1)(m-2)=0
which gives m=1 and m=2.
therefore, CE=C &+Cy e~
¢ 1 l 2 2
N K= = L . = —
ow, Pl D2—3D+2C053x —9—3D+2°0$3’F ¢ D a 9)
=—l“-—cos 3x=——(‘lﬁ)—cos 3x
. —7-3D (72 -9D%
!’ =~J27-—_19L0053x=—i[7cosx*3Dcos3x]
7°-9(-9) . 130
:—-lccs?yx—-g—sin 3x———1— (7 cos 3x + 9 sin 3x)
130 130 T 130 '
Hence, the general solution of (1) is given by
y=CF +PL

= y=C1e‘+C2e2’=-1~:§6[7cos3x+95in3x].

*» TEST YOURSELF-4

Solve the following differential equations :

1. (D*+9)y=cos4x. 2. (D*-2D+5)y=sin3x.
3. (D*-3D+2)y=sin3x 4. (D*+2D° - 3D y=3e" +4sinx. . - PR .
ANSWERS ' ' '

1. y=C cos3x+ Cysin 31—%C054x

2 y=ex[C1c052x+Czsin2x]+2—16(3cos3x—2sin3x)
3 y=C,e'+C3eh+%6(9coij—?sin3x}
3. 3 o 4. 2 .
4, y=(Ci+Cox})+Cy & +Cye +-2—0e +—5-smx+§cosx
(3) To Evaluate P.I. when B is of the form of x™, when m is positive integer :
1 oo
i.e., To evaluate ——-x", me Z*
£D)
and fiD)=A¢D" +A, D" ' + ... + A, we apply working procedure
U om U m md™ mn—1)am2 mm-1)21]
S A= e - LR ™ - 2)

Here, we observe that {1} and (2) are the same. .

Working Procedure :

Take the lowest degree term from fiD} and remaining factor will be-of the form {1 + D)} or
[1 - AADY). Now, this factor can be taken in the numerator with a negative index, which can be
expanded by Binomial theorem. Here, it shoula be noted that the expansion is to be carried upto
the term D™ since, we always have D™*' X" =0, D_’"”,\’" =0 and all other higher differential
coefficients of x™ are zero. . R
SOLVED EXAMPLES

Example 1. Solve (D*+D—-2)y=x+sinx.

Solution. Here, the given equation is

(D*+D-2)y=x+sinx ' (D

1o find C.F, the auxiliary equation is

m+m-2=0

= (m-1)(m+2)=0 > m=1,-2

Linear Differential Equations with
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CR=C +Ce ™

1

Now, Les—F————x+sinx) =— x+— si
(D°+D-2) (D°+D-2) (D°'+D-2)
= Ill X+ ‘sinx
5 l—lD—lDz -1"+D-2

2 2

- 1
D Y PR B S g _ D+
= 2_1 [‘2D+2Dﬂr x+(D_3)(D+3)smx
Y SO - P+3y o __1f 1}, D+3
= 2kl+2D+..‘}x+Dz_9 sinx = 2[):+2}+_1_9
=—% x+2|~[L V(D (sin ) + 3 sinx

\

1

1

] .
x —lo(cosx+3smx).

2 4

Hence, the complete solution is given by

y=CF +PL

}'=C|€+C2€_2x—

l
-2

2 4

i L
~ 10 (cos x + 3 sin x).

nx

sin

X

* TEST YOURSELF-5

Solve the following differential equaﬁbns :
1. (D’-D*-6D)y=x*+1.
(D*+2D*+D)y=e¥+5+x. 4 (D°-3D-2)y=x".

2. (D*-a"

y=x*

ANSWERS
_ 3x 25 1 3 1 4
1. y—C|+C28 +C3€ 108): 181 +36x
1
2. y=C1e“x+C2e_“x+C3cosax+C4sinax—%—?-:'—
a a
3 =C+{(Cy + Cyx) h'r+leh+lx3—éx?'+4
- Y=L 2 3x}e 18 3 ) X
4. y=(C1+C2x)e_x+C3eh—-l-x3+-9-x2—2—7x+15
2 4 4
(4) To evaluate ﬁe" X, where X is any function of x :
1 (6™ X] =% L X
oy T | AD+a) |

Working Procedure :

Replace D by (D+ a) and brought ¢™ before the operator ﬁ After that, determine

1
AD +a)

. X as usual.

SOLVED EXAMPLES
Example 1. Solve (D*+4D - 12) y = (x— 1) %
Solution. Here, the given differential equation is

(D*+4D - 12) y=(x— 1) ¥

To find C.F. of (1), the auxiliary equation is

m*+4m—-12=0 = (m-2)(m+6)=0

i,

which givesm=2and m=-6

CF=C & +C e ¥

(D)



1 Linear Differential Equations with

1 o] 2%
Now, =—F—¢" (x—-1)=¢ x-1 ‘ons! “wefficients
(D2+4D— 12) ( ) [(D+2)2+4(D+2)— 12] { ) Constant Coefficient
= = 1) = ————(x— )
(D* + 8D) [ D}
8D|1+—
8
-1
R TR N Y | ol i 1 _
—Se D(I+SDJ (x l)—se D{l 8D+...J(x 1)
Lo o LY b el 9 _lzx
~8° D[‘ ! SJ_Se D( 8| 8¢ [ Jd‘
L af2 9 '
8 2 8
Hence, the general solution of (1), is given by
y=CFE +PL
- 1 9
= y=C, ez"+C2e 6‘+§ez‘[%—§x].
« TEST YOURSELF-6
Solve the following differential equations :
1. (D*-2D+1)y=¢e .x° 2. (D*-5D+6)y=x.¢"
3. (D' -Dy=&(1+5) 4. (D*-4D+1)y=e"sinx.
ANSWERS
. 4
1. )’=(C1+C2x)e‘+%e’.x4 2.y=C1eh+Czek-eh[%+x3+3xz+6x:l

3. y=Clex+C2e"+$e‘[9x+2x3—3x2] 4. y=C,ez+ﬁ)‘+C2e(2'ﬁ)‘—iez"sinx

(5) To evaluate —— f(D) e, whenf(a)

Let us suppose fa) = 0.
In this case (D — a) is at least one factor of D).

Let fiD)=(D-a) g(D), where g(a)+0.
Then 1o 1 D w11
AD) D-af 8@  &@ (D-af
1 1 ax ax  -ax
=—— e ¥ dx
g{a) (D—a)’”*e ¢ e
1 1 w1 1 MJ‘- & -ar
s M —— e “dx
gla) (D—a)"‘xe g(a) (D—q)’_ze e e

1 1 x
T —————
g@) (D-a)y % 2!
Proceeding in the same way, finally, we get

¥ o
ORI
SOLVED EXAMPLES
Example 1. Solve (D*+D-6)y=¢™
Solution. Here, the given equation is

(D*+D-6)y=2¢". (D
To find the C.F. of (1), the auxiliary equation is- ) .
2
m+m-6=0
= m+3)Y(m-2)=0 > m=2,-3

CE=C é&+Ce ™
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1 2x i 2x
Now, Pl = e = e
D*+D-6 D+3)(D~2)
— l 321'_ 1 eZ\ 1
TQR+D-2) T 5(MD-2)
—1 = 1 l=le2"i lzlxe?"‘.

“5¢ Dey-2 5°D 5
Hence, the complete solution of (1} is given by
y=CFE +PL

- 1 ' .
= y=C, e~ +Cye 3x+gxeh. _ =

» TEST YOURSELF-7

Solve the following differential equations :

1. (D*+4D+3)y=¢ > 2. (D*+6D+9)y=2¢"Y
3. (D'+D+D*-D-2y=¢" 4. (D’ -9D + 18) y = cosh 3x.
5. D-1DPO*+1)y=¢"

ANSWERS
g
1. y=C e-—x+cze—3x__§e—3xx 2. y=(C, +Cy %) f.’_h‘i'xl_é’_lr-
3 y=GC ex+Cze-x+e'”2{c3cos[%x]+c4sin(£;‘£]]+%xe*
- 3x ox _ % 3xr 2 -k *
4. y=Cie" +Ce rRakd +108e,
5. y={C1+'C2x)ex+(C3+C4x)cosx+(C5+Cﬁx)sinx+lxze"

8

(6) To evaluate 11)2) sin ax, or cos r;lx, when f{~ az) =0, we use the following rules :

= 1 sinax——icosax—iv"sinaxdx
D' +a’ T 2 2
and ]
' ?ﬂ—zcosax=%sinax=§_l‘cosaxdx
' +a
SOLVED EXAMPLES ' ¢

Example 1. Solve (D2 + az) ¥y = sin dx.
Solution. Here, the given equation is
(D* +a®)y =sin ax.
To find the C.E. of (1), the auxiliary equation is
m+a°=0 = m=0+%ai
CFE  =¢%[C, cosax+ C, sinax] = [C, cos ax + C, sin ax]

Now, PIL sin ax

D'+d’

=%J.sinaxdx:—%cos:u.

Hence, the complete solution of (1) is given by
y=CF +PL

. x
= y=Clcosax+Czsmax—£cosax.

(1)

» SUMMARY

+  Solution of D.E

2
%+P-‘§-+Q}I=R

is of the form



y=CF+PJI
where C.F=cm™ + c,e™,

and m, and m, are the roots of m? + Pm + 0=0.

__R =p?
Also, Pi=7 fO) —.D +PD+Q.

If my = my = m, then
CF =(C, +Cx) ™
IfR=€%, fla)#0

e ™

o f@

PI =

If R=a"%, f(a)=0, then
e” 1
Pl = =" { }
f(D) f(D+a)
If R=sinax or cos ax, f(- az) #0, then
sin ax cos ax _ sinax

[

COS ax

L= -
0 7oy e T ored

If R =sin ax or cos ax, f(— az) =0, then
sinax  x cosar _ x

s 2 ———2-5005 ax, Dt =£sinax
« I R=x", me N, then
PI =},-% = [f(D)1” x™ [expanding [f{(D)]"' " [expanding [f(D)]"' by Binomial theorem]
* STUDENT ACTIVITY

2.

Solve (D* + k) y=0

2

Solve %—3%+2y=cos 3x.

Linear Differential Equations with
Constant Coefficients
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+ TEST YOURSELF-8

Solve the foHowing differential equations :

1. (D*+ad>)y=cosax . 2. (Dz+4)y=cos 2x.
3. (D*+dy=¢+sin2x 4. (D*+d)y=sinax.
ANSWERS

1. y=Clcosax+Czsinax+—2‘%sinax. 2. y=( cost+Cgsin2x+isin2x it

. 1-
3. y=¢ c052x+Czsm2x+%ex—Ixc082x.

. X
4, y=( cosax+Czsmax—-;cosa.x.

2

OBJECTIVE EVALUATION

» FILL IN THE BLANKS :

1. If the order of the given differential equation is n, than C.F. of this equation contains .........
arbitrary constant. :

2. Ifthe order of the given differential equation is #, then ......... of this equation does not contain -
"any arbitrary constants.

» TRUE OR FALSE : .

Write ‘T’ for True and F for Falsé Statement : ' y

1.  The particular integral of an A" order differential equation contains # indcpendent arbitrary
constants ' ()

2. The complementary functions of a differential equation of order n contains » independent

arbitrary constant. ) . (17%)
» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
The solutionof (D°+ 1} y=0isy=:

{a) Acosx—Bsinx {(b)—Acosx—Bsinx
(c) Acosx+Bsinx : {d) — A cos x + B siri x.
2. The general solution of the differential equation (D2 +1)y=0is:
(a) y=cosx (b} y=Ccosx '
(¢) y=C1cos(x+C2) (d) Cicos(Ca+C3x).
ANSWERS

Fill in the Blanks :

1. n 2. Particular integral
True or False :

1.T 2.F
Multiple Choice Questions :

1. {©) 2. {c)

Q3



UNIT

14

HOMOGENEOUS LINEAR DIFFERENTIAL
EQUATIONS

R | STRUCTURE- B

#® Homogeneous Linear Differential Equations

® Solution of Homogeneous Linear Differential Equation
@ Test Yourself-1
@ Summary
® Student Activity

' LEARNING OBJECTIVES - -

After going through this unit you will learn :
How to get solution of homogenous linear differential equations.

* 14.1. HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS
Definition. Any differential equation of the form
-1
x"gn—x+A1 Pl LX+ A y=X
'

n=1

* order, where Ay, Ay, ..., A, are constants

is called a homogeneous linear differential equation of #
and X is a function of x or a constant.
For example, consider the following differential equations :

2
(i xzjf;‘ziwx%uy:e"

2
(i) x2i§+2x%+2y=e‘

The above two differential equations are linear as the dependent variable y and its derivatives
appear in their first degree and are not multiplied together.

« 14.2. SOLUTION OF HOMOGENEOUS LINEAR DIFFERENTIAL EQUATION

Consider the homogeneous linear differential equation

n n~1 a2
x”d_£+Alxnﬁl—“—‘—“ld P +A2xn_2'qu_n‘:¥++c4ny:x ‘(1)

n

where A|, A,, ..., A, are constants and X is a function of x or constant.
Now, equation (1) can be transformed to an equivalent equation (linear differential equation)
with constant coefficients by changing the independent variable by the relation.
x=¢ ie, z=logx

Working Procedure :
, . d d o d
(9 Pux=é x—=D=-——x =D (D-1) and s0 on.
dx dz g2
(i) Obtained the equation in terms of D {linear equation).
(iif) To find the C.F. and P1. used the usual method given in chapter 16.
(v} Find general solution by adding C.F. and P.1,

(v) Finally, substitute z = log x.
SOLVED EXAMPLES

2
Example 1. Saive xzi%—élx% + 6y =x. LA

\

N -~

Homogeneous\Linear Differentiaf
Equuettums
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Solution. Putting  x=¢°

d
= z=log x and D=d—z-
Thus, the given equation becomes

[D(D-1)-4D+6]y=¢ = (D*-5D+6)y=¢ " L (2)
which is a linear equation in y.
To find the C.F. of (2), the auxiliary equation is
m-5m+6=0
= {m-2)(m—-3)=0 which gives m=2, 3.
CE=C é&+C,e" ‘

- 1 e__ 1 1 2 :

Now, P'L_DZ—SD+66_1~_5+68‘28. |
Hence, the general solution is given by

y=CE+PL .-
= y=C1eh+Cze3z+%ez.
Now put ¢=x

y=_Clxz+ C2x3+%x.

2

Example 2. Solve %2 - 3x % tay=222
Solution. Here, the given equation is

x2£%~3x%+4y=2x2. D

2
Let x=¢% then z=logx, x%=Dy,x2i%:D(D— Dy

Put in (1), then (1) becomes
(D(D—-1)-3D +4) y = 2"~ '
= (D* - 4D+ 4) y = 2% ()
To find the C.E. of (1), the auxiliary equation is t
m—Am+4=0 =(m-2°’=0 = m=2,2 X
CF =(C,+Cy2) e¥=(C, + Cylogx) i

Now, Pl = 1 2% =2 1 =

Ak _ ZZL
=2e [(D+2)—-2]'1_23 D

Hence, the complete solution of (1) is given by
y=CFE +PL

= y={C +Cy logx)xzﬂc2 (log x)°.

* SUMMARY

+ Homogeneous linear D.E
ndy adYy _
A+ AX dx""+ ...... + Ay =x.
«  Solution Homogeneous Linear D.E

d d 252 x3d3
=D=—,—=DD-1),—== D -1 -
D= (@ -1.25=D9D-1)(D-2)

() Putx=eorz=logx, andxa

etc. in the given D.E.
(ii) The given D.E becomes

d
fDyy=x D=

(iit) Find C.F and P.I as usuai obtained in previous chapter.
(iv) y= CF+PI '
(v) Putz=logxiny=CF+PI



¢ STUDENT ACTIVITY

2
2dy _, dy
5 4xdx

1.  Solvex +6y =x.

2 Solved 217,92, 13y =log x.
dx? dx .

* TEST YOURSELF

Solve the following differential equations :

1. xzfle—%+yéx. 2. x2£§—4x%+6y=x4.
3. ng-bx%-éiy:xz. 4. x4§;2+2x3§;2—x2%+xy= .
ANSWERS
1. y=x(C]'-I-Czlogx)+%(logx)2. 2.y=C|x2+C2x3+_%x4.
3. y=C,x2+%+%leogx. 4.y=(C]+C210gx)x+C3x"+4~1xlogx
OBJECTIVE EVALUATION

> FILL IN THE BLANKS : 2
In any homogeneous equation x Q_% +x ay +y =X, the X is either constant or a function of
......... , only. dx dx

2. The homogeneous linear equation can be reduced to a linear differential equation with constant
coefficiants by putting x = ......... '

» TRUE OR FALSE :

Write T for True and F for False statement :
1. The homogeneous linear differential equation can be reduced to linear ditferential equation

with constant coefficients, - (T/F)
2. The differential equation, in which the power of x in the coefficients are greater than the order
of its derivative, associated with them, is called the homogeneous linear equation. (T/F)

Homogeneous Linear Differéntial
| Equanon

Self-Instructional Material 99



Calculuy & Geometry

-

100 Self-Instructional Material

3. The differential equation in which the power of x in the coefficients are equa! to the order of
its derivative, associated with them is called the homogeneous linear equation. (T/F)

» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The particular integral of (x> D* = 2xD) y = log x i :

@ log x (b) % log.x - é— (log 12
(c) Alogx (d) none of these. . e
2.~ The PL is (2D + 5xD +4) y=x log x is given by : | P
1 2
(a) 9xlogx (b} i

1 2
(c) gxlogx 77

Fill in the Blanks :

1. x 2. &
True or False :
1.T 2.F

Multipte Choice Questions :

1. (b} 2. ()

{d) none of these.

PRI

ANSWERS
'3. Frst 4. eqﬁa]
3T
3. (a)"

I [
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® Linear Dependence and Independence of Functions

UNIT

15

WRONSKIAN

The Wronskian

i Summary

@ Student Activity
® Exercise

LEARNING OBJECTIVES

After going through this unit you will iearn :
About linear independent and dependent functions.
How to find the nature of the given function through Wronskian.

« 15.1. LINEAR DEPENDENCE AND INDEPENDENCE OF FUNCTIONS

(@) The functions fi(x),i=1,2 ...n are said to be linearly dependent on an interval
a < x<bif there exist a set (a), ay ... a,) of constants, not all zero, such that

a i+ a fhix)+.. +a,f(x)=0ina<x<bh (1)
e (b)) .The function f;(x),i=1,2 ..., n are said to be linearly mdependem ifythe only set of
constants ay, s, ... @, for which (1) ho!ds, isthe seta,=a,=...=a,=0. F

Examples :
(i) sinx, 3 sinx and — sin x are linearly dependent on the interval — ] <x < 2.

(i) x and x% are linearly independent on0<x< 1 since
C;x+C2t =0 Vxon0zsx=gl= C,=C=0.

* 15.2, THE WRONSKIAN

Lety|, y3. ..., ¥, be n functions of x such that each possesses at least (n ~ 1) derivatives. Then
the determinant

Calculus
N Y2 oeeees n
» ¥2 e Yn
y(n 1) y(ﬂ N y‘(‘:n -1)

is called the Wronskian of the functions y|, v, ..., y, and denoted by W(yy, ¥25 +e., ¥,,) 01 simply W.
» SOLVED EXAMPLES

Example 1. Show that the solutions e*, ¢ * and e* of

are linearly independent. Aiso sofve the given equation.
Solution, Since %, ¢™* and ¢ satisfy the given differential equation. So they are solutions

of the given equations.
‘ e e’ &
d on do-xn 4
Now, We, e * e¥) = dx(e) dx(e ) dx(e)
& &£
dx;(ex) Zx‘j(e ) E(é’ )

Wronskian

~u
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£ et ¥ NI
= e 2F |21 -1 2
£ et 4 11 4
After simplify, we get
111
W=eZ|2 0 3|=e¥x(-6)#0.
0 0 3

Hence, the solutions &, e %, €% are lincarly independent solution of the given third order
differéntial equation, so it can possesses at most three independent sotutions. Therefore, the compleie

solution is given by y = C, € + C, e * + Cy 2% with C,. C; and C; as arbitrary constants. _

Example 2. Show that the Wronskian of the funciions x°, I log x is non-zero. Can these
functions be independent solutions of an ordinary differential equation, if so determine the equation.

Solution. Let y=x
and Y= < log x.
Then, the Wronskian is .
Y1 o»n x; clogx 3
Wy=|"", "5 [=]22 & =x #0.
) n o »n 2x xlogx+x *

=  The functions y, and y, are lincarly independent solution of an ordinary differential equation.
Now, we find the equation

Let y=Cn+Cin=Cl+C it logx
= %=2C.x+2€1.tlogx+czx
and ﬁ =2C, +2C; log x + 3C,.
e :

Now, eliminating C, and C, from the above three refations, we gel

Ay 3 A, 4o
xzdx2 3.rdx+4y 0.

SUMMARY

»  Lincar dependent functions : Functions f; (x). fz (x), fs (x), ....... Ja (5). x € [a, b) are said to
be linearly dependent on {a, b} if these exist ay, ay, ..., a,, not all zero such that
afi (D tafa(D+afs )+ +af (x)=0
»  Linear independent funetions : Function
afi@+afa+fi(x) i@+ taf,(x)=0 = a=0=a=..=aq,
s  Wronskian :

nh o »
Wy, )= . ,
Gy vy
n ¥ ¥
Wyanmd=tn w x| ec
yl!t yz” y3

.STUDENT ACTIVITY
2.3

1.  Show that the functions x, x°, x” are linearly independent.




2. Show that the functions sin x, sin 3x, sin3 x are linearly dependent.

» TEST YOURSELF

1. Prove that the functions 1, x, x% are linearly independent. Hence, form the differential equation
whose roots are 1, x, x°,

2 Show that if m; # m, the functions €™ * and €™ are linearly independent.

3, Show that the following functions are linearly independent e* cos x, & sin x.
Hence, form the differential equation of second order having these two functions as independent
solutions,

4.  Which of the following sets of functions are linearly independent for all x.

(’i) sinx, cos x (i1) sinx, sin 3x, sin3 x
(iii) sin x, cos x, sin 2x iv) “Z-x+ 1, - I, 3% -x- 1.
ANSWERS
2
&y _ &y dy
1. P 0 3. 2 2dx+2y 0

4. (i) Linearly independent (i) Linearly dependent
(iit) Linearly independent (iv) Linearly independent.

(]

Wronskian
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GENERAL EQUATION OF SECOND DEGREE

' : o STRUCTURE ‘ L

® Introduction - *

® Condition for a Pair of Straight Lines

@ Equation of a Pair of Lines through the Origin and Parallel to the Lines
hx+my+m=0and bx+ mey+m =0

® Angle between the Pair of Lines

@ Condition for Perpendicularity of a Pair of Lines

@ Condition for Parallefism of the Lines ,

® Condition for Coincidence of the Lines ax® + 2hxy + by2 +2gx+2fy+¢=0

®- Point of Intersection of the Lines

@ Condition for the General Equation of Second Degree to be a Circle

® Condition for the Genera! Equation of Second Degree to be a Parabola

® Condition for the General Equation of second Degree to be an Ellipse

® Condition for the General Equation of Second Degree to be a Hyperbola

® Summary
@ Student Activity
@ Test Yourself

' : LEARNING OBJECTIVES -

After going through this unit you will learn :
® How the given general equation of second degree reduces to pair of straight lines,
circle, parabola, ellipse and hyperbola

* 16.1. INTRODUCTION

The general equation of second degree in x and y is given by

ax’ + 2hxy + by + 2gx + Ay + ¢ =0 (1)

where a, b, ¢, f, g and k are six constants. If the equation (1) is divided by any one of s1x constants,
then the equation so obtained will have five constants, therefore in order to determine the values
of these constants, there will required five equations between them. The solutions of these five
equations will give the exact equation of degree two.

+ 16.2. CONDITION FOR A PAIR OF STRAIGHT LINES

To find the condition that the general equation of second degree may represent a pair of
straight lines.
Let the general equation of second degree in x and y be

a,r2+2?ny+by2+ng+2ﬁl+c=0. (D

Suppose the equation (1) represents a pair of lines and let these lines be
x+my+n =0 A2
and bx+myy+ny=0. ) 3)

Then we have
(Fx+m y+n)(bx+my+m)=ax®+2hoy+ by’ +2gx+ 2 +¢=0.
Now comparing the coefficients of X, yz, xy, x, y and constant term of both sides, we get
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hl,=a,mmy=b,nmny=c
g+ nyma =2f, nly +nal = 2g 4 (4)
and hmg +1ymy =2h

Now eliminating {,, 7,, #, and Iy, my, n, from (&), for this we have
Geometry and Vectors b

H 0 L 4

my my O x{m m

ng np O n, mn

Qo O
Il
o

('.. the value of each determinant is zero)

Multiplying both determinants row by row, we have

24t Lng + bhmy fing + by
Iymy + Limy 2m my myng +nn | =0. (5
bang+ iy nony + mphy 2nmn;
Putting the values given in (4) in (5), we get
2a 2 2
2h 26 2f|=0
2¢ 2f 2c
a h ¢
= h b f1=0
g f c

- a(bc—f3)—h{he =gf)+g(hf— gb) =0
= abe + Afgh —af’ —bg? —ch*=0.
This is the required condition.
* 16.3. EQUATION OF A PAIR OF LINES THROUGH THE ORIGIN AND
PARALLEL TO THE LINES Ax+ my+m=0AND bx+m y+m=0.

Let the equations through the origin and parallel to the lines /x +m; y+n, =0 and
Ix+myy+ny=0be

hx+my=0 )

and Lx+myy=0
where Iy, 5, m,, m, are governed by the equation (4) in above section 2.

Now the combined equation is

(hx+myy) (hx +myy) =0

or L + xy (hmy + bmy) + mymy ¥* = 0. ..(2)

Putting {,{, = a, mun, = b, Lymy + bmy =2k in (2), we get ‘

ax® + 2hxy + by* = 0.
This is the required equation of a pair of lines.

* 16.4. ANGLE BETWEEN THE PAIR OF LINES
hx+m y+m=0 and bx+my+m=0.

The  angle  between  the  lines ¥
lx+my+nm=0 and Lx+myy+n,=0is
2V ~ab_

tan 6 =
an a+b

Fig. 1

General Equation of Second Degree

-,
#* al
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+ 16.5. CONDITION FOR PERPENDICULARITY OF A PAIR OF LINES
ax2+2hxy+by2+g,g Xx+2fy+c=0.

Let B be the angle between the a pair éi’ lines, then we have,
N —ab
a+b
From this equation, if ¢+ b =0, then 8 =90" i.e. the lines are perpendicular. Hence, the
required condition for the perpendicularity of the lines is given by
. ax’ + 2hxy + by* + 2gx + 2fy +¢ =0
is a+b=0.

* 16.6. CONDITION FOR PARALLELISM OF THE LINES
axt +2hxy + by2 +2gx+2fy+¢=0.

tan B =

Since the angle between the lines is governed by the relation
INWE — ab
ath
. If the lines are parallel, then tan 8 = 0, then we get
W-ab=0 or h:=ab.
This is the required condition for paratlelism.

* 16.7. CONDITION FOR COINCIDENCE OF THE LINES
ax2+2hxy+ bﬁﬁﬁ+2fy+c=0.

tan B =

The condition for coincidence of the pair of lines ax’+ 2hxy +'bg,12 +2¢x+2f+c=01is
given by . '
Rr-ab=0,g"~ac=0,f*-bec=0.

¢ .16.8. POINT OF INTERSECTION OF THE LINES
ax2+2hxy+ I:ty2 +2gx+2ty+c=0,

The point of intersection of the lines represented by ax’ + 2hxy + by + Zex+2fr+c=01s
given by .

fz—bc '\/gg—ac
W~ ab n - ab
*» 16.9. CONDITION FOR THE GENERAL EQUATION OF SECOND
DEGREE TO BE A CIRCLE

Let the general equation of second degree in x and y be
ax2+2fL¥y+by2+2gx+2ﬁ+c=0. (D)
Definition. The locus of a point in a plane, which moves in such a way that its distance from
fixed point is always constant, is called circle.
Then by the definition of a circle, the equation of 4 circle is

(x-of+ (=B =r’ A2)
where (., ) is the centre and r its radius.
Comparing (1) with (2) and then we observed that the general equation (1) represents i circle
if
a=b+0 and h=0.

Therefore, this is the required condition for the general equation of second degree to be a
circle.

* 16.10. CONDITION FOR THE GENERAL EQUATION OF SECOND
DEGREE TO BE A PARABOLA

Let the general equation of second deg&ec in x and y be




ax’ +by? + 2hxy + 2gx + 2fy + ¢ = 0. _ (1)

Definition. The locus of a point, which moves so that its distance from a fixed point {(called

.;Fbcus) is equal to the distance of this variable poi!;: from a fixed straight line, is called a parabola. -

Let Ix + my + n =0 be a fixed straight line and (a, () be a fixed point, then by the definition
of the parabola, the equation of parabola is
+mytan
L N — 0+ (v - B

NP + m?

or (bx+ my + )’ = (P + m?) [(x — )" + (v - B)’]
or Pt + mzy2 +nt+ 2Umxy + 2lnx + 2mny = (* + mz) (;!r2 + yz =20x ~ 2Py + o + ﬁz)
or mxt + By = 2mxy + 2x (= In—off - o)

+2y (~mn~BE-Pm¥) + (@ +P) (P +mP) -n*=0
or takes the form :
(mx - ly)* + 2Gx + 2Fy + C = 0. (2)
From (2) it has been observed that the second degree terms in the general equation of a
parabola forms a perfect square. Therefore, using this conclusion on the general equation of second
degree equation {1), we can say that
a.:cz-k2hxy+by2 +2gx+2fy+¢c=0
reduces to a parabola if
R —ab=0.
This is the required condition.

* 16.11. CONDITION FOR THE GENERAL EQUATION OF SECOND
DEGREE TO BE AN ELLIPSE

Let the general equation of second degree in x,y be -
ax® + 2hxy + by’ + 2gx + 2fy + ¢ = 0. ' (1)

Definition. The locus of a point which means in such a way that its distance from a fixed
point is always less than its distance from a fixed line, is called an ellipse.

On the based as discussed in above postulates, the required condition for the gencral equation

given (1) to be an ellipse is
K <ab.

» 16.12. CONDITION FOR THE GENERAL EQUATION OF SECOND
DEGREE TO BE A HYPERBOLA

The general equation of second degree in x, y is
ax* +by* + 2hxy + 2gx + 2fy + ¢ = 0. D)

Definition. The locus of a point which moves so that its distance from a fixed point is always
greater than its distance from a fixed line, is called hyperbola.
Therefore, (1) becomes the equation of a hyperbola if

h*> ab.

This is the required condition. g
SOLVED EXAMPLES -
Example 1. Show that the equation of second degree
5x% = 2xy+ 5y* +2x — 10y -7=0
represents an ellipse. )
Sclution. Compare the given equation with
ax®+ 2hxy + by’ + 2gx +2fp +¢ =0
we get a=5b=5h=~1,f=-5,g=1,c=-T.
A=abc +2fgh - af* — bg’ —ch®
GBS ED+2ENWMED -G -5 - DY
—175410-125-5+7
-288=0
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and W —ab=(-1)° —(5)(5)_1—25--24<0

o h <ab.
Hence, the given equation is an ellipse/
Example 2, Show that the equation
Bx? + 8y + 2" + 260+ 13y +15=0
represents a pair of parallel lines.
Solution. Since the given equation is

8x% + Bxy +2y* +26x + 13y + 15 =0. A1)
Compare (1) with the equation . .
ax’ + 2y + by  + 2gx + 2fy + ¢ =0

we get a=8,h=4,b=2,¢g=13, f=13/2,¢c=15.
. A =abe + 2fgh — af* - bg® - ch®

—(8)(2)(15)+2( ](13)(4) 8( l 2 (13)*-15 (4)?

=240+ 676 - 338 - 338 - 240 = 0.
Also K —ab=16-16=0.
Hence, the given equation represents a pair of paralle! straight lines.
Example 3. Show that the following equation represents a pair of lines. Find, also the angle
between them :
6x°+ 13xy + 65> + 8x+ Ty +2=0.
Solution. Since the-given equation is _
6x% + 13xy + 6y° + 8x+ Ty +2=0. (1)
Comparing (1} with the equation ' :
ax® + 2hxy + by* +2gx + 2y + ¢ =0
we get, a=06,h=13/2,b=6,g=4,f=7/2,c=2.
: A = abc + 2fgh — af® — bg? — ch®

2 . 2
=6.6.2+2. 3 4. B s, (7} —6.(4)2—2.(2}

2 2
147 169
=72+ 182 - > -96 ——— >
316 316 316
= 158 - > 3 =0.

Thus the given equation represents a pair of straight lines.

2V1E - ab J

The angle between these lines = tan™’ (

a+b
A } 13 16
— tan"l 2__..2_._._ — l -1 i
= 6+6 R
» SUMMARY
»  General equation of secorid degree in x, y : -

Fxy.2)=ax’ + by’ + 2hey + 2gx + 2fy + ¢ =0
where a, b, ¢, £, g and /1 are constants.

*  Eguation a + thy + by +28x+2y+c=0 represents a pair of straight hnes if
abc +2fgh - af‘ bg®+ch’ =0.
. ax’+ 2hxy + by’ =0 represents a pairs of straight lines passing through the origin.
«  angle between the lines represented by ax” + 2hxy + by =0is given by
O=tan" { 23k -ab \IP—_aE;J

a+b



I ax® + 2hxy + by2 +2gx +2fy + ¢ = 0 represents a pair of straight lines, then these lines are

perpendicular if a + & = 0 and parallef to each other if #° = ab, g° = ac and f* = be.
If the lines intersect each other then the point of intersection is

= =)

W —ab

The general equation ax’ + 2hxy + by +2gx 1+ 2fy + ¢ = 0 will represent :
(i) acircleiffa=b20and h=0,A20

(i) a parabola if A2 =ab, A#0

(iii) a ellipse if A > ab, A#0

(iv) a hyperbola if #*<ab, A%0
where A = abe + 2fgh — af” - bg® — ch*.

STUDENT ACTIVITY

1.  Show that the equation 6% + 13xy + f)y2 + 8x + 7y 4+ z = 0 represents a.pair of straight lines.
2. Show that ¥ + 2xy + y2 —2x — 1 =0 represent a parabola.
A
* TEST YOURSELF
1, Show that the equation 25x% - 120xy + 144y2 —25x + 60y — 36 = Orepresents two parallel
straight lines.
2. Show that the equation 37+ 3y - 2x +3y-5=0 represents a circle.
3.  Show that the following equation 11x% - 4xy + 14y - 58x — 44y + 71 = O represents an ellipse.
4. Show tha( the fol]owmg equations :

(1) 16x° 24xy+9y - 104x - 172y + 44 =0 (i) 4x° —4xy+y - 8t—6y+5 0.
represents parabolas.

General Equation of Second Degree
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Calculus & Geomery 5. Show that the equation 3% - Sxy — I!y2 +5x + 11y — 8 =0 represents a hyperbola.

OBJECTIVE EVALUATION
» FILL IN THE BLANKS :

1. The general equation of second degree in x and y has at least ....... O constants to find the
nature of the equation. )

3. The equaticn ax® + 2hxy + byz +2gx+2fy+c=0 represents a pair of straight lines if
abe + 2fgh —af > = bg® — ch* = oot .

F R
> TRUE OR FALSE : "'IH
Write T for true and F for false statement : )
1. The equation ax* + 2hxy + byz +2gx+2fy +¢=0 represenis a rectangular hyperbota if

a+b=0and ab - i’ <0. (T/F)
2. The equation X4 2hxy + y2 +2gx + 2fy + ¢ = 0 represents a circle if = 1. ) (T/T)
3. .The equation x? + dxy + 4y® + 2gx + 2fy + ¢ = 0 represents a parabola.” TR

» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate are :

1. The equation a’ + 2hxy + byz +2gx+2fy+¢=0 represents a rectangular hyperbola 1f

k%> ab and :
(a) a+b=0 (bya-b6=0 (¢c)a=0 (d) 6=0.
2. The equation ox’ + 12xy + 16y2 +2gx + 2fy + ¢ = 0 represents :
(a) Ellipse (b) Parabola (¢) Hyperbola (d) Two siraight lines.

ANSWERS

Fill in the Blanks :
1. Five 2.0

True or False :
1. T 2.F
Multiple Choice Questions :
1. (a) 2. (b)

]
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UNIT

17

SYSTEM OF CONICS

* “STRUCTURE - ~ ™,

@ Standard Forms of Conics
® Reduction of General Equation of Second Degree into a Conic
® Determination of the Co-ordinates of the Centre of a Conic
Equation of a Conic when the Origin is at the Centre
® Determination of the Lengths, Posiions and Direction of the Axes of the Central Conic -
® Determination of the Eccentricity of a Central Conic '
® Determination of the Co-ordinates of the Focus or Foci and the Equation of the directriy

or Directrices
® Summary
@ Student Activity
® Exercise ’

" LEARNING OBJECTIVES " -

After going through this unit you will learn :
What are conics in detail.
How to calculate the centre, lengths, directionof its areas and its eccentricity.

* 17.1. STANDARD FORMS OF CONICS

(I) Standard form of an ellipse. The standard form of an ellipse is
22
x \
) + ? =1.

Case 1. If a > b, then its major axis is x-axis and its minor axis is y-axis. Also the length of
semi-major axis is ¢ and semi-minor axis is . '

Centre is (0, 0), focus are (£ ae, 0) where b2 =a? {1~ ez).

The equations of directrix are x + a/e =0, also all the four vertices are (+ a, 0) (0, £ b).

Case 2. If > g, then its major axis is y-axis and minor axis is x-axis of length 25 and 2a
respectively. '

Centre is (0, 0), focus are (0, £ be), where a=u (1- ez).

Also, the equations of its directrix are yx b/¢=0, and all the four vertices are (ta, 0),
(0, £ b).

(II) Standard form of a parabola.

@) yz =dax. Its vertex is (0, 0} and focus is (a, 0).

Also the axis is x-axis and the equation of its directrix is x + a =0.

(i) y*=—dax. Its vertex is (0, 0) and focus is (- a, O).

Also the axis is x-axis and the equation of its directrix is x—a=10.

@ii) x* = day. Its vertex is (0, 0) and its focus is (0, a).

Also the axis is y-axis and its directrix is y +a =0.

@iv) x*=- 4ay. Its vertex is (0, 0) and its focus is (0, — a).

Also the axis is y-axis and its directrix isy—a=0.

(I11) Standard form of a hyperbola. The standard form of a hyperbola is
2.2

XY _
=-==1L
a b ’

Here, the centre is (0, 0) and focus are (* ae, 0), where, b =a* (e2 -1,
Also the vertex are (£ a, 0) and the equation of its directrix are x /e =0.

ta

System of Comies
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17.2. REDUCTION OF GENERAL EQUATION OF SECOND DEGREE

INTO A CONIC
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Let the general equation of second degree in x and y be
ax® + 2hxy + by* + 2gx + 2fy + ¢ = 0. LX¢Y!
Change the equation (1) to the equation in which the term xy is removed. This can be done
by putting 6= % tan ! (%] such that the x change to xcos@—ysin® and y to
Y
x sin 8 + y sin 8. Thus transformed equation ‘becomes .

' Ax*+ By? +2Gx + 2Fy + C =0, 42)
Now there arises some cases : :
Case 1. If A = B, then the equation (2) becomes a circle.

Case II. If neither A nor B is zero, then (2) becomes
A¥ +2Gx + By +2Fy+ C=0
or A[x2+2%x +B y2+2§y +C=0
2 2
2,,G G\ (2, F F) G F .
or Ax+2Ax+A2 B[_\, +23y+82] P B+C—O
2 2 2
G Fy_G' F
or A(x-t-A] +B[y+BJ_A+B C.
Gt F
Let —+—=-C=D.
e o + B C=D
G 2 F 2 h
A[x+z) +B[y+E] =D. ~(3)
Now by shifting the origin tc the point | — e —g] . The equation (3) is transformed to
Ax*+By*=D
2 72
NE SN S
or D/’A+D,/B L. A4)
Therefore the equation (6) represents an ellipse if both /4 and D/8B are positive.
Also the equation (6) represents the hyperbola if D/A and D/B are of opposite sign
Case I11. If either 4 or B is zero, let us suppose A =0, then (4) becomes
By +2Fy+2Gx+C=0
or By* + 2Fy=-2Gx-C
2 2F
or Bly +~—B;—y =-2Gx-C
. £
or By+23y+82}— ZGx+B C
) 2
F P cC
or B)’+B =-2G x~5ect 26
o FY_ 26 P ¢
B| B 2BG 2G|
Now shift the origin to| - o< - L.-F then above equation is transformed to
Bn1286726 B | a !
12:_%-{. | ...(?}
This equation represents a parabola. Similarly if we take B = 0, then we shall again obtain a
parabola.
s 17.3. DETERMINATION OF THE CO-ORDINATES OF THE CENTRE OF A
CONIC
Working Procedure for Finding the Centre :
(I) First treating the given conic as a function ¢(x, y)=0.



(Il) Now differentiate O(x,y)=0Q partially with respect to x and y respectively and

obtain % and aﬁ
ox ay

() And solving gx =0 and % =0 for x and y. These value of x and y give the centre

{x, y) of the conic.

* 17.4. EQUATION OF A CONIC WHEN THE ORIGIN IS AT THE CENTRE

Let the equation of a conic be

ax2+2h).y+by2+23x+2ﬁz+c=0 (D
The required equation of a conic referred to centre as origin is given by
2 2 . .-
or ax’ + 2hxy + by" + =§ : -2
y + by Y (2)

where  A=abc+2fgh—af’ - bg2 —ch,
SOLVED EXAMPLE

Example 1. Find the co-ordinates of the centre of the conic whose equation is
328 + 52xy - ?yz - 64x — 52y ~ 148 = 0 and hence the equation of the conic referred to centre as
origin. o

Solution. Let us assume

O(x, y) =32x% + 52xy — 7y* ~ 64x — 52y — 148 =0(1)
Differentiating (1) partially w.r.t. x and y respectively, we get

9 _ hes52y-64
ox

and B sy 14y-52.
dy

Now solving %% =0 and 3—3—-0, wegetx=1,y=0

Hence (1, 0) is the centre of the given conic.
Now the new constant d=go+ffB+c
=(=32)(1)-26 (0) - 148 =32 - 148 = - 180.
Therefore, the equation of the conic referred to centre as ongin is
32x% + 52xy - Ty* — 180=0
32 . 52 7

— — 2=
180° T80 " 1s0” =1

or

* 17.5. DETERMINATION OF THE LENGTHS, POSITIONS AND DIRECTION
OF THE .AXES OF THE CENTRAL CONIC.

Let the equation of a central conic be

AX® +2Hxy + By = 1. (1)
Let us choose a concentric circle of radius r of the equation
Pyt
2,2
or ErY o (2

The equation of the lines joining the origin to the points of intersection of (1) and (2) is
obtained.by making.(1) homogeneous with -help of (2), we.have .

2.2 )
Ax2+2ny+By2—(%lJ=0
P
r

or ( - %J X+ 2Hxy + (3 - }%] ¥ =0. -3

These two lines given in (3) will coincide if and only if the circle and central conic touch
cach other at the extremities of either axis of the conic and therefore, we have

(Hrd

(" For a pair of coincident straight lines we know that ab — h* = 0)

v Swstent of Conien
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or L L+ +@aB-r=0 A4
r r

or (AB-HY P~ (A+B) A +1=0 ...(IS)
Since the equation {5) is a quadratic equation in #* 50 (5) gives two values of . Let these
values of 7 be r,* and r,”.
- - Now using (3) and (4), we get

B H —-%]x+HyI=0
-
which is obtained by muttiplying (3) by | A - %J and using (4).
r
Thus the equation of either axis is

[ _é}tmy:o. 6)

Since r,* and r,” are the two values of r* 50 that there arises some cases.

Case 1. If both r,z and rzz are positive and r12 > rzz then the conic will be an ellipse and the
greater value of 7 i.e. r; will be semi-major axis while the smaller value of r i.e. r, will be semi-minor
axis. Hence the length of major axis is 2r| and the length of minor axis is 2r,. -

Case IL. If r,%> 0 and r,* <0, then the conic will be hyperbola and the real value of r e.
r; will be semi-transverse axis while the imaginary value of r i.e. r, will be semi-conjugate axis.
Hence, the lengths of transverse axis and conjugate axis are respectively 2r) and 2r,.

Now the equation (6) corresponding to i and r,* will give the equations of semi-axes of the
conic as follows :

{ —*]—z]x+Hy=0 ' AT
Ty )
1
and A-— x+Hy=0. - .(8)
ro - '

Direction of axes. The eguation (1} can be rewritten as
ax* +2hxy +by* +d=0
A .
ab - i :
In order to remove the term xy from abdve equation we rotate the axes through an angle 6
keeping the origin fixed. Then we get

1 f 2
G—Ztan [a—b)

where d=

or tan 20 = 2h or 2tan® _ 2h
Ta-b 1-tan’@ a-b
or htan’ 6+ (@—b)1an B —h =0, ()

This equation (9) is quadratic in tan 8 so it have two values of tan 8, say tan 9,, tan 8,. These
two values give the slopes of the axes of the given conic.

* 17.6. DETERMINATION OF THE ECCENTRICITY OF A CENTRAL CONIC

1. Eccentricity of an ellipse. Since we know that if n>r? >0, then the conic will be
ellipse and its eccentricity e is given by

e= y1l-—-

2. Eccentricity of hyperbola. If r* and ry> are of opposite sign, then the conic will be
hyperbola and its eccentricity e is given by
nt

ol

3 -

e= Y1+




SOLVED EXAMPLES
Example 1. Find the lengths and the equation of the axes of the conic whose equation is

36x” + 24xy + 29y° — T2x + 126y + 81 = 0.
Solution. Let us assume

olx, y) = 36x% + 24xy + 29y2 —72x+ 126y + 81
Differentiating (1) partially w.r.t. x and y respectively, we get

@—72“243; 72

=41 - o

and —g% =24x+ 58y + 126.

Now solving gx =0 and %3= 0, we get x=2, y=-3. Hence the centre of this conic is

(2, - 3). Therefore the new constant

Here g=-36,f=63,c=8landa=2,B=-3
d=2(~36)+63(-3)+ 81 =—72-189 +81 = - 180.
Thus the equation of the conic referred to centre as origin is
36x7 + 24xy + 29y* - 180 =0
or 36 P e 24 y+£y=l o~
180 180 180
which is the form of :
Ax*+2Hxy + By’ =1
36 12 29
A= 180 = 180 1B= 180
Now the lengths of the axes are given by

1 1 2
———;(A+B)+(AB—H)=O

2
1 1(36 29Y (36 29 (12
or i e[wo* 180)4{180' 130'(130”‘0

r
1 65 1 900
— — — +

where

or - .
A 180 rz (1802
o 1451 20)_,
,3 180 2 180
or =9 or 4
ie. r —9 r2 =4 = r=3,rn=2
Obviously r;z and Fg both are positive, therefore the given conic is an ellipse.
Hence the lengths of major axis =2r; =2 (3} =6
and the length of minor axis =2r;=2(2) =4.

Now the equation of major axis referred to (2, - 3) as origin is

( —*IEJx+Hy:O
n

36 1 12
or (180 9] +180y 0 or 4x+3y=0.

Now shift the origin back from (2, — 3) by putting x — 2 for x and y + 3 for y, we get
4(x-2)+30p+3)=0 or 4x+3y+1=0.

This is the required equation of major axis referred to (0, 0) as origin.

And the equation of minor axis referred to (2, — 3) as origin is

A—-l—2 x+Hy=0 '
2

180 4
Again shift the origin back from (2, — 3) by putting x — 2 for x and y + 3 for y, we get

36 1 12
or ( ] +180y 0 or 3x+4y=0.

System of Conics
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3(x—2)-4(»+3)=0 or 3x-4y-18=0.
This is the required equation of minor axis referred to (0, 0) as origin.

|+ 17.7. DETERMINATION OF THE CO-ORDINATES OF THE FOCUS OR

FQOC1 AND THE EQUATION OF THE DIRECTRIX OR DIRECTRICES

Let the equation of a conic be -
ax’ + 2hxy + by  + 2gx + 2fy + ¢ = 0. ‘ ()
Case I. If the conic (1} is an ellipse and let its semi-major axis be of the length a and its
slope be tan 8. Let (¢, () be its centre, then the equation its axis is
X -0 -
cos B ‘leng =r {2}
where r is the distance any point P(x, ¥) from (c, B) on this axis. In case of eflipse this distance
r =t ae from the centre (o, ). Then the co-ordinates of the foci of the ellipse are
(ct £ ae cos 8, B+ ae sin 6)
ie (¢t +aecos 8, B+aesinB) and (@ —aecos®, - zesin6).
Directrix. Let Q and (0’ be the points on the semi-major axis, where the directrices of the
ellipse meets its axis is at a distance r =+ a/e from its vertices. Thus the co-ordinates of @ and

Q' are respectively, L oter
Q{0+ (a/e) cos 8, B + (a’¢) sin 8)
and Q' (o - (a/e)cos 0, B —{a/e) sin B).
Equation (2) can be written as
xsin@—~ycosB-qasin@+BcosO=0. (3}
Since the directrix is perpendicular to the axis (3} so it equation is given by
xsinB+ycosB+A=0. ' .14)

This equation (4) passes through the poin ¢ and Q.
Hence the equation of the directrices of an ellipse are given by
(x-0)cosB+{(y—P)sin6tale=0. . (5

Case IL, If the given conic is a hyperbola, then the foci and the directrices are same as above,
anly difference is that in this case a is the length of semi-transverse axis.

Case 111. If the conic is a parabola and let (,.f) be its vertex and tan 8 be the slope of its
axis and 4a be the length of its latus rectum. Then the equation of the axis of the parabola is

x-a_y-B_
cos® sinB
where r is the distance of the point P(x, y) from (a, B}.

Since the focus of the parabola lies on its axis and is at the distance ‘a’ from the vertex.

Hence the co-ordinates of the focus of the parabola are
(¢ +acos 8, B +asinb).

Directrix. Now above equation of axis can also be written as

xsin@-ycos8—asin®+Bcos®=0.

Let @ be any point of its axis, through which the directrix passes and is at the distance
r=—a from the vertex. Further since we know that the directrix is perpendicular to the axis, so
that the equation is

xcos0+ysinB+A=0.
This directrix passes through Q (¢t — 2 cos 0, 8 —a sin 6).
Hence the required equation of the directrix of the parabola is
(x-0)cosO+(y-P)sin@+a=0.
REMARKS

» For the co-ordinates of extremities of major axis put r=+a in (¢ + rcos 8, B + rsin 8).

» For the co-ordinates of the extremities of minor axis put r=tb in

(ot + rcos 8, B+ rsin @) where (o, ) is the centre and tan'® is the slope of the minor
axis. *

» For the co-ordinates of the extremities of latus rectum, take (o, B) as focus and r = distance
of focus from the extremities of latus rectum, and tan 0 is the slope of latus rectum.

» The equation of latus rectum will be a line paraile] to the minor or conjugate axis that
passes through the focus and hence its equation can be easily found.




> : {r]
Latus rectum of ellipse or hyperbota =2
SOLVED EXAMPLES

Example 1. Find the centre, lengths, and equations of axes, eccentricity, foct latus rectum
and equations of the directrices of the e!hpse

40x% + 36):y + 25y - 196x — 122y + 205 =0.
Sobution. Let us assume

F 6(x, y) = 4027 +36xy+25y —196x—122v+205 0 ﬁ PG
5‘3 80x + 36y — 196
and 1;=36x+50y- 122
Solving _Q_ ,aﬁ- 0, we get
x=2,y=1

Thus the centre is (2, 1).
The new constant d = go. + B + c.
Here g=-98,f=-61,¢=205and 0.=2, B =1, then
d=-98 (2)-61(1)+205
=-196-61+205 =-52.
Hence the equation of the conic referred to (2, 1) as origin is
400" + 36xy +25y* - 52=0
40 24 36 25 4 =1
2F TP
or Axt +2ny+By—1
40 25 18
where A—stB 52 H—S2
‘Now the lengths of the axes are given by

i—é(A+B}+(AB—H2)=O

p
I 1(40 25) (40 25 (18Y
or r4",.2[52+52)+[52 52 (52”‘0
1°65 17 676

T | ?'ET?E§?=

1_13Y1_52
2 522 52

= F=4,1 ie. r]2=4, r22=1.
Therefore, the lengths of major axis and minor axis are respectively given by 4, 2.
Now the equation of the major axis is

[ —%]x+Hy=0
1

or (40 l] 180
52 4 52
or - 3x+2y=0.
Shift the origin back from (2, 1} by putting x — 2 for x and y -~ 1 for y, we get
3x-2+2(y-1}=0
or Ax+2y-8=0..
And the equation of minor axis is

A— 5 |x+Hy=0
rz

40 18
or [SZ_IJX 52y 0

or

System of Conicy
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. 3x+2y-8=0 and 2x-3y-1=0.
Eccentricity of the ellipse. The eccentricity ¢ is given by

Shift the origin back from (2, 1) by putting x — 2 for x and y — 1 for y, we get
-2(x-2)+3(@pp-1)=0
or —-2x+3y+1=0
or 2x=3y-1=0.
Hence the required major and minor axes are respectively ¢
t

e=N1-2 =1 4 =BA=V32,
a © r] .
Latus rectum. The Tatus rectum of an ellipse is given by
2?‘:}_2
LR = ( re> J"g)
i
_2
=+ o=t
Foci. The foci lie on the major axis 3x+2y -8 =0.
i Therefore, the slope of this axis is given by
tan @ =— )
sin©=3/V13, cos@=-2/VI3 (. @ is obwse)

The distance of the foci from the centre (2, 1) is
r=iae=ir|e=i2.—2l=i\)r_.

~.The foci of the ellipse are

(¢+rcos®, B+rsin®) E{:Zi\@“['—%], 1 iﬁ[—\‘?—?ﬂ |

[Z_N“ 3(} {2 24_ 3(]
N N TR
Equation of the Directrices :
The equation of the directrices of an ellipse are given by
(x—)cosB+(y-PB)sin@tr/e=0
(x—2)(—2/~4'_) +y-1) (3/wF_) +2(2/N3)=0

or - ) b D=0

or —2(-2+3 - D)# ‘\/——3—

or -2x+4+3y-3+4 r= .
and ~2+4+3y-3-4 ~13—=0

or 203y - [l+4

and 2x—3y—[1—

These are the required equation of dlrecmces

* SUMMARY

» " Equation ax’+2hxy+by’+2gx+2fy+c=0 s transformed to the equation
Ax® + By’ + 2Gx + 2Fy + ¢ =0 by putting x cas 8 — y sin 8 for x and x sin 8 + y cos @ for x in

. . 1 2h
given equation, where 6 = 5 tan (——-a iy J
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Coordinates of centre of the given conic : - . ' .
(i) Find o and By
(ii) Solve gii =0 and g% = 0, the values of x and y so obtained give the centre (x, y).
Equation of conic with c]rigin as centre

0

2 2
ax®+2hxy + by" = =
w ab - h*

where A = abc + 2fgh - at - bg® - ch’.
Equation of central conic is Ax* + 2Hxy + By’ = 1
Equation of semi-axes of a central conic Ax” + 2Hxy + By* = | are given by

(A—%]x+h’y=0and[A—Lsz+Hy=0
T : "2

f':

where 77 and 13 are the roots of the equation
AB-H)r'—-(A+B) P +1=0
If /7 > 72> 0 then the conic is an ellipse, inthis case length of major axis is 2r; and the length
-

of minor axis is 2r; and its eccenticity is \f I ——-—; CIf r% >0 and r3 <0, then the conic is a
2
hyperbola, in this case length of transverse axis is 2r, and the length of conjugate axis is 2r,

r
and its eccentricity is "\J 1 + [ ?2] -
. 1

STUDENT ACTIVITY

2.

Sclve the coordinates of the centre of the conic 32x° + 52xy - 7y2 —64x - 52y—- 148 =0.

Show that the conic 36x° + 24xy + Zay2 —72x + 126y + 81 =0 is an ellipse.

System of Conics
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TEST YOURSELF

Find the co-ordinate of the centre of the conic whose equation is
36x° + 24xy + 29y° — 72x + 126y + 81 = 0.
Find the centre of the conic section
13x* — 18xy + 379" + 2x + 14y -2 =0. -
Also, find the equation of the conic section referred its centre as origin.
Find the lengths and equations of the axes of the conic
8x% + dxy + Sy*— 24x ~ 24y = 0.
Find the equation of the the directrices of the conic
55x* = 30xy + 39y° — 40x — 24y — 464 =0,
Find the centre, foci and the equations of the axes of the ellipse
x2+xy+y2—x+4y+3=0.
Also trace it.
Find the lengths and the equations of the axes of the conic
5%~ 6xy + 5y° + 26x ~ 22y + 29 = 0.

ANSWERS
1.(2,-3) 2. —-};,—41], 13x% - 18xy + 37y* ~ 4 =0,

3. Major axis : 2x + y =4, length = 6; Minor axis : x —2y + 3 =0, length =4.

4. 3x+5y=36, 3x+ 5y =—28.

5. Centre (2, - 3), foci [2 + 8 3+ —@]

v %

Major axis : x+y+ '=0,Minor axis: x-y-5=0.

- —rrree | =



UNIT
CONFOCAL CONICS ‘

® Confocal Conics
Equation of Confocals to an Ellipse
® Some Properties of Confocal Conics
® Summary
@ Student Activity
® Test Yourself

. ~ LEARNING OBJECTIVES | o

After going through this unit you will learn :

How we define confocal conics and what are their properties.

» 18.1. CONFOCAL CONICS

Definition. Those conics which have same two poinis as their foci or those conics having
same focal points, are called confocal conics are also having same axes.

» 18.2. EQUATION OF CONFOCALS TO AN ELLIPSE
" Let the equation of an e]llpsc be

—+}‘;—2_ L. ' (1)
a

If @ > b, then the co-ordinates of its foci are (+ ae, 0) where e=

(e, 0) = (+ Va" - b, O).

Let us. conmder the equation
2

(l
Now the co-ordinates of the foci are [+ \j(a +A) - (b2+7\.) 0} or (= az—bz, 0), for all
values of A.
Therefore, the foci of (2) and (1) are same. Hence, the equation (2) are the confocal conics
of {1).

18.3. SOME PROPERTIES OF CONFOCAL CONICS

Property 1. To prove that confocals cut at right angles. Let the two confocals be
2 v

_}x + —Z-L =] (D
a + }"1 b+ ;\’l
2 2
X _y
and + =1. (2)
ﬂ'z + ;\.2 bz + }Lg ’
Suppose both confocals (1) and (2) intersects at (ct. B) so that {0, B) will satisfy (1) and (2)
we get
2 2
2(1 + —,,L =1
a + 7\.[ b*+ ?\.|
2 2
and 2(1 + 7L =1.
a’+A, b+ 7&2

Substracting these equations, we get

Confocal Conics
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2L 2 1|
¢ qu-l, a +7n] BL +h bz+lg]
(o-t)o®  ~ Ga-h)B .
@+A) @+ BP+A) (B2 +A) J
al BZ 0 r(3)
+ =
* @+ 0) @4y G+ A) (74 A :
b

or

o A :ﬂf?&;}
Now the &angents at (¢, B) to the confocals (1) and (2), are given by - '

4 s _ﬁy_ fa
a +7\.| b +)L[

and X +—2EL= 1. (5
a + 7\.2 b+ )'.2
Slopes of (4) and (5) are respectively, m| and m,; where
a/(@+h) o +A)
B/*+h)  Bla+dy)
a/(@+hy)  ofb’+Ay)
B/b*+2)  Bla®+hy)
a®+A)) o+
my . .my=|- 5 - 2 . .
P +i)) \Bla +4)
@AY (P A)
B (@ + 1) (a® + 1)
This implies tangents at (., ) to the confocals (1) and (2) cut at right angles. Hence confocal
cut at right angles.
Property . Through a given point in the plane of a conic, two confocals can be drawn, one

of them is an ellipse and other is a hyperbola.
Let the equation of a confocal to an ellipse be

and my=—

=-1, [using (3)]

—L— L. L)
a +?\. b2+7‘u ¢
Suppose (e, 3) is a given point in the plane of (1) so it will satisfy (1), we get
2 @2
2G' + > - 1' (2}
a+i b +A

The equation (2) is a quadratic in A. Hence through (o, ) we can draw two confocals.
Further, lei us take * + A = pie =p- b
Now putting the value ofl in (2), we get

P
a +u- BB
2 2
or ————2+ﬁ—
L+a“ -5 MU
o 2
or W ,B_ (o dt=at -1
u+a A
or P+ (@’ - o’ - B - et =0. (3)
Let u; and p, be the roots of (3}, then we have
_ _p222
Wy =—-Pa’e

= UM is negative
= oneof u= b2+ Ais positive and other is negative.
Again, let us take @* + A= ie. A= p— az,.
Now put A = L —a” in (2), we get
B S
b on+b'-a*



2 2 .

or g’._ +_L2 - l (... azezz az _ bz)
: M p-ae

or —(ae + o +[3)+oca =0, (4)

Let W and be the roots of (4) the we have

Wy + Hp = a%e” +of+pt

.5
and Rilp = o’a’e’ - ©)

From (5) it is observed that both the roots of (4) are positive i.e. both value of a’ +h are
positive.

Hence one of the confocals is an ellipse and other is hyperbola.
SOLVED EXAMPLES

Example 1. If the confocals through P((x B) to the elli tpse = + ‘z—z =1 are
a
2 2 e 2
+ Tv—-— =1 and ) + _ZL_ =1
a+ll b+7\.| (l+:"b2 b+}uz
2 p2
a” B - AAy
show that = +5-1=
a& b a’b*
and PP -at B = A+ Ay

2

Solution. Let the equation of a confocatl to the ellipse 5—2 + ’;% =1be
a

4 __._y_ =1. “.(1)
at+ l b+ A
This confocal (1) passes :hmugh {ct, B), then we have

B

a +7L bz+7\.
or B+ N +B @A) =+ A BEA)
or b+ A + PP+ PR =B+ A (@ + 5 + A
or A (@ + 86— 0 - B +a%h’ - ot - Pt =0 )

This is a quadratic equation in A so it has two roots A, and A, (say).

Hence, we obtain two confocals

2 2 2 2
+—2—=1 and =

a+hy b b+ A,
Also we have
M+A=—(@+b* -l —h
and M, = a'b® — oPb? - Bia’
From (3) we obtain
P -d - =AM+ A

ﬂ2+7‘~2

«(3)

and .
a b a’b*

SUMMARY

2
»  Confocal conic of X— + i" =1 are given by
a

——+ —23—— +1, Ae R
a+ ')x. b+
»  Confocal conics cut each other at right angles.
+  Through a given point in the plane of a conic, two confocals can be drawn one of them is an
ellipse and the other is a hyperbola.

Confocal Conicy
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» STUDENT ACTIVITY

¢ 1.  Prove that confocals cut at right angles.

YAk

2 2 2
2. If the confocals through P (o, ) to the ellipse fz- + ::-;5 =1are =>—+—2—=1 and
a

a2+l1 b2+7~.1

£ P
a2+7\.2 b2+7t.2

=] the prove that A1 + A2 = o+ B2 - (d* + b9
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* TEST YOURSELF

1. Prove that the locus of the point of contact of the tangents from a given point to a system of
confocals is a cubic curve which passes through the given point and through the foci.
9. Prove that the two conics ax® + 2hxy + byz =1 and @'x* + 2R xy + b'y2 = | can be placed s0 as
to be confocals if
(a-b+4K> (- b)+4i"*
(ﬂb . h?.)?. (a;b.r _'hJZ)Z
OBJECTIVE EVALUATION
> FILL IN THE BLANKS : .
1. Confocal have the same two points as their foci as well 4s same .....coo...... .
22 N

Yy _
2= lare ceeiinens

2. Confocals to an ellipse x_z +
a

3. Confocals cut one another at ..........ou...

» TRUE OR FALSE :

Write ‘T’ for true and ‘F’ for false statement :

1. Confocal have same foci but do not have same axis. (T/F)

2. Through a given point in the plane of a conic, two confocals can be drawn one of them is an

elltpse and the other a hyperbola (T/F)

3. The foci of the confocal — - +_2y_x =1 are [+ Va* - 62 -2, 0], (TIF)
a’ + b

» MULTIPLE CHOICE QUESTION :
Choose the most appropriate one :

1. The centre of the confocal + _:L 1is:
) +A B +A
(@ O,1) (b) (2,0)
{© 0,0 P @ (A, 2).
2. The foct of the confocal — +;2y_l =1 are:
a
@) (£ Va? - 2, 0) (b) (0, £ Va? - %)
() (Na*—8-2,0)  (d) None of these.
3.  Confocai cut at an angles :
- (a) n/4 (b) n/2
(c) m/3 (d) m/6.
ANSWERS
Fill in the Blanks :
2 2
1. Axis . —2—+—Y—=1 3. Right angles
a +A b +A
True or False :
1, F 2.7 3.F
Multiple Choice Questions :
1. (¢ 2. (a) 3. (b).

Qaa

Confocal Conics
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19 a

SYSTEM OF CO-ORDINATES

STRUCTURE

Co-ordinate System in Space

Co-ordinates of a Point in Space

Octants

Change of Origin {Shift of Origin)

Distance between Two Paints

Division of the Join of Two Points
Application of Division of Join of Two Points
| Summary

@ Student Activity

® Test Yourself

LEARNING OBJECTIVES

After going through this unjt you will learn :
@ About the 3-dimensional co-ordinate system
@ How to locate a given point in space.
® How to find the distance between two given points in space.

* 19.1. CO-ORDINATE SYSTEM IN SPACE

It has been observed from review of zZ
two-dimensional geometry that an object having some
volume can not be described by two dimensionai

geometry, because any object occupied some space will K ¥

have some points which are not in\a same plane. ) et

Therefore to describe the location of the points of any o

volumetric object, we consider a space system in which X< ) > X

there are three mutually perpendicular lincs called the
axes of coordinates and the geometry having three

dimensions also known as solid geometry. ) ¥
Let XOX', YOY and ZQOZ be three mutually
perpendicular lines shown in fig. 1. The point O is \Z"
knawn as origin and the lines are called rectangular axis,
if these axes are taken in a pairs i.e., YOZ, ZOX and Fig-1

XOY, these from co-ordinates planes known as YZ, ZX
and XY-planes respectively.

» 19.2. CO-ORDINATES OF A POINT IN SPACE

Let P be any point in space. To find the location

>N

of this point P, let us draw the planes through P parallel K 0
to the co-ordinates planes as shown in fig. 2. T(‘
These planes cut the co-ordinate axis at points S z P
A, B and C on X-axis, Y-axis and Z-axis respectively. v o 4
Let OA =x, OB =y and OC =z The co-ordinates of zyﬂ(_x — >
P be (x, y. z). Hence we can say that the co-ordinates B -

of any point are the perpendicular distances with
proper signs from co-ordinates planes to that point.

Fig. 2
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* 19.3. OCTANTS

The co-ordinate planes i.e., YZ, ZX and XY planes divide the whole space into eight parrs,
called the octants. These octants contain negative axes also.
Let XOX’, YOY" and ZOZ' be three mutually perpendicular axes.
Then the octants are :

1. OXYZ, 2.0X'YZ, 3.0XYZ,
5. OXYZ, 6.0XYZ, 7.0XYZ,

Here dashes represent the negative side of the respective
axis. In the first octant OXYZ all the co-ordinates are positive.
Let these co-ordinates for any point P be {x,y, z), then the
co-ordinates of this point P with respect to other octants are
(_I,y, Z)$ (xa_yv Z), (—‘7,)’1 _z)' (X, iy _Z)& (—x,y,—z),
(=x,—y, z) and (—x, — y, — 7) respectively.

To know about the octants, consider a sphere of any radius Fig. 3
and let the centre be assumed the origin O of the co-ordinates
axis and consider a great circle of this sphere. Now taking two perpendicular diameters of this
circle as two axes XOX" and YOV and a line through O perpendicular to the plane of great circle
1s taken as third axis ZOZ" as shown in fig. 3. In this way the whole sphere is divided into eight
surfaces as written above in the beginning of this section. These surfaces are called the octants.

Examples 1. Find the position of the following points :

Q) 4,57 () (1,-3,2) (i) (-2.1,5)
V) (-3,-1,-6) (v} (0.0,1) wi) 3,2,-1)
iy (7, - 1, - 1) it} (=5,2,-2)( ix} (=6,-6,6)
) (1,0,0) (i) (0,7,0).

Solution. (i) (4, 5, 7) is in the octant OXYZ.
(i) (1,-3,72)is in the octant OXY'Z.

{iii) {(~ 2, 1, 5) is in the octant OX’YZ.

@iv) (- 3,- 1, - 6) is in the octant OX'Y'Z'.
(v) (0,0, 1) is on the z-axis.

(vi) (3,2, - 1) is in the octant OXYZ'.
(vii)(7,- 1, - 1) is in the octant OXY'Z'.
(viii)  (-5,2,-2)is in the octant OX'YZ'.
(ix) (— 6, - 6, 6) is in the octant OX'YV'Z.

(x) (1,0, 0) is on the X-axis.

(xi) {0, 7, 0) is on the Y-axis.

* 19.4. CHANGE OF ORIGIN (SHIFT OF ORIGIN)

Let OX, OY and OZ be three mutually
perpendicular axes and let’ P be any point whose
co-ordinates with respect to these axis be (a, b, ¢). Now
we want to shift the origin O at P. For this purpose
draw three lines through P parallel to OX, OY and OZ
respectively and thus obtained new co-ordinates axes.
Let these new axes be denoted by PX,, PY; and PZ, as
shown in fig. 4.

Let Q be any other point whose co-ordinates with
respect to OX, OY and OZ be (ay, by, ¢(}. Now we shall

tind the co-ordinates of 0 with respect to new axes

Fig. 4

PX,, PY, and PZ,. Letr be the position vector of a point P with respect to the origin @ and r| be
the position vector of @ with respect to O. Then

_ A A A
OP=r=ai+bj+ck
—_— A A A

and . OQ=r=ayi+b j+c k

A A A
where {, jand £ are the unit vectors along X-axis, Y-axis and Z-axis respectively.
—_— - —
In AOPQ, OP+ PQ = OQ(By triangular property of vector)

—_— = — 3

— A A A A A A
PQ=OQ"‘OP =r]—r=(a1i+blj+c; k)—(ai+bj+ck)

Systems of Cu-ordinares
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—_— A A A
P=(a-a)i+ (b —b}j+(c—c)k ,
Thus we obtained, the positicn vector of @ with respect to new origin P of new co-ordinate
axes. Hence the co-ordinates of @ with respect to new co-ordinate axes are (@, —a, b, — b, ¢| — ¢).
! .

* 19.5. DISTANCE BETWEEN TWO POINTS

Let us consider two points £ and Q in a space whose distance from cach other is to be required.

Let the co-ordinates of P and @ be (x, y;. z)} and (xy, ¥3. 23)- '
Let ry and r; be the position vector of P and Q with respect to 0.
Then we have

—3 A A A

r1=OP=x1f+y1j+zlk Z
—_— A A A Jh ( .z
and n=00=xitnjitnk Px]""' 2) Q% 3 2)
In AOPQ, OP+PQ=0Q >
—_— e -
o PQ=0Q-0P=r-7 B
9 >\

AL A A
=(Xpityjt2k)

AoA A
ity k)

— A A . A ’

PQ=(xy—x)}i+(a—y)i+(z~2}k Fii,s

Thus the distance between £ and (J is the magnitude of the vector PQ ie., PQ =| PQ{ Thus
PQ=Vx,~ 30" + (2 - )" + (2~ 21)'

REMARK
) gjsm.m:Lhetween two points, if one of them is origin and other is (x, y, 2} 1s equal to
x“+y +z2

* 19.6. DIVISION OF THE JOIN OF TWO POINTS

Let P(xy, y1. 21} and Q(x3, ¥2, 73) be two points. A line
divide the PQ (i.e., join of P and @) in a ratio m : n (where
m and n are some integers) at the point R(x, y; z) as shown in
fig. 6. - _

Let 1|, r, and r be the position vectots of P, Q0 and R
respectively with respect to the ongin O. Since we have

PR _m or mRQ=nPR or m RQ =n PR
RQ n
_— —
or m (OQ OR} =n (OR OP)
or m(,-c)=n(r—r) Fig. 6
or (' . . or 1 My + AT ()
7 = mr AT T =
mrn mr2 ! m+n

R A f\ A A A A
Sipee  r=xityjtek, mEx ity ituk

and Iy =X zi+y2j+22k

Equation (1) becomes
A

A A A !ﬂ(Xzi"i‘ygj'l'ng)‘f"H(xll+\’|j+<.1;\)
Xityjrzks= m+n

A A A mxptaxg A omy,tay A mtan
ofr xityj+zk= i+ +

mtn m+n m+n

A A A
Comparing the coefficients of i, jand k of both sides, we.get



_mxy +nx;
T m+n
_ oy, + 0y,
m+n
_mzp+ Rz
_ m+tn

Hence, the co-ordinates of R are
[mxg +anxy my;tny, mo+ nz;J
bl » .

m+n m+n m+tn

w(2)

Corollary, The middle point of the join P(x,, y\, 21) and Q(x3, ¥2 23} is

xl+xz,y1+y2.zl+22
2 2 2

Corollary. [falinedivides the join of P and Q in a ratio \ : 1, then co-ordinates of intersection

) (A +x Ay ty Aty
point are il Arl ’7u_+l ;
REMARKS

>

YYyy

Axy — Xy ,A'yZ_yi ,;LZZ_ZI
A-1 A-1 A-1 |

If A is positive real number, then the line divides the join of two points internally.
If X is negative real number, then the line divides the join of two points externally.
If A =0, then the line will pass through one of the join of two points.

For external intersection, the co-ordinates of intersection will be

» 19.7. APPLICATION OF DIVISION OF JOIN OF TWO POINTS

Some application of division
of join of two points, are, to find
the centroid of a triangle and a
tetrahedron :

(i) Centroid of a triangle.
Let the co-ordinates of A, B and C
be (xj,y2), (k2223 and

4 (x5, 1, 4)

(x3, ¥3, 23) forming a triangle ABC. (0, 3. 2) B D
Since we know that the centroid of
AABC is the intersection of
medians of AABC. Let G be the

Fig. 7

centroid of AABC, and let AD be a median of AABC. Then G divides the median AD in a ratio

AG :GD=2:1, where D is the middle point of BC as shown in fig. 7.

C (x5, 15, 73)

x
centroid of AABC is [ 3 > 3

1tXz+X3 yrty:t+ys ’Zl+zz+33

3

J,

(ii) Centroid of a tetrahedron. Let the co-ordinates of 4, B,
C and D be (x;,y1,21), (2, ¥2,22), (X3.¥3.23) and (xg, Y. 24}
respectively forming a tetrahedron ABCD. Let G, be the centroid of
ABCD (face of tetrahedron). Since we know that the centroid of
ABCD will lie on AG, and will divide AG,, in a ratio
AG : GG =3:1, where G is the centroid of ABCD as shown in fig.

8. ¢4

the centroid of tetrahedron ABCD is
(4'1 TX2+HX34+Xy YityatYatyse LitZat2; +Z4]

4 ’ 4 ’ 4

Fig. 8
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SOLVED EXAMPLES ‘ \
Example 1. P is a variable point and the co-ordinates of two points A and B are
(—2,2,3) and (13, - 3, 13) respectively. Find the locus of P if 3PA =2PB. E
Solution. Let the co-ordinates P be (x, ¥, z). Then the distance between P and A; P and B
respectively are !

| PA=Vx+2P +(y- 2%+ (z-3)
and PB=V(x-132+(+3)+ (- 13)%.
Since 3PA=2PB
IV + 22+ -2+ (2 ~3F =2 Vx— 132+ (y+3)2 + (- 13)".
Squaring of both sides, we get
I+ + (-2 +(z-3)) =4 [(x~ 137+ (y + 32+ (z - 13)]

or O +d+4x+yP+4—Ay+ 22 +9— 62
=4 [x* + 169 - 26x + y* + O + 6y + 2* + 169 - 267)
or (P + v+ +ax—dy—67+17) =4 (x* + y* + 22~ 26x + 6y — 26z + 347)
or Ox% +9y* +97% + 36x — 36y — 5S4z + 153 = 4x” + 4y” + 42% — 104x + 24y — 104z + 1388
or 5x" +5y* + 52° 4+ 140x - 60y + 50z — 1235 =0
or XY+ +28x— 12y + 107 - 247 =0

which is the required locus.
Example 2. Show that the points (1,2, 3),(2, 3, 1) and (3, 1, 2) form an equilaterai triungle.
Solution. Let ABC be triangle and the co-ordinates of A, B and C be (1,2,3),(2,3,1) and
3,1,2).

AB=V(1-22+ -3 +(3-1)
N1+ (- 1)+ =VTT T +4 =6
and BC=VE-22+(1-32+2-1)
=V (22 (1 =14+ 1 =6
cA=V1-32+2- 1) +(3-2)
=V(=2) + (1) + (1)} =V1 7 4+ 1 = 6.
Thus AB = BC = CA. Hence AABC is an equilateral.
Example 3. Find the co-ordinates of the point that divides the join of two points (2,- 3, i)

_and (3,4, — 5} in the ratio 1 : 3.

Solution. Let P and Q be two points whose co-ordinates are (2, — 3, 1) and (3, 4, - 5) and let
R be that point which divides the join of P and @ in the ratio 1 : 3.
Letm:n=1:3 and co-ordinates of R be (x, y, 2).

x:»'?lxz+m‘1 :,l 3)H+3(2) _ 3+6=2
m+thn 1+3 4 4
_myptnye 1(4)+3(-3)_4-9 5
T om+n 4 T4 4
z:mZZ“’"nZl _1EH+3) _-5+3 2 1
m+n 4 4 4" 2
Hence [% , —% - %J divides the join of (2,— 3, 1} and (3, -4, 5) in the ratio 1 : 3.
Example 4. The mid-points of the sides of a triangle are
(1,5,-1),(0,4,-2) and (2, 3, 4). Find its vertices A (x),p.2)
Solution. Let ABC be a triangle and let the co-ordinates
of A,B and C be (x,y.z) (x2¥2.22) and (x3, 3, 23)
respectively. Then we have
~‘-'1+x2=1 Nt _utn_
2 2 T2
or XN+x=2,n+y:=10,51+2,=-2. ..(1) B - ¢
Similarly, (x3,¥3.2) D (¥3.¥3,2)
x2+x3=0,y2+y3:8, 22+Z3=—4 ..(2)
X3tx;=4,y3+y;=6, z3+7,=8. -3
Adding (1), (2), (3), we get Fig.9



2(x;+x2+x3)=6,2(y +y2+y) =24,
2@tzpt)=2
or ' X FX+xX3=3y 4+ =12, 5+ 5+ =L .(4)
Subtractihg successively (1), (2), (3) from (4), we get
=3 np=-Lxn=1y=4y,=6 J’3—2
and =5,23==-7,23=3.
Hence the vertices of the triangle are
A(3,4,5), B(-1,6,-7), C(1,2,3).

SUMMARY

* In 3-D geometry there are eight octants.

+ Distance between (xy, ¥y, 2;) and (xy, ¥3, 25} is given by \f(xz ) =) ¥ (za— zl)2

+ [Ifapoint P (x, y,2) divides a lme segement AB with A (x,, ), z)y and B (x3, y,, 23) in the A :

Axytx Aya + 3 Ay t+ g

then x= R A W T YA
A < 0 then the division is externally.

*  Coordinates of centroid of the triangle ABC with A 1 yis 21)s B (x2 yg z7) and C (x3, 3. 23) IS

X tXxp+x3 Y1 +tyt+y; 1ttt

( 3 h 3 ’ 3

»  Co-ordinates of centroid of tetrahedron ABCD with A (x, y1, 21), B (x2, ¥2, 22), C (%3, 3. 23) and

Xtntx3t+x, Yityatyaty utzztz

. If A >0, then the division is internally and if

D (x4, y4. 24 is 4 ) 2 . 4

»  x=rcos B, y=rsin0, z =z are the transformations for cylinderical polar coordinate systemj,
where 6 = tan” Z

. =rsin 8cos ¢ y=rsinBsind and z=rcos B arc lhe transformatlons for spherical polar

co-ordinate system, where tan ¢ = ‘Y*

STUDENT ACTIVITY
1. Show that point (1, 2, 3), (2, 3, I} and (3, 1, 2) form an equilateral triangle.

2.  Show that the points (3, - 2, 4), (1, 1, 1) and (- 1, 4, -2} are collinear.

Svsteins of -Co-ordinares
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TEST YOURSELF

1. A variable point P moves in such a way that its distance from two fixed points A (3, 4, 5) and
B (-1, 3,—7) are always same. Then find the locus of P.

2.  Find the locus of a point P which moves in such a way that its distance from the poim
A(a, b, c) is always equal to r.

3. A, B, C are three points on the axes of x, y and z respectively at distances a, b, ¢ from the origin
O; find the co-ordinates of the point which is equidistant from A, 8, C and 0.

4.  Find the incentre of tetrahedron formed by planes x=0,y=0,z=0and x+y+z=0a.

5. Show that (0,7, 10), (- 1, 6, 6), (— 4, 9, 6) form an isosceles right angled triangle. . ”"
6. Find the co-ordinates of the point which divides the join of (2, 3, 4) and (3, — 4. 7) in the ratio

2:-4.

ANSWERS
1 Bx+2y+24z49=0 2.x+y’+2°—2ax—2by—-2cz+a +b°+c"—r=0
a b ¢ a a a

3. [2.2,2] 4_[4,4,4] 6.(1,10,1)
OBJECTIVE EVALUATION
> FILL IN THE BLANKS :

1. (\‘_, -v2,- \E) lies in the octant .......... .

2. (-1,-2,-3)liesin the octant .......... .

3. In the octant OXY'Z, the y-co-ordinate is .......... )
» TRUE OR FALSE :

Write “T’ for true ‘F’ for false statemet :

1.  The number of octants are 6. (T/F)
2. (1,0,0) lies on the X-axis. (1/F)
3. (0,3, 4) lies on the XY-axis. (T/F)

>» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1.  The point (—x, —y, —z) lies : . ‘
(a) OXYZ (b) OX'YZ () OX'YZ . (d)y OX'YZ.

2,  The number of octants are :
(a) 6 (b) 7 (c) 8 (d) None of these.
3.  The distance between (1,2,3) and (3,2, 1) is :
(a) V8 by V2 (c) 3V2 @ 1.
4, The middle point of the join of {1,2,3}and (- 1,—-2,-3) is:
@ (1,-2,3) ®A, LD (c) (0,0,0) d -L-2,1.
ANSWERS
Fill in the Blanks :
1. OXYZ 2. OX'YZ' 3.Negative
True or False :

1.F 2.T 3.F
Multiple Choice Questions :
LB 2@ 3@ 4.0

QQa



UNIT

20

DIRECTION COSINES .
AND DIRECTION RATIOS

' ) STRUCTURE . : |

Direction Cosines of a Line

Co-ordinates of a Point in Terms of D.C.’s

Relation between Direction Cosines

Direction Ratios

Direction-Cosines of a Line through Two Points °

Projection of a Line through Two Points on Anocther Line whose D.C.’s are {, m, n
Angle between Two Lines

Angle between the Lines whose Direction Ratios are given
Condition for Perpendicularity and Parallelism

® Summary

® Student Activity

® Test Yourself

. 'LEARNING OBJECTIVES i

After going through this unit you will learn :
How to caiculate the direction cosines and direction ratios of the given line.
How 1o determine the angle between the / given lines.

+ 20.1. DIRECTION COSINES OF A LINE

Let AB be a line which makes the angles a, B and ¥ with the positive axes of X, Y and Z
respectively. Draw a line OP through O and parallel to the line AB as shown in fig. 2.

The line OP makes the angle o, B,y with positive axes of X, ¥, Z respectively provided
o+ B +y#2n. Thus the non-dimensional quantities cos o, cos B, cosy are called the direction
cosines of the line AB.

The direction cosines of any line are usually denoted by the letters /, m and n respectively. i.e.,

{=cosq,m=cos P, n=cos¥y.
VA

n

Fig. 2
Direction Cosines of Co-ordinate Axes.
(a) Direction eosines of X-axis. Since we know that X-axis makes the angle o = 0°, #=90°,
y = 90° with positive axes so its direction cosines are cos 0°, cos 90°, cos 90° i.e., 1,0, 0.

Direction Cosines and Direction Ratioy
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(b) Direction cosines of Y-axis. Y-axis makes the angle & = 90°, B = 0°, ¥ = 90° with positive
axis respectively so that its direction cosines are cos 90°, cos 0°, cos 90° i.e, 0, 1, 0.

{c) Direction cosines of Z-axis. Likewise z-axis makes the angle & =90° 3=90° y=0°
with positive axis X, Y, Z respectively. Thus direction cosines of z-axis are cos 90°, cos 90°,
cos0°ie,0,0,1. :

» 20.2. CO-ORDINATES OF A POINT IN TERMS OF D.C.’s

.Let P be any point in a space and let OX, OY and z
02 be rectangular axes. Suppose OP=r. Draw a 4 ,
perpendicular from P to X-axis which meets at M. Let : .
the co-ordinates of P be (x,y,z). Then in AOPM,
£PMO =90°, P{x 3 2)
oM _ cos O s,
OP . a oy
OM = OP cos o 0(——1:—)1}4 >4
X=rcoso . OM=x,0P=1)
o x=lr (. I=cosq) ¥
Similarly, y=mr, Z=nr. Fig. 3
Hence the co‘ordinates of P are (Ir, mr, nr) where
{, m and n are direction cosines of OP. : N
s 20.3. RELATION BETWEEN DIRECTION COSINES
Let OX, OY and OZ be the system of co-ordinate
axes.mounted mlﬁually perpendicular. Now draw a line 7z
OP through O dnd parallel to the given line AB. Let A
OP be r. Then the co-ordinates of P are (Ir, mr, nr)
where [, m, n are direction cosines of AB. Suppose that
co-ordinates of P are assumed (x, y, 2). Then
OP=r= \‘.x2+y2+zz
and we have x=lIr,y=mr,z2=nr
squaring and then adding, weget o >\
Xy 4= (D + (mr)* + (nr)?
or x2+y2+z2=r2(fz+m2_+u2)
or =P+ m’+nd) ¢ F=+y+)
o Pem?+ni=1. Y
Hence proved the result. : Fig. 4

* 20.4. DIRECTION RATIOS

Definition. The three real numbers a, b, c which are proportional to the direction cosines
{, m, n of a line, are called direction ratios of that line.

Thuswehhve i:ﬁzﬂ-
a b ¢

a . b [

——— m=t——— n=t%
Na? +b% +¢*

=T

) \'az+b2+cz. -V'a2+bz+c1
e 20.5. DIRECTION-COSINES OF A LINE THROUGH TWO POINTS

Let P and Q be two points through which a line is passing. Let the co-ordinates of P and Q
be (x), y1. ;) and (xz, ¥, 2) Tespectively, and let the direction cosines of PQ be [, m, n. Now draw
two perpendicular PP’ and QQ’ from P and Q to X-axis respectively. Suppose the line, PQ makes
the angles o, B and y with the positive X-axis, Y-axis and Z-axis respectively; then

I=coso,m=cos B, n=cosy.




The direction cosines of a line through Z

Pryna)and Qo mz)  ae 2L
Q
=¥V -y
PQ " PQ

P and . Moreover it has been observed that
xp=~xy, Y2—y and z; ~z; are proportional to 0
{,m and n, hence x, —x;, ¥, — ¥y, 22— 71 are the
direction ratios of a line passing through
Plxy, y1, z) and Q (x3, y2, 22)- '

» where PQ is distance between | @ =¥ ___l M

—_— O
=
2
g ‘\“
L]
~ 1O
)
F
N

’-g. bt ——
Y S—

Fig. 5

* 20.6. PROJECTION OF A LINE THROUGH TWOQ POINTS ON ANOTHER
LINE WHOSE D.C.’S ARE [, m, n

Let P and Q be two points with coordinates (x,, yy, z;) and (x3, y,, 2,) respectively, through'
P and Q a line is passing whose projection on another line of direction cosines I, m, n is to be
determined. Let OX, OY and OZ be the rectangular axes. Therefore,
— A A A
OP=I] f"‘)’lf"'zl k
— A A A
and O0Q=xi+y,j+ 2k

—_ A A A A A A
PR=0Q-0P =(xi+yj+uk)—(xii+yj+zk
o A A A
PO=(x—-x)i+(z—ydj+{z-2)k
Now the unit vector along another line whose d.c.’s are [, m, n is
A A A A
a=li+mj+nk
Thus the projection of PQ on another line is
PO e > Bl
= T‘a ( Projection of Bon A is _:)]
|a| |A]

_ [(a~x) i+ (Ga—y)Ji+t(@—2) k). (li+mj+nk)

A AT A
[{i+mj+nk|
_Gamx)it G oy)mt(zm-z)n
NP + i +n°
=(x-xpl+-y)m+{(zzt+tz)n (o Pemi+nt=1)
Corollary. The projection of a line PQ on another line whose d.c.’s are L, m,n is, if
P(0,0,0) and @ (x1, y1. 21)

=x/ + yym+ 2.

¢ 20.7. ANGLE BETWEEN TWO LINES

To prove that if I}, my, n, and 15, ma, n, are the direction cosines of two lines and 8 is the angle

between them, then
cos 0 =Ll + mymy + myn,.

Let AB and CD be two lines whose direction cosines are };, my, ny; I, ms, #n, respectively and
let © be an acute angle between AB and CD as shown in fig. 2.6 (a). Now dr_aw two lines OF and
OQ through O and parallel to AB and CD respectively. Let the co-ordinates of P and Q be
(%), 1> 21) and (x, y2, o) such that OF =r, and OQ =r,. Thus the angle between OP and 0Q will
be equal to 8 and also the direction cosines of OP and OQ are equal to !}, my, n; and &, ms, 5y
respective[y.‘.'Sincc we know that

Direction Cosinex and Direction Ratios
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D A
0 (5.2 2) !
\\ .
Ay
r \
Y% )
9 X Y8
C //B O r]
, —> )
/'/39-—‘
P A
-
b4
Fig. 6 (a) Fig. 6 (b)
x=hr,yy=mun = mry Xy = by, y2 = mpry, 2= (D
. projection of 0Q on OP =(x2 -0} + (), — 0) my + (22— 0) 1y _
:Izll + y.m, +zgn1 = ry (!1I2+m|mz+n|n2) ] (2)

(" xa=lary, ya=myry, 29 = 1ora)
But we have
Projection of OQ on OP = 0Q ¢cos 8 =r, cos 8. )]
From (2} and (3), we have
rycos 8 = ry (Ll + mymy + nyng).
cos 8 =Ly + mymy + nyn,.
Aliter. In AOPQ

— A A A

OP=I| i+y1j+z|k

— A A A
and OQ=xi+y:j+ 2%

— — -
Since |OP |=r; and [-0Q|=r, then
" OP.0Q=0P 0Q cos 6 ¢ A B=ABcos )
A A A A {\ A
() i+ Wj+ k). (xpit+tyjtzk)=rrycos8

or XX+ ot 120 = r,rzcosB
or rirz iy + mymg + iy} = i cas 8 [From (i}]
or cos 8 =iy + myn, + nyn,.
» 20.8. ANGLE BETWEEN THE LINES WHOSE DIRECTION RATIOS ARE

GIVEN

Let ay, by, ¢, and a,, by, ¢, be the direction ratios of two lines, then the direction cosines of
these two lines will be

a b ' 3
h=——— my=————— = —
and P S, S . S—
‘ﬂzz'f'bzz'f't:zz ~ﬂ22+bzz+622_~ 9(122‘,'&22"'(.’22
Thus we get ’

cos B={l + mum; + nyn,.
a3z + blbz +C1C2

cos 9=

'\Ialz + b]z + 812 . Vﬂzz + bzz + C;z

« 20.9. CONDITION FOR PERPENDICULARITY AND PARALLELISM

(a) Condition for perpendicularity. If the two lines whose direction cosines are 1), niy. 1,
and 1, my, n, are perpendicular, then we have :
cos B =il + mymy + an,.




Since 8 =90Q°, this implies cos 8 =0, hence the condition is
S lllz+mlmz+nln2:0.
In terms of direction ratios this condition becomes
aa; + byby +¢462=0.
{b) Cendition for parallelism. If the two lines whose d.c.’s are respectively 1, my, ny;
I5, my, n, are parallel, then we have '
sin B = \l[(flmz — ) + (mny — nym)® + (nydy — nghY].

Since we know © = 0Z this implies sin =0
e N (Ilf_ﬂg - mllz)z -+ (m]_ﬂz - H]mz)z + (nllz - ﬂgll)z =(.

This gives that
!Imz - mlfz =1, mny; — Ry = 0, Hll‘z - Il"’Z =0

h m o om W|2+m]2+n12 _1

=1

N
|
3
)
|
=
»a
o
W
+
3
™)
&)
+
x
»n
[

Lh=bhb,my=my, ny=n,.
This is the required condition.
In terms of direction ratios this condition becomes
a b ¢
a b o
PERPENDICULAR DISTANCE OF A POINT FROM A LINE
7o find the perpendicular distance of a point P{x, y, z\) from a line passing through a point
A(a, B, y) whose direction cosines are I, m, n. _ Plxy, vy 21)
Let AB be a line through A(a, B, ¥) and whose d.c.’s are I, m, n.
Let PN be the perpendicular from P to AB as shown in the adjoint

figure 7.

Therefore AN = Projection of AP on AB 8 -
=@ -+ -Pmt+@-Nnr .l 4 N B
* Now AP='\’(x|—0L)2+(yl—B)2+(zl—'y}2. Fig. 7
We have
PN* = AP* - AN

=[x =P+ Oy =B+ (2 -V = 1(x ~ o) [+ () — By m + (2 — ) )
= -0 (1 =B+ - B (1-m)+ @~ (1-n%

~2[m (= 0) Oy~ B +mn (= B) (@1 — 1) + i (x - @) {2y - V)]

= (ry - 0 (" + ) + (v = B (P + 1) + (g =) (P4 )

=2[mx -a) — B+ - B) (@ -+ {x - o) (2 -]

o Pam+n’=1]

= =B =m NP+ @ - -n g -+ m (g -0 =1y, - P

PN=VY, (r 0 - B) - m @ - DI
HOW TO SHOW THAT THREE GIVEN POINTS ARE COLLINEAR
In order to show that three points A, B and C are collinear, we proceed as follows :
(i) First we find the direction ratios of AB and AC.
(ii) If these direction ratios are proportional, then A, B and C are collinear.

SOLVED EXAMPLES

Example 1. If cos @, cos 3 and cos ¥ are the direction cosines of a straight line, then prove

that
sin® o + sin® B+ sin”y=2.
Solution. Since we know that
. P+m?+nt=1.

Direction Cosines and Direction Ratios
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Calculus & Geometry cos® o + cos” B+ cos? y=1 (¢ f=cosa, m=cosf3, n=cosy)
or (1 —sin® &) + (1 —sin” B) + (1 —sin*y) = 1 ‘
or 3 —sin” o~ sin” p—sin’y = 1 _
or sin® o + sin® B+ sin® ¥=2. Hence proved.

Example 2. Find the direction cosines of a line which is equally inclined to the axes.
Solution, Let {, m, n be the direction cosines of a line which is equally inclined 1o the axes.

then
a=RB=y.
! m _n
cosot=cos f=cosy or 15171
N 2, .2
or i:ﬂ:ﬂ=i_32im=i-l_
T T B
=% ] rm=x% ] ’n=ii~

Example 3. IfP(6,3,2),Q (5, 1,4),R(3,-4,7) and §(0, 2, 5) are four points. Find the
projection of PQ on RS,

‘Solution. Firstly find d.c.’s of RS.

dr’sof RSare0-3,2+4,5-7ie,-3,6,-2.

. -3 6 -2

d.c.’s of RS are AR _ . N

Thus the projection of P@ on RS
=| G —x) I+ 2-yDm+{z—z)n|

_ ’(5—6}(—%]+(1 —_3)[$J+(4—2)[‘72]|

3. 12 4f_|-13]_13
77 7| | 7| T - :
Example 4. Find the direction cosines I, m, n of the two lines which are connected by the
relation 1 + m+n=0 and mn — 2nl — 2lm=0. Also, show that angle between lines is 21/3.
Solution. Since we have '
l+m+n=0 s
, mn—2nl-2lm=0. (2)
Eliminating » from (1) and (2), we have '
—-m{i+my+20{{+m)-2lm=0

or o —ml-mP+ 2+ 2Um—2m=0 or 28 —Im-m*=0
28 -Un+im—m*=0
C@im(-m=0 o 12 LM (3)

Now climiﬁating { from (1) and (2), we have
man+2n{m+n)+2m(m+n)=0
or mn+2mn+ 20t +2mP + 2mn=0 or 2m* 4+ Sma+ 20 =0

2m° + 4mn + mn+ 21t =0
. m o
2m+ny(m+2n)=0 or 1°23°°3°7 . ..(4)
From (3) and (4) we obtained

Aghin, if 8 is the angle between these lines, then

R

@
I
w |y
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SUMMARY

*  cos 0, cos 3, cos y are the direction cosines of a straight line with o + 3 +v#2n. We take
1=cos, m=cos B, x=cosy. Then I +m*+n° = 1.
o (v, ) Ur.mr nn).
+ 1If q, b, ¢ are the direction ratios of a line, then its direction cosines /, m, n are obtained by
[= ta g b = tc
Vb + b+ Vat+ b7+’ §a§+b'+c§
« Direction cosines of a line segment PQ with P (x,y(,z;) and Q {x2,¥2 2z3) is given by
£=x2_xl m_)’ 2~ n= 2%
PQ PQ '’ PQ
» The projection of PQ, P(xy,y1,21) Q(xz,yz, z2) on a line of d¢’s L, m,n is given by
(gt l+0n-yD)m+(z—z)n :
o If &, my, n; and I, ms, ny are the d.c’s of this lines and © is the angle between them, then
cos 0 = [, + mymy + mny if the direction ratios of the lines are given then
a,a; + by + cic;

cosO=
\faf+bz+c1 \fa2+b2+c;

where a,, by, ¢; and a,, b, ¢, are the direction ratios of two lines.
*  Lines are perpendicular if
byt mum+nn =0
or aay + biby+ 165 =0.
« " Lines are parallet to each other if
h=b,m=mn=n

or —=—=—

« STUDENT ACTIVITY

1.  Show that sin® & + sin’ B + sin® v = 2, where cos 0., cos b and cos y are the direction cosines

of a straight line.

2. Show that the lines whose d.c’s are given by ! + m + n = 0 and 2mn + 3In — 5im = 0 are at right

angles.

Direction Cosinex and Direction Ratios
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* TEST YOURSELF

[

. Find the direction cosines of a line whose direction ratios are 2, 3, 6.
2. To show that the direction cosines of a line whose direction ratios are a, b, ¢ are
a b ¢

\!a2+b2+c2 \Jaz+b2+c2 \!a2+b2+c2
3. Find the direction cosines of the line segment joining the points P(2, 3, — 6) and (3, - 4, 5).
4, If P(2,3,-6)and Q(3, -4, 5) are two points, find thr: d.c.’s of OP, PO, OQ and PQ where
O is the origin. ~ t
5. 'Find the length of a segment of a line whose projections on the axes are 2, 3, 6. Ed
6. If the points P and Q are (2,3, - 6) and (3, — 4, 5), then find the angle between OP and OQ
where Q is the origin.
7. If I, m, n are the direction cosines of a line, then prove that : Piem?+n’=1.
8. Find the direction cosines of two lines which are given by the relations

[—=5m—3n=0 and 7% +5m>-3n"=0. '

ANSWERS
L 2,36 1 -7 1l
1777 \}1?1 "TIT T
23 6 ' 2 36
4. d.c. sofOParc?'7v—7 d.c.’s of PO are = 77
4 1 -7 11
——d.c.’s of PQ are , .
S\J'_ TV 5\/_ VITT ~NTIT 170
-1{-18V2 1 1 2 1 2 3
5. 7, 6.0=cos” ' [——1]. 8. - —r— = —— 2,
: [ 35q Vo V6 6 14 V14 V14
OBJECTIVE EVALUATION . : '
» FILL IN THE BLANKS : ' -

1. If a line makes the angle &, B, y with the co-ordinate axes respectively, then @ + B +y#...........
2. The numbers which are proportional to the direction-cosines are called .......... .

3. The direction-cosines of z-axis are .......... .

4. Ifl, m, n are actual direction-cosines of a line, then 12 + m2 + nz =.... .

» TRUE OR FALSE :

Write “T" for true and ‘F’ for false statement :

1. The direction ratios of a line passing through the points (2, 3, 5) and (7, 6, 8) are 5, 3, 3.(T/F)

2. Ifl, —2 — 1 are the direction-ratios of a line, then its direction cosines are *l—- 2, L
Yo Y6 Ve
(T/F)
3. The diretion-cosines of x-axis are 0,0, 1. (T/F)
» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The direction-cosines of y-axis are :
(a) 0,1,0 ) 0,0,1 () 1,0,0 (dy 1, 1,1,
2. The direction-cosines of a line OP are {, m, n and OP = r, then the co-ordinates of £ are -
(8 (0,0,0) (by (, m, n) @@ rr (d) (r,mr, nr). -
ANSWERS
Fill in the Blanks :
" 1. 2n 2. Direction-ratios 3.0,01 4.1
True or False :
LT 2.F 3.F
Multiple Choice Questions :
1. (a) 2.(d) 3.(a 4.(b)
Qac
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THE PLANE

" | STRUCTURE -

Generai forms of a Plane

intercept form of a Plane

Normal form of a Piane

Equation of a Plane passing through Three Points
Angle between Two Planes

@ Test Yourself-1

® Length of perpendicular from a given point to a given plane
Distance between Tow Parallel Planes

® Bisectors of the Angle between the Planes

® Summéry

@ Student Activity

@ Test Yourself-2

. LEARNING OBJECTIVES

After going through this unit you will learn :
About the different forms of the plane
® How to find the plane passing through 3 points.
How to calculate the angle between 2 planes and distance between planes.
@ How to determine the planes bisecting the angle between the two given planes.

* 21.1. GENERAL FORMS OF A PLANE

(a) General equarion of first degree in x, y, z represents a plane.
The general equation of a plane is given by

ax+by +tez+d=0
(b) General equation of a plane passing through a given point.
Let A(xy, y1, 23) be a given point and let the equation of a plane be ax + by + cz +'d = 0 that

passes through A(xy, y;, z;), then we have
ax, + b)’l + CZ1'+d= ¢

substracting these two equations, we get

ax—x}+bQy -y)+ez—2)=0.
This is the required general equation of a plane passing through (x,, yi. 7).
() Equation of a plane that passes through the origin is given by

ax+by+cz=0.

(d) Equations of the plane parallel to the co-ordinate axes are given by
(i} Ifa=0, then by + cz +d =0 is a plane parallel to x-axis.
(1) If b=0, then ax+ cz +d =0 is a plane parallel to y-axis.
(tii} If ¢ =0, then ax + by + d = 0 is a plane parallel to z-axis.
(e) Eguations of the co-ordinates planes :
(1) The equation to yz-plane isx =0
(ii} The equation to zx-plane isy =0
(iit) The equation of xy-plane is z = 0.
(D) Equation to the planes parallel to the co-ordinate planes
(i) The equation of a plane parallel to yz-plane is x =a (constant)
(ii) The equation of a plane parallel to zx-plane is y = b (constant)
(iii) The equation of a plane parallel to xy-plane is z = ¢ (constant).
(8) Equations of the planes perpendicular to the co-ordinate axes :
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(i) The equation of a plane perpendicular to x-axis is obviously paraliel to yz-plane, so it
equation is x =a.
. Similarly,
(il)The equation of a plane perpendicular to y-axis isy = 6.
(iii)The equation of a plane perpendicular to z-axis is Z=c.

« 21.2. INTERCEPT FORM OF A PLANE

Definition. The equation of a plane which cuts off mrerceprs on the coordmare axes, is cab"ed
Intercept form of a plane.
The equation of a plane in intercepted form is given by

r oy, z_
a * b * ¢ L
where  a = intercept on x-axis, & = intercept on y-axis, ¢ = intercept on z-axis
* 21.3. NORMAL FORM OF A PLANE l

Definition. The equation of a plane in terms of a perpendicular distance from origin 10 ithe
plane and direction-cosines of this perpendicular, is called Normal form.
The equation of a plane in norma} form is given by

or +my+nz=p ¢ Pemient=1)

e 21.4. EQUATION OF A PLANE PASSING THROUGH THREE POINTS

To obtain the equation of a plane passing Z i
though three poinis. 1
Let - Plxy, y1. 21), Q0% ¥2, 22) and c

R(x3, 3, 23) be three points through these the
equation of a plane is to be required.
The equation of required plane is given by

x y z 1 N
1oy 1 P
=0 ~{A P
oy ol @) o : A >\
3oy ozl
» 21.5. ANGLE BETWEEN TWO B
PLANES Y
Definition. An angle between two planes Fig. 1

is equal to the angle between the normals to the planes.
Let aix + by + ciz+d; =0 and a,x + byy + ¢,z + dy = 0 be two planes and let 8 be the angle
between them. Then we have

aay + biby+ ¢y
N
ay + blz + Clz * \lazz + bzz + (322

where a,, by, ¢1; as, by, ¢, are the direction ratios of the normat to the planes.
Corollary 1. The planes are perpendicular if aya; + biby + ¢, = 0.

cos O =

b
Corollary 2. The planes are parallel zf— ===

Corollary 3. The equation para!.e‘e! to a given plane ar+ bv Yez+d=0 s
ax+ by + cz + A =0, where A is to be determined by additional condition.
SOLVED EXAMPLES

Example 1. A plane meets the co-ordinate axes in A, B, C such that the centroid of the triangle
ABC is the point (p, q, r). Show that the equation of the plane is

Lil42o3
p g r
Solution. Let the equation of the plane be
! A
a b ¢ .



The plane (1) meets the co-ordinate axes in A(a, 0. 0), B(0, b, 0) and C(Q, 0, ¢). Therefore, the
coordinates of the centroid of the AABC are
a+0+0 0+6+0 0+0+¢ a
3 3 3 333
Since centroid of AABC is given as (p,’q. 1).

?

b
3

W™

p=% or a=73p.

" Similarly, b=3q and c=3r.
Now substitute the values of q, &, ¢ in (1), we get
X Y2 X z_
_ 3p+3q+3r—1 or p+~z+r_3.
Example 2. Find the intercepis of the plane 4x + 3y — 12z + 6 =0 on the axes.
Solution. First change the given plane into intercepted form,
4x+3y-12z+6=0.

4x+3y-12z=-6. ' ()
Divide by — 6 throughout (1), we get
Yoo
3ttt
Thus intercepts on x-axis, y-axis, z-axis are respectively — %, -2, -é-

Example 3. Find the equation of the plane passing through the boinrs (1,-1,2) and
(2, - 2, 2) and which is perpendicular to the plane 6x -2y +27=9.
Solution. The equation of any plane through the given point {1,—=1,2) is
ax-D)+by+1D)+c{z-2)=0 ) (1)
If the plane (1) passes through the second given point (2, — 2, 2), then
a-1D+b(-2+D+c(2-2)=0
or a-b+0.¢c=0 : (2)
If plane (1) is perpendicular to the given plane 6x -2y +2z=9 i.e., their normals are
perpendicular to each other, then “

6a—2b+2c=0 or 3a-b+¢c=0 (3
Now solving (2) and (3) by cross-multiplication, we have
a b ¢ o a_b_c¢
~1-0.0-1 -1+3 7 217 -1 2
a b ¢ .
or 1=1- 23 (4}

Eliminating g, &, ¢ from (I} and (4), we get
1x-D+1p+1)~23-2)=0
or x+y—-2z2+4=0,
which is required equation of the plane.

TEST YOURSELF-1

Find the intercepts made on the co-ordinate axes by the plane x -3y +2z -9 =0.
2. Reduce the equation of the plane x + 2y - 2z ~ 9 =0 to the normal form and hence find the
length of the perpendicular drawn from the origin to the given plane.
3.  Find the dimension-cosines of the normal to the plane
2x+y+2z=3.
Find also the perpendicular distance from the origin to the plane.
4. Find the equation of a plane passing through the point P(a, b, ¢) and perpendicular to OP, O
being the origin.
5.  The co-ordinates of a point A are (2, 3, — 5). Determine the equation to the plane through A at
right angles to the line OA, where O is the origin.
6. Find the equation of the plane which cuts off intercepts 6, 3, — 4 from the axes of co-ordinates.
Reduce it to normal form and find the perpendicular distance of the plane from the origin.
Find the equation of a plane passing through the point (1, 1,0), (1,2, 1) and (- 2, 2, ~ 1).
8. Find the equation of a plane through the point (1,2,3), perpendicular to the plane
x+2y+3z=1 and paraliel to z-axis.

ey
.

>

The Plane
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9.  Find the equation of the plane through the points (1, - 2, 2) (- 3, 1, - 2) and perpendicular to
the plane x + 2y — 3z =5,

ANSWERS
Lo 2, 2, 5,
1. 9,-3,972. 2.31+3y 3z—3,p-3.
3. d.’sare2, 1, 2; perpendicular distance = 1.
4. ar+by+cr=a’ + b +c% 5 2x+3y-5z=38.
X,y z 4 3 12 12
6. =+ —— =1, Normal form : ——x+—_v ———1=—,p= —
67374 o Nm s s Vs
7. 2x+3y-3z-5=0.
8.2x-y=0.- 9 x+16y+11z+9=0.

e 21.6. LENGTH OF PERPENDICULAR FROM A GIVEN POINT TO A GIVEN
PLANE

Let P(x,, ¥1» 7)) be any point and let the general equation of a plane be
ax+by+cz+d=0. D
Then the perpendicular distance from (x, y;, 2} to (1) is equal to
ax; + by, +cz, +d

+ 21.7. DISTANCE BETWEEN TWO PARALLEL PLANES

To find the distance between two parallel planes.

The distance between two parallel planes is obtained by two methods.

Method I. Choose any point on one of the given planes and then find its perpendicular
distance from other plane.

Methed II. First of all find the perpendicular distance of each plane from origin and retain
their signs and find the algebraic difference of these two perpendiculars which gives the required
distance between the parallel planes. But while applying this method we should be careful that
the coefficient of x in both planes are of the same sign.

SOLVED EXAMPLES
Example 1. £ind the distance between parallel planes
2x—2y+z+3=0and 4x-4y+27+5=0.
Solution. Let p, and p, be the perpendicular distances from (0, 0, O) to each planes.

3 d
P = VopE e ——
V2)2 + (-2 + (1) { \I'a2+b2+cz]

_3.
=3 1

5 =
Vi + (- 47+ @)
Thus distance between the planes =p, —p, = | —2 = %
Example 2. A variable plane is at a constant distance p from the origin and meets the axes

o |n

and pr=

‘| in A, B and C. Show that the t'acus of .rke centroid of the tetrahedron OABC is

x +y =16p :
Solution. Let the variable plane be
X Y Z_
4 + b C, (1)
p= -1 (perpendicular distance from (0.0, 0) to (1))




1
or St St 5= (2)

Since (1) meets the co-ordinate axes in A, B and C, so that -the ¢oordinates of A, Band C are
(a,0,0,(0, 5,0) and (0, 0, c) respectively. Now the centroid of the tetrahedron QABC is

a+0+0+0 0+5+0+0 0+0+c¢c+0 abc
47 47 4 J or 4’4’4}
Let (a, B, v) be the centroid of OABC then
a_.b_
a=0g=Bg=t
a=4a,b=403,c=4y.
Subsutute these values of a, & and ¢ in (2), we get
1 1 1 1
+ + ==

l6a®  168° 167" p°

or B iy T=16p7?
Thus the Jocus of (o, 3, y) is
X s y 2+ 7 L= t6p~ 2, Hence proved,

* 21.8. BISECTORS OF THE ANGLE BETWEEN THE PLANES

Letayx + by + ¢z +dy =0and axx + by + ¢z + d, = 0 be two planes and lel P(x, y, ) be any
point on the bisector plane as shown in fig. 2.

Draw PM and PN two perpendicular from P to the
given planes respectivley. Therefore the plane PQ will be the
angle bisector of ZMQN between two given planes if
PM =L PN.

Thus the perpendicular from P 1o the plane
apx+by+cz+ dl 0 is given by

ax+by+ez+d

PM = A1
~'a1 + b] + C]
and the perpendicular distance from P to the other plane Fig. 2

ayx + by + coz + dy = 0 is given by
ax + bly + 0yt d}_
“azz + bgz + (.'22

Therefore by (1) and (2) and using the result PM =+ PN the equation of angle bisectors or
bisector planes are

PN= (2)

PM=%PN

or a1x+b]y+clz+d1_+azx+b2y+czz+d;
1||alz+b12+clz q’a22+b22+c22

Here positive and negative signs indicate that there are two angle bisectors, one of them is
acute and other is obluse bisector.

Distinction between Acute and Obtuse Bisector :

Let 6 be an angle between one of the bisector planés and one of the given planes. If 8 is
obtained greater than 1/4 (or 45°), then the chosen bisector piane is obtuse bisector otherwise acute
bisector plane. -

SOWKWED EXAMPLES

Example 1. Find the equarion of the planes bisecting the angle between the planes
x+2y+2z2=%and 4x -3y + 12z + 13 = 0 and distinguish them.

Solution. The equation of angle bisectors are given by

x+2y+22-9 _  Ax-3y+12z+13

Vi+d+4 ~J16+9+144
or 3():+2y+22~) + (4x 3y+122+13)

The Plane
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Qar
or

or
Qar
ar

which is obtained negative. Hence the origin lies in acute angle between the planes.

Taking + ve sign, we get
%(x+2y+2z—9) = (dx -3y + 1204 13)

13x 4+ 26y + 26z — 11? =12x -9y + 36z + 39
x+35y - 10z~-156=0.
Taking — ve sign, we get

%‘(x+2y+21—9)=~%(4x-—3y+i22+13)

13x + 26y + 26z — 117 == (12x — 9y + 36z + 39}
13x+ 26y + 267 — 117 = — 12x + Oy — 367 — 39
25+ 17y +62;-78=0.

Distinction of Acute and Obtuse Bisector.

Let 8 be an angle between x +2y + 2z -9 =0 and
x+35y—10z-156=0.

Ix1+35%x2—10%2 1+70-20
Then cos 0= =
Vi+d+4 V1+1225+100  3v1326
cos 8= g _ 17
Y1326 +i326
- 1037
tan 6 = > 1.
17
8 >45°.

L

Hence the plape x + 35y — 10z — 156 = 0 is obtuse bisector and 25x +17y+62:-78=01isan
acute bisector. \NO
Example 2, Show that the or:gm hes in the acute angle between the plcme
x+2y+22-9=0and 4x -3y + 122+ 13 =0.
Solution. First adjust the constant term in each plane to be of same mgn Thus we obtain,

—x—-2y~274+9=0 and 4x-3y+12z+13=0.
Now calculate @ya, + by, + ¢ ¢

aq+bhbstcca=-104+(-2)(-3)+(-2) 12
=—d4+6-24=-22

SUMMARY

General equation of a piane is ax + by + cz + d = § where @ + b+ 20.

Euation of yz plane is x=0.

Equation of zx-plane is y=0.

Equation of xy-plane is z=0.

Intercepted form of plane is §+ il + % =1.
Normal form of a plane is {x+ my + xz= p.

- Equation of a plane passing through three peints (xy, y1, 1), (%2, Y2, 2 and (xX3. ya. 23) 18

X=X Y=-»n -
X=Xy Y2—y1 2273 | =0
X3=Xy Yo=¥i L1374

Length of perpendicular drawn from (x;. y,. ;) 10 the plane ax + by + cz + d =0 1s given by

ax;+ by +czz+d
Va® + b2+ &

\'J

Equations of bisector of angle between given planes ax+by+cz+d=0 and

asx + by + oz + dy = 0 are given by
ax+ {?1}’ +eciz+ dz

+azx+b?y+czz+d2
a2+b%+c?

- \Jﬂ'2+b%+g

Equation of a plane through the planes

P=ax+by-cz+dy=0and Q= a2x+blv+c2z+da—013gwenbyP+}~Q—0



The Plane

« STUDENT ACTIVITY

1. Aplane meets the coordinate axes in A, B, C such that the centroid of the triangle ABC is the

point (7, g, ). Show that the equation of the plane is §+ é{ +&=3
r

2. Avanable ptane at a constant distance 3p from the origin meets the axes in 4, 8, C. Show that

1 .1 1

the locus of the centroid of th triangle ABC is iz +tS5t5=3.

oy oo p

TEST YOURSELF-2

1.  Find the distance between the parallel planes :
(1) 2x=3y—-6z-21=0 and 2x-3y—6z+14=0
(i) 2x—y+3z-4=0 and 6x~3y+9z2+13=0.

2. Find the equation of the locus of a point P whose distance from the plane
6x -2y + 3z + 4 =0 is equal to its distance from the point (- 1, 1, 2).

3.  Avariable plane passes through a fixed point (¢, B, ¥) and meets the axes in A, 8, and C. Show
that the locus of the point of intersection of the planes through A, B and C parallel to the [
co-ordinate planes is

o
e By
Xy z - _
4. Two systems of rectangular axes have the same origin. If a plane cuts them at a distances
a, b, cand &', ¥, ¢’ respectively from origin, show that

1,1,1_ 1 1 1
aﬁ bZ cz a:‘l b/Z CrZ

5. Avanable plane is at a constant distance p from the origin and meets the axes in 4, B and C.
Show that the locus of the cen[yid-of the triangle ABC is x i ¥ 2y772= 9%~ 2
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ANSWERS

25 -
W4
2. 13x% + 45y% + 4077 + 24xy — 362x + 12yz + 50x ~82y ~ 2203 + 278 =0.
OBJECTIVE EVALUATION
» FILL IN THE BLANKS :
1. The general form of a plane is .......... .
2. Theplane Ix+my+nz=pisa...... .
3. Aplane cuts intercepts of length 2, — 3,5 on co-ordinate axes, then the
[F-J . X
4. The direction-ratios of the normal to the plane ax + by + cz=0 are ........... .
> TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement :

1.  The intercepts form of a plane is ﬁ+'§ §= 1.

1. @ 5 (i)

2.  The plane i + '}f + % = 1 meets the z-axis at (0, 0, a).

3.  The normal form of the plane is Ix + my +nz =p.
» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

. . X 2 .
1. The intercept on x-axis of the plane =+ 2y % =lis:
a

b
(a) b (b) a
(c) 1 (d) c.
2.  The perpendicular distance from the origin to the plane lx +my+nz=p is :
(@ p e {b)!
{cyn (d) 1.
ANSWERS
Fill in the Blanks :
1. ax+by+cz+d=0  2.nomal form 3. %-—%+§=1
4., a,b.c

True or False ¢

. T 2.F LT 4.7 5.F
Multiple Choice Questions : ,

1. (b) 2.¢a)

equation of plane

{(11F)

(T71)
(T/F)

Q00
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22

THE STRAIGHT LINE
STRUCTURE:

.

® Equations of a Line in Different Forms
® Test Yourself—-t

® Equation of a Plane through a Given Line

® Angle between a Line and a Plane
® Test Yourself-2

@ Coplanar Lines

@ Projection of a Line on a given Plane
@® Test Yourself-3

@ Shortest Distance between Two Lines
@® Summary
@ Student Activity
® Test Yourself—4

LEARNING OBJECTIVES

After going through this unit you will fearn :
About different forms of a straight line
@ How to find the angle between the plane and the line
How to find the plane through the given line
How to find the projection of a given line on a given plane

* 22.1. EQUATIONS OF A LINE IN DIFFERENT FORMS

(i) Genera! form (non-symmetrical form).
Since every equation of first degree in x,y and z f
represents a plane, when two such planes intersect a r
line of intersection is formed, therefore the equations N
of two planes simultaneously represent a straight line, AW

If ax+b y+cz+d =0 and
ayx + by y + ¢z + dy = 0 be two planes in general form.
Then the general form a straight line is given by #) > X

Geometry and Vectors .

ax+b y+cz+d =0
ax+by+ez+d,=0
(i) Symmetrical form.
Symmetrical form of line is

x_o y-B_2-v_,p ’

Corollary 1. The equation of a line passing through a point (0., B. Y) having direction ratios
a, b, c. Then its symmetrical form is
i-a_y-f_z-%
a b ¢
Corollary 2. 70 obtain the equation of a straight line passing through two points.
Amxa _ YN _z2T4

Xo—X Y2a=¥1 z2—%

£xp2)

Fig. 1

The Straight Line =~
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This is the required line in symmetrical form passing through two points (x, y\,2y) and
(X2 ¥2 22)- : i
SOLVED EXAMPLES

Example 1. If the line x; 1 L?-g =% ; 2 is parallel to the plane 3x — y+ 4z =17, then find

Solution. Dr’s of the given line are 2, §, .
Dr’s of the normal to the plane 3x —y+4z=7 are 3, 1, 4.
The line is paratlel to the plane if

2x3+i1X=-1+cx4=0 t
= c=~-5/4.
Example 2. Find the point in which the line s ; 2. i:‘:—l =% 1_22 meets the plane
x-2y+2=20.

Solution. Since the equations of the lines are
x=2 y+1 -2
37 412
Any point on this line is P(3r+2,4r - 1, 121 + 2). st -
The given line meets the plane x — 2y + z =20 so P lies on this plane.
Gr+2)-2@r-1)+(12r +2)=20
or 7r=14 or r=2.
Putting this value of r 1n the co-ordinates of P, the required co-ordinates of the point are
B@)+2,4(D-1,12(2)+2) ie., (8,7,26).
Example 3. Show that the line joining the points A2, — 3, — 1) and B(8, — |, 2) has equations
x—2 y+5_z+l
6 3 3
Find two points on the tine whose distance from A is 14.
Selution. The d.r.’s of the line A8 are
8-2,~1-(=3),2—-(-1) or 6,2,3.
Thus the equation of a fine AB through A whase d.r.’s are 6. 2, 3 are
x=2 _y+3 _z+1
6 3 3
These are the required equations of the line joining the points A and B.
x=2 y+3 _z+1

=r (5ay).

Let P’ 3 3 =r (say)
so any point on this line is P(6r + 2, 2r - 3, 3r - 1),
Since PA = 14,
V6r+2-27+Qr=3+43"+@r-1+1> =14
or V36 + 4,2+ 97 =14 or V49 =14
or +7r=14 or r=%x2.

Putting 7 =2 and — 2 successively in the co-ordinates of P, we get the required points as
(14, 1,5y and (~ 10,-7,-7).

¢« TEST YOURSELF-1

1. Find the co-ordinates of the point of intersection of the line xl_y43_z-2 with the plane
3x +4y +5z=20. ! 3 2

2. Find the co-ordinates of the point where the line joining the points (2,-3.1} and
(3, -4, - 5) meets the plane 2x +y +z=7. i

3. Show that the distance of the poiym of intérsection of the line x~2 -—-L:L = “—_,)Z and the
plane x -y + 2= 5 from the point (- 1. - 5, ~ 10) is'13. 3 12

4.  Find the equations of the line through the points {a, b, ¢) and (a’, &", ¢’y and prove that it passes
through the origin if aa’ + bb" + c¢’ = rr’ where r and # are the distances of the given points

from origin,
ANSWERS
1. (0,0,4). 2.(1,-2,7). g x-a_y-b _z-c

a-a b-b -c



» 22.2. EQUATION OF A PLANE THROUGH A GIVEN LINE

(a) If the line is in symmetrical form. Let the line be
x—a_y-B_z-y
I~ m A
Since the plane is to passes through the given line. Therefore the plane will pass through the
fixed point (0., B,¥). Then the equation of a plane through (e, B, y) is
ax-a)+by-P+cz—-7)=0. ..{2)
Smce the plane (2) is passing throguh the line (1), then its normal is perpendlcu]ar to (1).
al+bm+cn=0.
Hencc the required plane is
ax - +b(y—-P) +c(z-y)=0,
where al + bm+cn =0,
(b} If the line is in general form so let the equation of a line is

ax+by+cz+d =0,}

..(3)

ax+by+cz+dy; =0
Hence, the equation of a plane through (3) is given by :
(a|x+ bly +ClZ +d1) +/\(a2x + b?_y +sz + dZ) =0,

REMARK :
» If u=0and v=0 are equations of two planes, then the equation of a plane through the
intersection of these planes is u + Av =0 where A is a parameter.

» 22.3. ANGLE BETWEEN A LINE AND A PLANE

10 find the angle between the tine 1= _J ;B =27 and the plane ax+ by+cz+d=0.
Let B te the angle between the line AB and the plane, then
the angle between the line AB and normat AN to the plane will be \V B

90° - 9.
Direction ratios of AN are a, b, ¢ and direction ratios of line
ABare i, m,n.

cos (90° ~ 8) = al+bm+cn 90°_8 A
V@ + 8 + ) (B +m? 4 )
. . al + bm + cn 4
ie., sin8 = '
\l(a2 +b7+ cz) (I2 +m+ r:z)
This gives the angle between the line and the plane. Fig. 5
SOLVED EXAMPLES
Example 1. Find the equation of the plane through the line LA ;:B =% ;Y and parailel

to the line x—, =2 h,B =£ _,
! m n
Solution. The equation of a plane through the fine
x—o _y-B z-
I — m  n
is a(x—a)+by—-B)+cz—-y)=0 (D
where a, b, ¢ are the d.r.’s of the normal to the plane (1).
Since the plane (1) comammg the first line whose d.r.’s are £, 1, # and it is parallel to the
second line whose d.r.’s are /', nt’, ’, then we have

al +bm+en=0 ’ .(2)
and al’+ bm" +en’=0. (3
Solving (2) and (3) by cross multiplication, we get
a b c

mn'—mn Fn-In' Im'-Vm
Putting the proportionate values of a, b and ¢ in (1), the equation of the required plane is
(mr’ —mn)x—a}+{I'n-InYO-P)+{m' -I'm) (z—7)=0.
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Example 2. Find the eguation of a plane containing the line ﬁ + f = 1, x = 0 and parallef to

the line>-%=1,y=0.
a C

Solution. The equation of a plane containing the line

Lii | x= :
b+c Lx=0
is C (e Eo [+ a=0 or A2+ E-1=0. (D)
. b ¢ b ¢

Now d.r.’s of normal to this plane are s '
1 1
sb"c'

_Since this plane is parallel to the line
X_ 2 _ (.- i, X—a_y_2-0
. Crl,y 0 ie., 2 0 -

whose d.r.’s are 4, 0, ¢.
ha + 1 .0+ 1 .c=0
b c
of rM+1=0or A=-1/a.
Putting this value of A in (1), the equation of required plane is
“Ii2iE =0
c

b
Y _Z2.9-0
or b c+1 0.

ERETES

TEST YOURSLF-2 .

1. Find the equation of the plane through the !ine; P=ax+by+tci+d=0,
Q=ax+by+c’z+d =0 and parallel to the line — = Yoz

2. Find the equation of a plane through-the line of in!erségtioﬁl of the planes x +2y + 3z -4 =0
and 2x + y — z + 5 =0 and perpendicular to the plane 5x + 3y + 6z + 8 =0.

3. Find the direction cosines of the line whose equations are x +y =3 and x + y + z = 0 and show
that it makes an angle 30° with the plane y ~z+2=0.

4. Prove that the lines
3x+2y+2z-5=0=x+y-2z—-3and 2x—y-z=0="Tx+ 10y - 8z - 15 are perpendicular.

ANSWERS
1. P@’l+8m+c’'n)=0Qal+ bm+ cn) 2. 51x+ 15y -50z+ 173 =0.
3 0—.-L
2 2

22.4. COPLANAR LINES

{a) When bath lines are in symmetrical form :
To obtain the condition that twe lines may intersect and the equation of the plane in which

they lie.
Let the equation of two lines be given by
x_;‘a]:y—&:z_“ ()
1 my m
and x“flz:y—Bz:Z‘Yz_ )
2'2 g My
The equation of a plane through the line (1) is
a(x —0y) +b(y - B)) +e(z -y} =0 A3)
where al| +bmy+cn; =0 {4}

If the line (2 lies in the same plane, then the normal of this plane is perpendicular to (2), we
have
aly + bm, +cn, =0, .(5)
Further since the point {¢t;, B;, 12) also lies on the plane; then



a(ty = 0y) + 6By = By) + c(v2 - 11) =0.
Now eliminating a, b, ¢ from (4), (5) and (6} we get the required condition

Oy — 0y
4
1)

Again eleminating a, b, ¢ from (3), (4) and (5}, the required plane is

X — 0(1
h
L

BB
ny
ma

y—B

"

2"
n
iy

zZ—1
1231 =
1]

=0.

0.

(6)

(b) When one line in symmetrical form and other in general form :
To obtain the condition that the lines
x—o_y-B_z-y '
I om n - (1)
ax+by+cz+d =0, }

ayx+by+cz+dy=0 (2

are coplanar.
If the given lines intersect, they are coplanar.
Any point on the first line is (Ir + ¢, mr + 3, nr +v). This point will lie on the second line.
Then we have
atr+a)+b(mr+B)+ci(nr+Y)+d =0
a0+ 5B +cyy+4d,
B al+bm+cn '
a0+ baB + ooy +dy
- azl + byt + con
Equating the values of r, we get the required condition
ao+bhf+eiytdy a0 +b,f+eyy+d,
B a)d +byn +cyn '

or r=

Similarly r=

ald+bym +cyn
e 225. PROJECTlON OF A LINE ON A GIVEN PLANE

Let> _I L. ;B = ; Y be a line and ax + by +cz+d=0beaplane on which the projection

of the line is to be required. Therefore two ways to find the line of projection.
(i) The equation of any plane through the given line is

Ax-)+By-P+Cz-v=0 (D)
where Al+Bm+Cn=0. w(2)
Since the given plane will be perpendicular to the plane (1) if
Aa+Bb+ Cc=0. «(3)
Solving (2) and (3), we get
A B __C
mc—nb na-lc lb—ma
Putting these values of A, B, C in (1), we get
(mc—nb) x-}+(ma-Icy(y-P)+{b—ma)(z-y)=0 {4

Hence the equations ax + by + cz+d =0 and (4) together are the equations of the line of
projection.
(ii) Any point on the given line is P(Ir + o, mr + B, nr +v).
If this point lies on the given plane, then
a(lrta)+b(mr+B)+cr+y)+d=0

or __ae+bBrey+d A, BLy)
al + mb + nc |
Putting this value of ~ in the co-ordinates of P, so we get the :
point of intersection of the given line and the given plane. !
Since the line passes through the point A(Q, f,Y) so draw a !
_perpendicular from A to the given plane, which meets at Q. Let Q be p i
the foot of the perpendicular. ’ 1%}
Now, the d.r.’s of the normal to the given plane are g, b, ¢ and Fie. 6

hence these are the d.r.’s of the line through (ct, B, ¥) and perpendicular
to the given plane, therefore the equations of this perpendicular line are
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xX=0 _y-—
p, =2 bB: Y:rl (say).
Any point on this line is {ar; + &, br; +8, c¥y +'y‘) Iet this point be @, then it will lie on the
given.plane ax + by + ¢z + 4 =0, 50 we have !
alary + ) +Bor+B)+cler, +y) = 0

ac +bB+cy
or n==-">5"7_2

a+b +c¢

Putting this value of r; in the co-ordinates of Q we get the point Q.
Thus the line passing through the point £ and @ is the required line of projection.
SOLVED EXAMPLES
1 y-3 -2

‘Example 1. Find the distance of the point P(3.8,2) from the line x;— =7 =3

measured parallel to the plane 3x +2y-3z+17=0.
Solution. Any point on the given line is ¥ (2r + 1,4r + 3, 3r + 2).
Let it be the foot of the perpendicular drawn from P to the line.
The d.r.’s of PN are 2r— 2, 4r -5, 3r.
The d.r.’s of the normal to the given plane 3x + 2y —2z+ 17 = 0 are 3,2, -
Since PN is being measured parallel to the given plane.
- 3Q2r-2)+2@r+5-2(3r=0
or 6r-6+8—-10-6r=0
or r~16=0 or r=2.
Putting this value of r in the co-ordinates of N, the co-ordinates of N are (5, 11, 8},
PN=V(5-3)%+(11 - 8)2 + (8 ~ 2)?
=V4+9+36 =49 =7.
Example 2. Show that the lines
x+3 _y+5 _z-7 x+1 y+l z+1
7 T3 T3 e T
are coplanar. Find the equation of the plane containing them.
Solution. Let, '

xerS:y-;S:z‘—?’?:rl (say) . D
and x: 1 = y; ! = z_+11 =r, (say). -(2)
Any point on the line (1) is P(2r; - 3,3r,—-5,—-3r, +7) and any point on the line (2) 1s
Q@r,~ L, 5r-1,—-r,—-1).
If !he lmes (1) and (2) are coplanar, they will intersect
2r-3=4r,-1 or 2r—4n= 2 ..(3)
3ry—5=5r—-1 or 3ri~5n= 4)
and —3r, +7=—-ry~1 or 3r|—r2=8. ..(5)
Solving (3) and (4), we get
n= 3, ra= 1.

On putting these values in R.H.S. of (5), we get
3(3)-1=9-1=8=R.HS.
This both points coincides. Hence the lines are coplanar. The point of intersection is
(3, 4, - 2). '
The equation of a plane containing (1) and {2) {(i.e., a plane through the line (1) and parallel
to the line (2)} s,
x+3 y+5 z-7

2 3 -3 |=0

4 5 -1
or x+3){- 3+15}+(y+5){—12+2}+(z—7}{10—12}—
or ) 12(x+3)-10(p+5)-2(z-7)=0
or 12x - 10y—2z=0 or 6x—-5y-z=0.



TEST YOURSELF-3

1. Find the projection of the line 3x—-y+2z-1=0=x+2y-2z=2 on the plane
3x+2y+z=0.
2. Find the equations of the perpendicular from origin to the line
ax+by+cz+d=0=ax+b'y+cz+d.
3.  Prove that the lines :

Xy _z,ox _ Y _2 X_JY_2

o By ax BB oyl m o a
will lie in a plane if

l m n

—b-o)+,(c-ay+—(@a-6)=0.

G -0 +ge-a+T@-h)

4. Prove that the lines :
x-1_y-2 _z-3 x-2 y-3_z-4-
2 3 7 4 3 4 5

are coplanar; find their point of intersection. Also find the equation of the plane in which they |.

lie.
ANSWERS

1. 3x+2y+z=0=3x-8y+7z+4. 2, (b’ -bc)x+(ca’ ~ca)y+(ab’~a'b)z=0.
4, (-1,-1,-1);x=-2y+z=0.

« 22.6. SHORTEST DISTANCE BETWEEN TWO LINES

Shortest distance between the lines can only have the meaning if, the lines do not intersect
or the lines are not lying in the same plane, those lines which have this character, are called skew
lines and length between them which is perpendicular to both skew lines is catled shortest distance.
Length and Equation of Shortest Distance :

To obtain the length and equations of shortest distance between two non-intersecting (or skew)

lines.

(a) When bath lines in symmetrical form.

(i) Projection Method. Let the two skew lines be given by

x"at_y—Bl_Z_Yl ) )’—52_2—1’2
= = and N =
L "y ny ) iy ny .

Let {,m,n be the direction cosines of a shortest distance. Since shortest distance is

perpendicular to both the given lines. Then we have

i +mmy+nan =0 (D
and iy +mmy+nny =0, -(2)
Solving (1} and (2) by cross multiplication method, we have
{ " n

mns —mon, Ml — ol - lmy - l?jﬂ,].
Thus, direction ratios of shortest distance are myng — many, nly — nyly, Limy — bm,.
Therefore, the direction-cosines of shortest distance are
Ny — Mony nly — ol Limy = Ly
T " " T

where Ploy, Brog)
LM = \}[(m]ﬂg - 1":'12;1":1)2 +(nydy - Mz.fl)2 + (lymy — lzml)z] . R

Further since, first line is passing through the point
P(0,y, B, y;) and second line is passing through
Q(0, Bs. ¥»). Suppose the shortest distance meet the given
tines in R and § respectively as shown in fig. 7.

Therefore the proejction of PQ on the shortest
distance gives the length of shortest distance which is
given by '

Shortest distance
= (g = o) I+ By - B m + (1 —Y2) . Fig. 7
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Next, the equation of shortest distance is the plane containing first line and S.D. (shortest
distance) and also containing second tine and S.D. which are given by

x=a; y-PB z-vy
L m n A3
{ m n
x=0y y—P z-v,
and 4 my n; .{4)
! m n
Thus the equations (3) and (4) simultaneously gives the equation of shortest distance.
(ii} Co-ordinates Method (Point Method).
Let the equation of two lines be
- y-Bi z-v
T m m =r) (say) (D
— a e —
and X—G_Y BZZZ 'Yzzrz (say) e
fz ma L15)

Any point on (1} s Plyrto,mn+BuLan+y) and on | (2) s
Qlory + 0, mory + By, nar; + ;). Let line PQ be the shortest distance. Then PQ will be perpendicular
to both the lines (1) and (2) so that we have d.r.’s ratios of PQ are

bary = liry + 0 = O, mgry — myr + By = By, oy — iy + 43—y
Since PQ is perpendicular to (1) and (2), we have
Llhry = tiry+ oy — o) +my(mgry — o + By = B + my(rars —nyry w92 —y) =0 ..(3)
and Lllary — hiry + 0q = ) + mp(imyry — myry + By — By) + mplary = ey + v - 1) = 0. ..(4)

Solving (3) and (4), we get r, and r,. Substitute these value of r, and r, in the points
P and Q we get the two points at which the shortest distance meets. Therefore, the distance between
the points P and Q gives the length of shortest distance and the equation of shortest distance is thus
obtained by the line joining the point P and Q.

(b) When one line in symmetrical form and other in general form.

Let the equation of two lines be given by

x~a_y—-B_z2-y

! (h
m n
and vEapx+by+tepg+d, =0 .(2)
. The equation of a plane through the line (2) is given by
a+iv=0 .(3)

where A is a parameter.

Now find the A in such a way that (1) is paratlel to (3) and substitute this value of A in (3)
we get the equation of a plane parallel to the line (1). Therefore, the perpendicutar distance from
any point on the line (1) (0, B, y) (say) to the plane (3) gives the length of the shortest distance and
the equation of shortest distance is obrained as the line of intersection of the two planes -

(i) the plane containing the line (1) and perpendicular to the plane (3) (ii) the plane containing
the line (2} and perpendicular to the plane (3).

(c) When both the lines are in general form.

Letu; =0,v;=0and u; =0, v, =0 be the two lines in general form that is,

m=axtbhy+cz+d =0 |
ViZax+by+ez+d,=0 -1
hEmx+by+oz+di=0 .
and V=agxtbyt+ceg+d,=0 ~A2)
The equation of a plane through the line (1) is given by
u1+l]u|=0 - (3]
and the equation of a plane through the line (2) is given by
u'z+;\«2\"2 :0. (4)

Now find the A, and A, is such a way that the plane (3) and the plane (4) are parallel. And
substitute the values of A; and A, in (3) and (4) respectively. Thus (3) and (4) become parallel.



Therefore the distance between these parallel planes (3) and (4) gives the length of shortest distance
between (1) and (2). - .

And the equation of shortest distance is obtained as the line of intersection of the two planes:

(i) - The plane through (1) and perpendicuiar to the plane (3).

(i) The plane through (2) and perpendicular to the plane (4).
SOLVED EXAMPLES

Example 1. Find the shortest distance berween the lines

x—1 y=2 z-3 x-2_y-4 z2-5
2 3 43 4 5

Solution. Let /, m, n be the direction-cosines of shortest distance, since S.D. is perpendicular
to both lines so we have )
2043m+4n=0 . (D

and H+dm+5n=0. ' ..(2)
Solve (1) and (2), we get .
I _~m _ n
15-16 12-10 8-9
or L . m_n L m _n
-1 2 -1 1 -2 1
lzL,mz——z—,n=L-
V6 V6 Y6

Since P(1, 2, 3)and Q(2, 4, 5) are the points on the given lines respectively. Thus the projection
of PQ on the shortest distance is

S.D.=(2- 1)l6+(4—2)(~i)+(5—3}—1—

V6 V6 V6
_ L 4. 2 1
Y6 Y6 Y6 Vo
Hence, the length of S.D. = L numerically.
P
Example 2. Show that the length of the shortest distance between the lines
x-2 _y+l_z.
2 3 4

_ 2x+3y-5z—6=0=3x—-2y—z+3 is 97/(13V6).
Solution. Since, we have '
x=2 _y+1_=z
==, 1)
2x+3y—5z—6:0}

3x-2y-z+3=0 ~(2)

The equation of a plane through (2) is given by
_ 2x+3y-5z-6)+A(3x—-2y—z+3)=0

or - C+3Nx+B-20)y+(-5-1)z-6+31=0. -.{3)

Since (3) is parallel to (1) so d.r.’s of normal to (3} is perpendicular to (1). Then
22 +30)+3(3-20)+4(-5-A1)=0

or —4x-7=0 or A=-17/4.

Substitute this value of A in (3), we get

21 14 7 21
(2— 4]x+(3+ 4Jy+(—5+4]z—6— 4 =0

or - 13x+26y—13z—-45=0
or 13x-26y+ 13z +45=0. -4}

Now (1) and (4) is parallel and P(2, — 1, 0)ts any point on (1) so length of shortest distance

is given by.
S.D. = Perpendicular distance from P(2, — 1, 0} to the plane
[3x-26y+13z+45=0
_13%x2-26(-D+13(0)+45 97

V(13)% + (- 26) + (13 13V
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SUMMARY._

Equation of a straight line in general form is ayx + by + ¢jz+d; =0=ay + by, + 12 + dz.
Equation of a straight line in symmetrical form is
x-a_y—B z-y
{ m n
where I, m, n are d.¢’s of the line. ]
Let ax+by+cz+d=0bea planeandx-!OL:’%E:E-;—!a line. Then
(1) Line is parallel to the plane if al + bm + ¢ =0 and e+ bf+cy +d # 0

(ii) Line is perpendicular to the plane if é = fz =2
(iii) Line lies in the plane if al + b + cn =0 and ac + b+ cy +d = 0.
x-o_y-B_z-¥
{ m n

Angle betwen the line and the plane ax + by + cz+d =0 is given by

sin”! [ al + b + cn }
Na© + bsup2 + NP+t 40’
X—0 _y—-p 1Y) x-op y-B; -7,
= = and £ =
4 " n is ™y Hy
a-c B-H v2-n
4 " Ry =0
12 niy 5]

Lines are coplanar if

x—0Q

{

Perpendicular distance of =y-Bovrm= z_;‘{ from P (x|, y;, 2;) is given by

: a 2 2
PN = n-B -y + -y -
m n n {
Shortest distance between the lines
x-o; y-B; z-vi x-ap y-P z-7
= = and = =
L m n iy ly 1y
SD=(0—a) i+ B-B)m+G—v)n
where 1, m, n satisty the realtions
U+ mmy +any=0and I +mmy+nny, =0
y _2-¢ x_ ¥y _ztc
tan o 0

+
{

2
xn-o y—P
m

is given by

. X )
S N —= - M -
kew lines are |~ tn 0 1

STUDENT ACTIVITY

Find the image of the point (1, 3, 4) in the plane 2x—y+z+3=0.




-1 _y-2_ z-3 x—2 y—4 -5
2 -3 -4 MTTET Ty

. . . X
2. Find the shortest distance between the lines

» TEST YOURSELF-5

1.  Find the shortest distance between the lines .
x-3 y=8 z-3 x+3 y+7 z-6
3 -1 1’ -3 2 4
Find also its equations and the points in which it meets the given lines.
2. Find the length and equation of the shortest distance between the following lines
x=3_y-5_z-7 x+1_y+l _z+1 .

W =" =17 T s T
i) x=3 y-5_z-2 x-1_y+1 _z+1
T T2 T T T Ce T
(iii)x—3_y—5_z—7 x+1 _y+l_z+1
1 -2 17 7 -6 1
ANSWERS
1. 3m;x;3=y;8=z_13;(3,8,3)and{—3,—7,6)
. x=1 y-2 z-3
2.(1)2@,2,3_4.
.. 30
(i) =——, = [lx=2y+7z+9=0=27x+26y—33z+22
29
x-3 _y-5_z-7
(iii) 2v29, > =3 =4

OBJECTIVE EVALUATION

> FILL IN THE BLANKS :

1. The equation of a straight line through the point {c, B, y) having the d.c.’s L. m, n is .......... .

2. The equation of x-axis in symmetrical form is .......... .

3. The equation of the straight line passing through the two given points (x1.y1,21) and
{x2, ¥2,23) 18 R

4. The direction ratios of the line >—2 =YL 222y

2 3 3
» TRUE OR FALSE :
Whrite ‘T’ for true ‘K’ for false :

L x—a_y-B_z2-y

is the equation of a straight line in symmetricai form.

{ m " (T/F)

o of y-axis is £ = L = Z.
2.  The equation of y-axis is 0=0"1 . (TIF)
3. The line of intersection of the planes a1x + &1y + c1z2+ d) =0and azx + b2y + caz + d2 =0 gives
the line in non-symmetrical form. (T/F)
4. The equation u+ Av=0 represents the line of intersection through the planes x=0 and
v=0. (T/F)
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> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

1. Theline x; 1 = y;S = z; ! passing through the point :

© (L3,-1) @ (-1,-3,-1).
2.  The equation % = % = -% represents the equation of :

(a) x-axis (b) y-axis

(c) z-axis (d) None of these.

. oox+1 y+2 z+3 y+2 x+1 $+3.

3.  The shortest distance between the lines R and 4 = 5 T ¢ is:

{a) 1 M) 6 ) 0 @ 2. :
4.  The shortest distance between two coplanar lines is : - .

(@ 0 (b) 1 (¢} 2 ' {d) None of {hescv

ANSWERS

Fill in the Blanks : .

1 x-o_y-f_z-v 2 X 2_% 3 XIR YT _iTa

T m n ‘1 00 TXamxp Yamy X

4, 2.3,3
True or False :

1.T 2.F 3T 4.T
Multiple Choice Questions :

1. (¢} 2. (a) 3.(¢) 4 (a) i

aad



UNIT

THE SPHERE
@® Equation'of'a Sphere :
® General Form of a Sphere
® Test Yourself—t
@ The Plane Section of a Sphere
@ Spheres through a Given Circle
@ Test Yourself-2
@ Equation of the Tangent Plane
@ Condition for Tangency of a Plane to the Sphere
@ Test Yourself-3 -
® Intersection of Two Spheres
® Summary

@ Student Activity
® Test Yourself-4

LEARNING OBJECTIVES

After going through this unit you will learn : )
How to calculate the radius of the circle defined as the section of the sphere of the
plane
How to find the tangent plane
How to find the condition that two spheres cut orthogonally -

23.1. EQUATION OF A SPHERE

(@) To obtain the equation of a sphere whose centre and radius are given.

Let C be the centre of a sphere whose co-ordinates are assumed (c, B, ¥) and let r be the radius
of this sphere. Let P(x. y, z) be any variable on the surface of the sphere whose equation to be
determined as shown in fig. 1.

Since we have P(x y z)

CP=r or CP*=/ (D

Further since CP is the distance between two points C{ct, B, 1)

“and P(x, y, z). Then

CP= V() + (v - B’ + e - )"
Now substitute this value of CP in (1), we get
-+ -Br-v=rA Q)
This is the required equation of a sphere.
Corollary. Ifthe centre of the sphere is origin i.e., (0,0, 0) and radius is r then its equation is
Ly +d=r :
Proof. In the formula

Fig. 1

(x— o) + & - B+ (e =)' =22 S
Putting =0, =0,y=0, we get
2,2, 2_2 .
X +y +2"=r". Hence obtained. (. vy, 2) A B (%), 34, 25)

{b) To obtain the equation of a sphere whose
end points of a diameter are given.

Let A(x(, y1.2) and B{x, ¥4, z3) be the end
points of a diameter of a sphere as shown in fig. 2. Fig. 2

The Sphere
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Let P(x, y, z) be any point on the surface of the sphere. Join P 10 A and P to B such that
AAPB is a right angled triangle right angled at P. Therefore the lines PA and PB are perpendicular
to each other. Then

dr’'sof PAarex—x,y—¥,2
and dr'sof PBare x— x5, ¥y —¥2, 2 22
since PA is perpendicular to PB, then we have

E-x)x-x)+ G-y @y + -2z -2,)=0.

This is the required equation of the sphere.

* 23.2. GENERAL FORM OF A SPHERE

To obtain the equation of a sphere in general form.
The equation of a sphere of radius r having centre (a., B,v) is given by
2 2 2_ 2
=)+ B +-7=r
or ey + 200 - 2By -y + o+ PR Y - 2 =0 A1)
From (1) we observed that the cquauon {1} is a second degree in x, y, z having no terms of
xy, yz and zx and cocfhments of Jc2 y2 and z equal to L. Therefore the equation of the type
x* +y +7° +2ux+2vy+2wz+d—0 (2)
having the same character as (1) has, is called general equation of a sphere.
Now comparing (2) with (1), we get
O=—wP=-v,y=-w and d=o’+ B +y -~ —
Thus the centre and radius of (2) are given by (—u#,—v,—w) and Vit 4V 4w’ —d
respectively.
SOLVED EXAMPLES
Example 1. Find the equation of the sphere whose centre is (2, -3, 4) and radius 51 .
Solution. Since we know the equation of a sphere whose centre is (¢, B, ¥) and radius r us
follows : ’

(=0’ + v - B irr(;— V=2
Here 0.=2,B=-3,y=4 and » = V51, then
(x=22+(y+3) +(z-4) =51
or - dx+ 6y -87-22=0.
Example 2. Find the centre and radius of the sphere given by
7 2 2z
Xy +5-dx+6y+2z+5=0.
Solution, The given sphere is
4y 4 —Ax+6y+2:+5=0.
Compare this equation with the equation
4y 4 2P+ 2ux + 2vy + 2wz +d =0,
we get 2u=-4 or u=-2
2v=06 or v=3
2w=2 or w=1 and d=35.
Centre is (—u, —v,-w)=(2.-3,- 1)
and radius = Vi’ + V2 +w' — d
-2*+3%+1%-5
=V4+9+1-5=V0=3
Example 3, Find the equation of the sphere on the point (2, =3, 1) and (3, = 1. 2) as diamerer.
Solution. Since we have the equation of a sphere whose end poinis ot a diameter arc
(x1, 1, 21) and (x5, y2, 73). The equation is

-x)x=x)+(-y) -y +z-z2)2-2)=0

Here yp e =2,-3, 1) and (x5, ¥, ) =(3,~ 1. 2).
Then we get
G=2)(x=-N++N+ DN+ (-1 -2)=0
or Ay e -Sx+dy-37+11=0.

Example 4. A plane passes through a fixed point {p, q, r) and cus off the axes in A, B. C.
Show that the locus of the centre of the sphere OABC is
Y

X y z



Solution, Let the equation of a plane be : " The Sphere

I
2Trte 1 D
which cuts the axes in A(a, 0, 0), B(0, b, 0) and C(0, 0, ¢} and also passes through the fixed point
(p. g, r), then we have
g.q,r_ '
Eedro=l A2 i
The equation of a sphere OABC is

x2+y2+zz—ax—by-cz=0

) . bc
its centre is (— =

2722
Let (0., B3, y) be the centre of a sphere OABC, then Tt
a=2 =2 y=£ o
=y P YE) ~
or _ a=20, b=2p, c=2y. ..(3)
Eliminating a, b, ¢ from (2) and (3) we get d
2,4,
20 213 2«(
or L
o B .
Thus the locus of (¢t B, ¥) is -
2,9, 5 Hence proved.
Xy z

TEST YOURSELF-1

1.  Find the centre and radius of the following sphere :
262+ 257 + 278 - 2x +4y -6z - 15=0.

2. Find the equation of the sphere whose centre is (~ 3, 4, 5) and radius 7.
3. Find the equation of a sphere whose centre is (2, — 3, 4) and which passes through the point
(1,2,-1). .,
4. Find the equation of the sphere whose centre is (1, 3, 5} and which passes through the point :
(3,5, 6).

5. Find the equation of the sphere which passes through the points (1, -3,4), (1,-5,2),
(1, - 3, 0) and whose centre lies on the plane x +y +z=0.

6. Find the equation to the sphere through the points (0,0,0), (0,1,— 1), {(-1,2,0) and
(1,2.3). '

7. (a) Find the equation of the sphere on the join (3,-1,5) and (4, 5, 1) as diameter.
(b) Find the equation of a sphere whose extremities of a diameter are (1, [, l) and (2, 3, 5).

ANSWERS
1. [%_ g-],ﬂ 2. x2+y2+z2+6x~8y—10z+120.
3, 4y - Ax+6y—8-22=0. 4 x*+yP+ -2~ 6y—10z+26=0.
5. x2+y2+52—2x+6y—4z+10=0.
6. 8(x+y’ +7)-15x-25y-11z=0
7. @) Py 4+ - Tx—dy-6z+12=0.(b) ¥ +y +22-3x—4y—6z+ 10=0.

* 23.3. THE PLANE SECTION OF A SPHERE

When a plane cuts the sphere, a cross-section of a sphere is obtained as circle.
To prove thar the cross section of a sphere cuts by a plane is a circle and find also its centre

and radius. .
Let the equation of the sphere and the plane be _
Xy E 2 2ux 4 vy + 2wz +d=0- oo A1)
and - ax+by+cz+d =0 ’ ) . (2)
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In the fig. 4 the dotted line represents the cross-section of a sphere cuts off by a plane (2).
Let C be the centre of the sphere (1). Draw a perpendicular from C to the plane (2) which meets
the plane at C’, join C’ to P, where P is on the surface of the sphere and on the dotted line. Then
C’P ties in the plane and CC’ is perpendicular to the plane. Thus CC’ is
perpendicular to every line which is in the plane. Therefore
LCCP=90°

In ACC’'P, ZCC P =90° then
CPP=CcP - CC? or CP=NCP*-CC”.

Since CP is the radius of the sphere which is constant and CC’ is the
length of the perpendicular drawn from C to the given plane. Thus C'P
comes out 0 be a constant for ail positions of P on the cross-section.
Therefore, the point P moves in plane (2) in such a way that the distance
of P from fixed point C’ is always contant. Hence P traces out a circle whose centre is C” and the
radius is C'P. Consequently the equation (1) and (2) simultaneously give the equation of a circle.

Great Circle. The cross section of a sphere by a plane through the centre of the sphere is
called the a great circle. The centre and radius of a great circle are same as centre and radius of
the sphere.

Fig. 4

| 234. INTERSECTION OF TWO SPHERES

To prove that the intersection of two spheres comes out be « circle.
Let the equation of two spheres be given

S1 Ex2+y2+z2+2u|x+2v|y+2w|z+d1 =0 ..(1)

and ' Sp=x’ 4y + 2 4 2 + vy + 2wz +dy = 0. ()
Subtracting (1) and (2), we get '
S| - Sg =0.
2 {ul - Hz)x +2 (Vl - 'l»’z)y +2 (Wl - l‘lv’z)z +d1 —dz =0 (3}

This equation (3} represents a plane. Thus the points of intersection of two spheres are as
same as obtained by the intersection of either (1) or {2) and the plane (3). Hence these points of
intersection lie on a circle.

» 23.5. SPHERES THROUGH A GIVEN CIRCLE

From above it has been observed that the intersection of a sphere and a plane give a circle or
the intersection of two spheres give a circle.

Let the given circle be represented by the equations

SExE+y2+zz+2ux+2vy+2wz+d=0

and P=ax+by+cz+d =0
then the equation §+ AP =0 is satisfied by those points which are common to both §=0 and
P = for all values of A. In fact § + AP =0 represents the equation of a sphere through the given
circle § =0 and P =0 together.

Likewise the equation

Sl +Sz)L:0

"represents a sphere through the circle §; =0 and §, = 0 together.

SOLVED EXAMPLES
Example 1. Find the co-ordinates of the cenre and the radius of the circle
x+2y+2z= 15,x2+y2+zz—2y—4z— 11=0
Solution. The centre of the sphere -
- PV =2y -4z 11=0
is (0, 1, 2) and its radius is
r=N0+'1+4+11 =4. :
Let p be the perpendicular distance from (0, 1, 2) to the plane x + 2y + 2z = 15.
_0+2()+2(2) - 15
Ny

Thus the radius of the circle is

9
~5=-3



-
= V(4 - (-3)* =v16 -0 = V7.
Centre of the circle. The equation of a straight line through the point (0, 1, 2) and
perpendicular to the plane x + 2y + 2z = 15 is given by

T e .
Any point on this line is (r,2r+ I, 2r+2), let this point be the centre of the circle 5o
(r.2r+1,2r + 2) lies on the plane x + 2y + 2z = 15. Then
r+2r+12+202r+2)=15
9r=09.
r=1.
Hence the centre is (I, 3, 4).
Example 2. Find the equation of the sphere through the circle ...
x2+y2+22=9,2x+3y+4z:5
and the point (1. 2, 3).
Solution. Since the equation of the circle is given by

x2+_v2+zz=9, 2x+3yt+dz=

ie.. S=xX+y’ +22-9=0 e
and P=2x+3y+4z-5=0.
The equation of the sphere through the circle is
S+AP=0
or A+ -9+ A(2x + 3y +47-5)=0. L)

Since (1) is passing through the point (1, 2, 3) also. Then
1+2°437-9+A2+6+12-5)=0 or 1:—%-

Substitute the value of A in (1), we get
3 (x2+y2+z2}—2x—3y—4z—22=0.
This is the required equation of the sphere.

* TEST YOURSELF-2

1. Fmd thc radius and centre of the «circle of intersection of the sphere
iyt -2y- 4z =11 and the plane x + 2y + 2z = 15.

2. Find the radius of the circle given by the equatlons 35 +3y +32% 4 x~ Sy 2=0,
x+y=2.

3. A variable plane is parallel to the given plane — 2 X+—— 0 and meets the axes in A, B, C |

respectively. Prove that the circle ABC lies on thé suffacé

{tei)eele oot e

4. Find the equation of the sphere passing through the circles y +22=9,x= 4 and y + z = 36,

x=1
ANSWEHS
L N7, (13,4, 2142, 4 F+y e+ rax-41=0.

23.6. EQUATION OF THE TANGENT PLANE

The equation of the tangent plane to a sphere 2+ y2 +Z7+ 2ux + 2oy + 2wz +d =0 at the
point {x|, v|, 2,) on the sphere is

XXp+tyy tag tux+x) vy Hy) twz +z7) +d =0,

Corollary. The equation of a tangent plane at (x|, y\, z)) to the sphere o+ y2 +z° =1 is given
by
xx1+y = "

» 23.7. CONDITION FOR TANGENCY OF A PLANE TO THE SPHERE

Let the equation of a sphere be given

- The Sphere
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X4y 2w+ vy + 2we +d =0 A1)
and let the plane be ax+by+cz+d,=0. {2)
If the plane (2) is the tangent plane of (1), then the perpendicular distance from the cenue

(— u, — v. — w) of the sphere (1) to the plane (2) will be equal to the radius of the sphere

Since the radius of the sphere (1) is w+viewt—d,

N2 + 92 +wh—d = perpendicular distance from (—u,—-v,~w) to the planc

ax+by+cztd =0

lr_—‘—"' —au—bv—cw+d

or H2+V2.+W2—d=—_——“|" b
N2, 2, .2 4
a*+b"+c¢

Squaring of both the sides, we get the required condition

@+ v+ w-d)y(@+ b+ =(au+bv + ow —dy).
SOLVED EXAMPLES
Example 1. Find the equation of a tangent plane to the sphere
Ay -2 —4y~62+9=0ar (L, 1, 1)
Solution. Equation of tangent at (x;, y,, z,} to the sphere
x3+y2+32+2ux+2vy+2wz+d=0 is
xxtytztu{x+x)+vy+y)+wz+z)+d=0
Here (xy, y1, z;) =(1, 1, 1) and the sphere is
Ay -2x-4y-6z+9=0.
So, the required tangent plane is
xxptyyta - xtx)-2@+y)-3@E@+z)+9=0

ie., x+y+z-E+D-20+1)-3(@+1)+9=0
ar —y=-2z4+3=0 '
or y+2z—-3=0.

Example 2, Show that the plane 2x — 2y + z + 12 = 0 rouches the sphere
Ly 524y +2;-3=0,
Solution. The given sphere is
Ky - 2x—dy+2z-3=0.
Centre is (1, 2, — 1} and its radius is Vi+4+1+3=3
Now, the perpendicular distance from (1,2, - 1) to the plane 2x— 2y +z+ 12=018
2()-2()-1+12
Y4+4+1

=3

which is equal to the radius of the sphere. Hence the plane 2x — 2y + z + {2 = 0 touches the given
sphere.

Example 3, Find the equation of the two tangemt planes 1o the sphere
x*+y2+ 25 =2y — 6z + 5 =0 which are parallel to the plane 2x + 2y — 2=0.

Solution. The equation of any plane parallel to the given plane 2x +2y —z=0is

2x+2y—z=A. LD

Since (1) touches the given spheres. Then the perpendicular distance from the centre (0, 1.

3) to the plane (1) is equal to the radivs V5 of the sphere.
2X0+2Xl—3—l=i\!§

V4 +4+1
or —3-A=135 or A=-3-(x35)

Substitute the value of A in (1). we get
2x+2y —2=—3 - (£ 3V5)
or 2x+2y-z+3i3\r3—=0.
This is the required equations of tangent planes.

¢« TEST YOURSELF-3

1. Find the equation of tangent planes of the sphere 2+ yz P2 dy + 62 -7=0 which
intersect in the line




6x~-3y—-23=0=3z+2. "
2. Find the equation of the sphere described on the line joining the points (3,4, 1) and
~ {= 1,0, 5) as diameter and find also the equatton of the tangent plane at (- 1,0, 5).
3. Prove that the equation of the sphere which touches the sphere
4(x +y +Z ]+ le 25y 2z =0 at (1, 2, — 2) and passes through the point (- 1,0,0) is
x +y +25 20— 6y+1=0.
4, Find the equation of the sphere touching three co-ordinate axes. How many such spheres can
be drawn.
5. Find the equations of the spheres which pass through the circle e +y2 +22=5,
x+2y+3z=5 and touch the plane 4x + 3y = 15,
6.  Show that the sum of the squares of the intercepts made by a given sphere on any three mutualiy
perpendicular straight lines through the fixed point is constant.
7. A sphere touches the three co-ordinate planes and passes through the point (2, 1, 5). Find its
equation,

ANSWERS

2, x-y+4z-5=0 and 4x-2y-z-16=0.

3. x2+y2+z2—2x~4y—6z+2=0;x+y—z+6=0.

5. x2+y2+z2i2rxi2ryi2rz+2r2=0; Eight spheres.

5. Pyt 2 +dy 6 - 11=0;507+y +2) - dx -8y - 12z-3=0.
7. x*+y* 47— 10x- 10y - 10z +50=0.

e 23.8. INTERSECTION OF TWO SPHERES

(a) Angle of intersection of two spheres.
When two spheres intersect each other, then the angle of intersection of two spheres at the
common point of intersection is equal 1o the angle between their tangent planes at the common

point.

(b) Condition for orthogenal intersection of two spheres.

When two spheres intersect each other, the intersection is said ‘\
to be orthogonal if the angle of intersection is a right angle. -

Let C, and C, be the centres of two spheres and P be the
common point of intersection as shown in fig. 5.

Smce LC\PC,=90°, then in AC,PC,

C,C2 = CP* + P Fig:5
Let ry and r, be the radlus of two sphcrcs respectively then
r1 +.f'2 —CC‘?. (D
~ Let the &quauon of two spheres be
x4y +2 +2ux+ 20y +2wiz+d; =0 . (2)
and X+ Y+ 2+ 2upx + 20,y 4 2wpz + dy = 0. -(3)

Then centres C, and C; are respectively {—uy,— vy, —wy) and (~ uy, — Vo, = w,) and
lz—ﬂl +'Ir’| +W| ‘d] and ry —H22+V22+W2 —dz ’
The distance between the centres C, and C; is .
2 2 2. 2
Ci1Cy = (uy — )" + {vy — v )"+ (wa — wy)~.

(1) becomes
“12 + v;z + w;z —d) + H;)Z + VQZ + w;z —dy ={uy - u,)z +(vy — v,)2 +(wy —wy)’
or 2ugiy + 2vyvy + 2w wo =d) + dy.
This is the required condition for orthogonality of two spheres.
REMARKS :

» If|r+ry| = C,C,, then the spheres touch externally.
» If|r —r;|=CC, then the spheres tocuh internally.
» If 6 be the angle between the tangents at the point of intersection of the spheres then

2
r[+r - C\C
cos @=——2 12

Zrlrz

The Sphere
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Example 1. Find the equation of the sphere that passes through the circle
x2+y2+zz—2x+3y—4z+6=0, Ix—4y+5z-15=0 and - cuts the sphere
Ly e +2r+dy—6z+11=0 orthogonally. i
Solution. The equation of a sphere through the circle
A+ - +3y—dz+6=0,3x-dy+5z - 15=01s
{x2+y2+z2—2x+3y A7+ 6) +A3x -4y +5:—15)=0
or Ly + 2430 x+ B4 y+{(—4+50)c+6-15A=0...(1)
Since (1) cuts the: gwen sphere
Xt +y 442+ dy~6z+11=0 orlhogonally.
Then, 2wy +2vv, 4+ 2wwy =d; +

-2+3A](2 3-4A 4+50] L
2[ > ][2}2{ 5 }xz 2{ 2 }x( 3)=6-15A+11

or 2(=2+3%) +2(3 - 4%) - 3(- 4450 =17~ I5A
or -5A=1 or A=-1/5
Putting the value of A in (1}, we get
13 19
x+}+ —5x+5y 52+9=0
or 507 +y* +25 - 13x + 19y - 25+ 45 = 0.

This is the required equation of a sphere.
Example 2. Two spheres of radii ri and ry cut orthogonally. Prove that the radins of the
rin
ﬂrlz + ?'?_2

Solution. Let the equation of the common circle be

common circle {5

S+yi=a% =0, D)
Therefore the cquatlon of the given spheres through the circle (1) are
x +»2+¢ +2hz - a =0 D)
and x+y +7 +2u —a =0 (3

I *=At 4l h ,u +a
Smce (2) and (3) cut orthogonaily, then
26 uy + 2v v + 2wywy = d) + ds
AXp=-da" —a® or A =a’ (squaring)
“or (rP-a) (P -a)=ad" Coort=Errd =0t )
nn

2.2_ 2,2, 2
or nry=a(r"+n’) or a=

"1

ig 2 2
'y +rg

radius of the circle is

SUMMARY

*  Equation of a sphere of centre (a, §,¥) and radius r is (x— u)2 +(y- B)?‘ +(z- }f)z =
»  Equation of a sphere having (x;, v, z) and (x;, ¥, z3) as end points of its diameter s
F=x) x—x)+ =y -y + (- 5) (t- ) =0.

* General quation of a sphere is Xy 2+ 2ux +2vy +2wz+d =0 with its centre

(—u,—v,—w)and radius = Vi +17 + w’ — 4.
»  Equation of sphere through

S‘='x2+y2+z2+2wc+2vy+2wz+d=0

and P=ax+by+ez+d=0

is givn by S+AP=0.
»  Tangent plare at (x;,y;,z) to th sphere x* +y* + 2%+ 2ux + 2vy + 2wz + d=0 is given by

Xyt tu(xtx) v (y+y))twztz)+d=0.
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2,2
T;WU Szpherzeu +y +24 2upx + 20y + 2wz +dy = 0 and
X4 F 4 x4 Qvgy o+ 2z

22 +dy = 0 cut orthogonally if 2ugiy + 2vyvy + 2vywy ~ dy + ds.

The Sphere

1

STUDENT ACTIVITY

#e

A plane passes through a fixed point {p, g, r} and cuts off th axes in A, 8. C. Show that the

locus of the centre of the sphere OABCis2+94+L-7
x y z 7

Find the equation of the tangent plane to the sphre e +y2+ - 2x—dy—-6:+9=0 at
(1.1, 1.

et

s

et

=
l__

TEST YOURSELF-4

AR Prove taxt the sphere which cuts (WO spheres §1 = 0 and S2=0 at right angles witl cut the
sphere 2431 + hoS2 =0 = right angles.
Show that the spheres

and f:

touch externally.
Show that the two spheres

and Fryt et +6e+8y+4z420=0
are orthogonal.

L.

i s P - 2 - i
o he equation of a spbere Which touches fhe plang 3x 22y 714 2 0 3t the point

2 -
(12, 1y and also cuts obogonally (he e+ 45 - 465 B4 60

~ :,v2+:2-4x'2)"-‘2~'.r_3=0
4y +7-8x—8y-10:441=0

Pty +P+6y+2:48=0

ANSWERS

PP+ eI+ 10y-5:+12=0.
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OBJECTIVE EVALUATION
» FILL IN THE BLANKS :

1, Inthe equation of a sphere the coefficients of x y2 2

tmust be ..
3. The equation of a sphere whose centre is (0, 0, 0} and radius is & I$ ......... .

» TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement :

3. The centre of the great circle is the centre of the sphere.

» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

- ax~ ~by—cz=01s5:

(o) (5 2’ 2)
(

1. The centre of the sphere P yz +
{a) (0,0,0)

a _b _c
©|- "7 (d) (a: b, ).
5. The'radius of the’sphere 2%+ 22 422 =5014s -
(@ 5 (b) 25
(c) 50 (d) 2.
3. The number of spheres that are touching the co-ordinate axis are :
(a) Infinite (b} 0
{0) 1 {d) None of these.
ANSWERS
Fill in the Blanks :
1. unity 2.a=b=¢ 3. .>:2+y?+zz=.ﬁr2
True or False :
LT 2T 3T
Multiple Choice Questions :

i® 2@ 3.

2. The equation ax’+ by + ezt + 2ux + vy +2wz+ d=0 rcprcsents a sphere if ...

1. The centre of the sphere 2+ y2+ 22+ Jux+ 2uy+ 2wz +d =018 (-, — v, —w),
2. The centre of the sphere (x—2) (x =)+ - D =N+ (z-N-5=0is(3,2,4). (1

I

f
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THE CONE

® The Cone
® Equation of a Cone with Its Venex at the Crigin
® An !mportant Resuit
® Equation of a Cone Passing through the Axes
® Test Yoursel—1 '
® Equation of a Cone having a given Vertex and given base (Guiding Curve)
® Condition for the General Equation of Degree Two to be a Cone

® Test Yourself-2
® Tangent Line and the Tangent Plane
Condition on Tangency
® The Reciprocal Cone
@® Summary
@ Student Activity
@ Test Yourself-3

_~ LEARNING OBJECTIVES - .

After going through this unit you will learn :
How to find equation of a cone with given vertex and given base curve.
How to find the cone reciprocal of the given cone.

+ 24.1. THE.CONE

Definition. A surface generated by a moving straight line which passes through a fixed point
and touches a given surface or intersect a given curve, is called the cone.

Vertex. A fixed point through which a moving line passes, is called the vertex of the cone.

Guiding curve. The moving line which interest the given curve, this curve is called the guiding
curve.

Gencrator. The moving line in any position is called the generator.

* 24.2. EQUATION OF A CONE WITH ITS VERTEX AT THE ORIGIN

To obtain the equation of a cone having uts vertex at the origin is a homogeneous equation
of degree two in x, y, z.
Let us assume that the general equation of degree two in x, y and z represents a cone with its
vertex at origin 0. Let its equation be
ax® + b_vz +et+ 2fvz + 2gzx + 2hxy + 2ux + 2vy + 2wz +d = 0. LD
Let £ be any point on the cone whose co-ordinates is (x;, ¥y, z()- Then the equation of its
generator OP is given by

X z
Lot : (2)
3 S 4 |
Any point O on this line is (rx,, ry(, rz|) where
X _y_2z
= === = r(say).
N 4 (sa)

Since OP is the generator of (1) and @ is any point on this line OP, then O will satisfy the
equation (1) for all values of r.
alrx, ) + blryy) + clrz)? + 2Pz + 28720, + 20 xyy,
+ 2urx) + 2very + 2wrz +d =0

The Coue

Self-Instructional Materiel 171



Calculus & Geometry

172 Self-Instructional Material

or ”? (ax|2+by12+czlz+2ﬁ.zlz| +2gzxy 4 2hx y) + #(20xy + 2y +2wz)) +d =0, .(3)
For all values of r (3) must be an identity. Therefore we must have

axlz + by|2 + cz,2 +2fy12, + 282y + 2hx v, =0 (4)

2ux) + 2vy, +2wz; =0 +(8)

and d=0. . (0)

From equation (3) it has been observed that the point P(x;. ¥y, z) satisfies an equation of
degree one which gives that the surface is a plane if «, v and w are not all zero. But the surface is
assumed to be a cone, hence «, v. w all should be zero. f.e., #=v=w=0. Now from equation (0)
we obtained that & = 0. Therefore substituting u=v=w=0 and d =0 in (1) we get (1) wduces W
a homogeneous cqualmn of degree 2inx, y z
ie., ax® + by’ + c2° + 2fyz + 2g2x + 2hxy = 0.

Hence the equation of a cone with its vertex is a homogeneous equation of degree two in
X2 .

Conversely, Every equation which is homogeneous of degree two in x, v, z represents a cone
with its vertex at the origin.

Let the homogeneous equation of degree two in x, y, z be given by

ax’ +by +ez +2fyz+ 2gzx + 2hxy =0, (D

Let P(x(, ¥y, 2;) be any point. Which obviously satisfies (1). Therefore for all values of r, the
point {rx,, ry;, rz)) also satisfies the equation (1). Thus any point (rx;, ry|, rz;) on the linc 0P, where
@ is the origin satisfies the equation (1). Hence the line OP is the generator of the surface (1) through
the origin. Consequently thé surface (1) represents a cone with vertex at the origin O.

* 24.3. AN IMPORTANT RESULT

The direction-cosines of the generator of the cone satisfy the equation of the cone wit 1ty
vertex at the origin.
Let the equation of a line representing the generator ot a cone with its vertex at the origin be

(D

= e

and let the equation of a cone be

ax’ + by2 te + 2fyz+2g2x + 2hxy =0. A2

Any paint on the line (1) is {{r, mr, nr), where r is the distance of this point from the origin

0, because {, m, n are the actual direction-cosines. Since any point on the generator will satisiies
the equation of a cone (2), then

I [cuf2 +bm’ +en® + 2fmn + 2gnt + 20m] =0
or al> + bm®+ cn® + 2fmn + 2gnl + 2hlm = 0 (. r#0)
Conversely. If al’ + bm* + cn” + 2fmn + 2gnl + 2htm = 0. then the line with direction-cosines
{, m, n is a generator of the cone (2) with its vertex at origin.

* 24.4. EQUATION OF A CONE PASSING THROUGH THE AXES

Since we know that the equation of a cone with its vertex at the origin is satisfied by the
direction-cosines of its generator. Here the x-axis, y-axis, and z-axis are the generators of a required
cone.

Let the equation of a cone with its vertex at the origin of degree two be given as

ax’ + by" + ¢z + 2fyz + 2gzx + 2hxy = 0: A1)

Since x, y, z axes are the generators of (1) and d.c.’s of x, y and z are respectively, 1.0, 0;
0,1,0:0,0, 1. then we have a=0.6=0and ¢ =0.

Thus (1) becomes

2fyz+2gzx + 2hxy =0
ar Sz +gxe +hey =0.

This is the required equation of a cone of degree 1wo with its vertex at the origin passing
through the co-ordinates axes.
SOLVED EXAMPLES

Example 1. The plane i +%+§= i meets the co-ordinate axes in A, B and C. Prove that
the equation to the cone generated by lines drawn from O to meet the circle ABC is




5 c c . a a by
_vz(c+b]+zt(a+c)+.xy(b+a]—0.

Solution. Since the plane i + ‘;- + i = 1 intersects the co-ordinate axes in A, 8 and C, then the

co-ordinates of A, B, C are respectively (a, 0, 0), (0, b, 0) and (0. 0, ¢).
The equation of a sphere passing through A{a, 0, 0), B(0, b, 0), C(0, 0, ¢) and O(0, 0, 0) is
x2+y2+zz—m—by—cz=0‘ LD
Therefore, the circle ABC is the intersection of the sphere (1) and the plane

X, Y zZ_ )
a bt L -
Now making (1) homogeneous with the help ofi + ':Ji + f =1{ as follows :

x2+y2+z2~(ax+by+cz)xl=0

2,2, .2 X ¥y 2
ty +zf—{ax+ by + +=+=1=0
or Xty {ax + by + ¢c2) trte
b ¢ c a a b
=+ T+ |+ |+xy| T~ +—|=0. .
or ¥zl + PR PRI Rl I 0 Hence proved

Example 2. Prove that the equation of the cone, whose vertex is the origin and base the curve

2=k flx,)=0is
23

Z T

Solution. Let the equation of the generator through the origin O be

X z

Fe=d=t (1)
m n

Since this line meets the plane z =, then

X_y_k

I m n
ik nik

X=— —_——

Now putting the values of x and y in f{x, ) =0, we have

[, m
f p k, . k|=0. w(2)
Eliminating /, i, n from'(1) and {2), we get
f{x—k, 2. 0. Hence proved.
2z

Example 3. Find the equation 1o the cone whose vertex is origin and which passes through
the curve given by ax’ + byz =2z, Ix+my+nz=p.
Solution., The equation of given curve are

ax’+ by =2z 1)
and Ix+my+nz=p. w{2)
Equation (2) can be written as '
L+my+nz =1. .(3)
P

Now making (1) homogéneous with the help of (3), the required equation of the cone with
vertex at the origin is
2 2 Ix+my+ng
ax +by =2z »

or p(ax2 + byz) =2z (Ix + my + ng).

* TEST YOURSELF-1

1. Find the equation of a cone whose vertex is (0, 0, 0) and which passes through the curve on
intersection of the plane {x + my + nz = p and the surface ax’ + by2 te=1.

2. Find the equation of the cone with vertex at the origin and which passes through the following
curve :

a.r2+by2+czzx 1, 0" + By’ =2z

The Cone
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. . . . !
Find the equation of the cone with vertex at (0, 0, 0) and passing through the circle given by

3.
x2+y2+z2+x—2y+33—4:0,x—y+z:2. *
ANSWERS
1. p2 (m‘2 + by2 + czz) =(x+my+ nz)?. 2. 47° (c_z:c2 + byz + sz) = (OL\‘2 + By:)"’.

3, xX2+2y%+ 37 +ay—yz=0 :
« 24.5 EQUATION OF A CONE HAVING A GIVEN VERTEX AND GIVEN

BASE (GUIDING CURVE)

To obtain the equation of a cone whose vertex is (., 3, Y) and the guiding curve (base) the

conic
ax* + by” + 2hxy + 2gx + 2fy+¢=0,2=0.
Let the equation of any line in symmetrical form through the point (¢, f. Y) be
x-a y=B_z=y (h
{ m n

Then the required tone is given by

o a (0z —¥2)" + b(Bz ~ )" + 2h(az — yx) (B - )

+28(02 =) (Z- D+ 2B~ -V +ez -7 =0

24.6. CONDITION FOR THE GENERAL EQUATION OF DEGREE TWO TO
BE A CONE

Working Procedure

(1) Make the equation homogeneous by multiplying a new variable t with proper power.
(2) Differentiating the equation so obtained partially with respect to x,y, z and 1.
(3) Now equating the differential coefficeints to zero and then put t = 1.
IfF=Fx, v z,1), thenart=1
oF aF oF oF

put gzo,a—y“zo,a—z=0aud E‘=0

first three equations ?20,%=0,%—§=O give the vertex and if this vertex sarisfies
x

oF

e 0, then the eqaution F{x, y.z) =0 is the equation of a cone.

SOLVED EXAMPLES

Example 1. Find the equation of a cone whose vertex is the pout P(, B.y) and whose

generating lines pass through the conic
s

If the section of this cone by the plane x =0 is a rectangular hyperbola show that the locus

of P is
2 2,2
4 # =1.
a b
Solution. The equation of a line through the point (@, 8. 1)

x-o_y=-B_z-y ()
! ) n.
Since the line (1) meets the plane z = 0, then '
xoa_y-B_-y e

{ m n

and the co-ordinates of the point at which (I') meets z =0 is given by (2}, are

[Q—H,B—ﬁ.'ﬁ}
n n

This point will lie on the given conic, it



2 2
1 Ry, dfq_nmy) _
B =t (3)

Eliminating /, i, n from (1) and (3), we get

L x—O
— |- 1
G =ik
or (& —va) Bz - ) —- ' @)
_ a b
This is the required equation of a cone.

Further, the seclion of this cone (4) by x=0is

=5 @"‘b—m— =(z-¥)° (By putting x = 0 in (4))
a
2 2
or -éyz-i- i.,+ﬁ5—l z2—2m23+2zy—72:0
b - b - b
If this equation represents a rectangular hyperbola in yz-plane then, we have
( 5+ 52 J ﬁ— (. coefficient of y2+ coefficient of 2 = 0)]
a :
. The locus of P(c, B, ¥) is obtained by generating o, B, ¥ to x, ¥, z. That is
: 2 2
x_2 + 2;2_2:.: L. Hence proved.
a

Example 2. Prove that the equation
axz+by2+czz+2ux+2vy+2wz+d=0
2 2 2
v w

tsacone if R d
represents { —+—+—=4.
P a & ¢

Solution, Making the equation homogeneous of degree 2 by multiplying the proper power of
t, we get
Sy, 0= ax’ + byt + ¢zt + 2uxt + 2vyr + 2wzt + di* = 0. {1
Differentiating (1) partiafly w.rt. x, y,.z and ¢, we get

of _ of _
3% 2ax + 2ut, dy 2by + 2v1,

§£=2::z+2wr Q‘é: 2ux + 2vy + 2wz + 2dt

0z oot
Now putting # = 1 and taking é'i —'f (7}[ .—f—O we get
2ax+2u=0 ( i3’£=Oanclr=l]
ox
u
or = ax+u=0 or x=-—
a
Similarly, y:—ﬁ, z=—%
and ux+vy+wz+d=0. A..(__2) i
Substitute the valtues of x, y and z in {2), we get [PPSR
2 2 2 2.2 2 e T
S i d=0 or Lt og
a b ¢ . a b ¢

TEST YOURSELF-2

1.  Find the equation to (he cone whose vertex is the point (@, b, ¢} and whose generating lines
intersects the conic px +qy =1,z=0.
Find the equation of the cone, whose veriex is (¢, 8, ¥) and base ax’ + by2 =1,z=0.
3. Prove that the equation of a cone whose vertex is the point (o, B, ¥) and base curve as
2 =4by, x=0is (yx - 0z)% = 4b (0t - x) (cty — fix).
4. Find the equation to the cone whose vertex is (¢, B, ¥) and base y* =4dax, z=0.

N

The Cone

Self-Instructional Material 175



Caleutus & Geometry

176 Self-Instructional Material

5.  Find the equation to the cone whose vertex is (0., 3, ¥) and whose generating lines pass through

xZ

2
the conic *3+L2= 1,z=0.
a® b
6. The vertex of a cone is (4, b, ¢) and the-yz-plane cuts if in the curve F(y, z)=0, x=0. Show
that the zx-plane cuts it in the curve

)
y=0, F[i MJZO_ t

x—a x-—a

‘ ANSWERS

L o+ +pat+ gb® - 1) =2 (apzx + bgyz —2) = e
2. a(az-Yx)2+b(Bz—vy)2f(z—zv)z- 4. (Bz-vy)* = 4a (az - ¥x) (e~ ).
5. b {0z- 1{,1')2 +a’ Bz-v)Y =a b? (z- 1{)2.

» 24.7. THE TANGENT PLANE

The equation of a plane to the cone ax’ + by2 e+ 2fyz+2gax+2hxy =0 at the point
(as ﬁs 'Y) is

[x(ac+ i +gv) +y(ho + BB + ) + (g +f B+ 1) =0 |
* 24.8. CONDITION OF TANGENCY

To obtain the condition for a plane tx + my + nz = Q to be a tangent plane to the cone
ax* + by* + ¢ + 2fyz + 2gzx + 2hxy = 0. )
Since the equation of a cone with vertex at the origin is given by

ax’ + by’ + ¢2+ 2fyz + 2g7x + 2hxy =0 : ' (D)
and the equation of a plane is
. Ix+my+nz=0, (2)
The equation of a tangent plane at (&, B, y) to the cone (1) 1s
x(ao+ Af + gy) + y(ho + B8 + ff) + (g + B+ ¢y) =0. .{3)

Let us suppose (2) and (3) represent the same plane, then we have
adthB+gy ha+bB+f gou+f

;B T - k (say)

{ m ¥
. act+ b+ gy=1ik
or a0 + B+ gy — 1k =0. ()
Similarly, ho +bB+ff—mk=0 ..(5)
go+fPB+ecy—-nk=0. ..(6)

Since the point (a., B3, v) also lies on the plane (2), then
fo+mp+ay=0
or o +mP+ny—04=0. A7)
Now eliminating ¢, i, ¥ and — & from (4), (5), (6) and (7), we get

a h g 1
h b f m|_
¢ f ¢ n =0. ..(8)

! m n o

This is the required condition.

* 249 THE RECIPROCAL CONE

Definition. The locus of the lines passing through the vertex of a given cone and perpendicular
to the tangent planes is obtained a surface, which is called the reciprocal cone.

: Or
The locus of the normals drawn through the vertex of a given cone to the tangent planes is
catled the reciprocal cone.
Equation of the Recipracal Cone :
To obtain the reciprocal cone to the given cone

ax® + by* + ¢ + 2fyz + 2gzx + 2hxy = 0.



Let the equation of a tangent plane to the given equation of a cone be
Ix+my+nz=0.
The equation of a cone is
ax® + by + ¢zt + 2fyz + 2gzx + 2hxy = 0.
Since (1) is a tangent plane of (2) provided the condition
AP+ Bit® + Cr® + 2Fmn + 2Gnl + 2HIm =0
where A=bc—f2,Bzm—gz,C=ab—hz.F=gh~af,
=Nf-bg, H=fg - ch.
The dlrecuon ratios of a normal to the plane (1} are £, m, n.

. The equation of the normal to the plane (1) passing through the vertex (0 0, 0 of the gwen

cone (2} is
X_JY_

! = m
Eliminating {, m, n from (3) and (4}, we get

z
n

Ax? + By2 +CE+ 2Fyz +2Gze +2Hxy =0. ]
This is the required equation of the reciprocal cone of the given cone.

Reciprocal Cone of Ax? + By? + CZ* + 2Fyz + 2Gzx + 2Hxy =),
Let the reciprocal cone of
AX + By + C22 + 2Fy2 + 2Gzx + 2Hxy =0
be the cone  Ax* + By + C'2% + 2F yz + 2G zx + 2H'xy = 0
where A'=BC-F!, B=CA-G’. C=AB-H,
F=GH-AF, G'=HF-BG, H =FG-CH.
A’=BC - F*=(ca—-g") (ab— h*) — (gh - af)®
= a*be — ach’® - ae‘zg'2 + gzhz - gzh2 - ajij‘2 + 2afgh
= alabe + 2fgh — afg - bgz - chz)
= aA, where A = abc + 2fgh — af° — bg* — ch’.
Similasly, B =bAC =cA, F=fA G =gA H =hA. -
Now substitute the values of A", B, C', F', G’, H in (2), we get
A (ax® + by + cz* + 2fyz + 2gzx + 2hxy) = 0.

Since A#0

ax® + by? + ¢z + Uz + 2gzx + 2hxy =0.|
This is the required equation of the reciprocal cone of
AP + By + CZ2 + 2Fyz + 2Gze + 2Hxy =0.

REMARK
> ax® + by? + ¢zt + 2z + 2gzx + 2hay = 0
and AX* + By + C22 + 2Fyz + 2Gzx + 2Hxy = 0

are the reciprocal cone to each other. That is why the word “Reciprocal” means.

SOLVED EXAMPLES
Example 1. Find the equation of a cone reciprocal 1o the cone
ax’ + by’ + 2 =0.
Solution. Let the reciprocal cone be
Ax® + Byt + CZ2 + 2Fyz + 2Gax + 2Hxy = 0.
Since the equation of the given cone is
ax® + by’ + ez’ = 0.
Now compare this equation (2} with the equation
ax’ + by’ + cz” + 2fyz + 2gzx + 2hxy = 0
we get a=a,b=b,c=c.f=0,g=0,h=0.
Further since.A = b¢ —jz. B=ca- gz, C=ab-h,
=gh—af,G=hf-bg, H=fg~ch.
A=bc—f =bc—0=bc
B=ca-32=ca—0=ca
C=ab-h"=ab-0=ab

(D

(2)

T

A2)

(3)

(4

(D)
(2)

The Cone
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Similarly G=0,H=0.
Substitute these values in (1), we get
bex® + cay® + abzt = 0. .
Divide by abc, we get

2 2 2
X X L _
a+b - 0.

This is the required equation of a reciprocal cone.
Example 2. Prove tkar rhe equatian

.x y 2 - 2ghyz - 2hfox —2g xy=0
or \J } (gy +\:(hz) 0

represents a cone which rouches the co-ardinate planes.
Solution. The given equation is
55 s U+ 5 =0 or NG+ =7 V0.
Squaring of both sides, w
ﬁx+gy+2\/@§—@ hz or fx+gy~hz—+2\fg}}_
Again squaring of both sides, we have
(fx +gy = hz)2 =4fgxy
or FP+ g% + 1P + 2foxy — 2ghyz — 2fhox = Afgxy
or fzx2 + gzy2 + k7t = 2fgxy — 2ghyz — 2fhzx = 0. {1
This is a homogeneous equation of degree 2, hence this represents a cone.
If the plane x = 0 intersect (1), then
gz_v?‘ +h? —2ghyz=0 or (gy- hz)*=0.
It is therefore obtained a perfect sqaure hence x =0 touches (1). Similarly y =0, z=0 also
touch the cone (1) '

* SUMMARY

*  Equation of a cone with its vertex at the origin is given by
ax® + by2 +ct + 20z + 2gzx + 2hxy =0.

. I ; =< = p £ is the generator of a cone ax® + by* + cz* + 2fyz + 2gzx + 2hxy = 0, then
n

al® + bm®* + cn” + 2fmn + 2gix + 2him = 0.
*  Equation of a cone passing through coordinate axes is
Pr+gzx+ hxy 0.
»  Tangent plane at (o f3, ) to the cone ax’+ by’ + c2® + 2fyz + 2gu + 2hxy 0 is given by
x(aa+hﬁ+gy)+y(ha+bB+fy)—z(gon+ﬂ3+q) 0. -

+ The equation of a cone reciprocal to the given cone ax’ + by +edt+ 2fyz +2gx+ 2!m = 0 is

given by

A+ Byt + Cz + 2Fyz +2Gzx +2Hxy=0.

whete A=bc-f.B=ca—g".C=ab- W', F=gh—af,G=hf—by, H= fg—c.-‘;

«  Angle between the plane Hx + uy + wz =0 and the cone :
fx . 2) =ax’ + b_y +¢2° + 2fyz + 2g7x + 2hxy = 0 is given by

-1 \"u"+v'+wz
@=tan | 2p BN
(@+b+ecy @ + v +w)—~flu,v,w)
) a h g u
2 |k b f v
where p= ¢ fecw
v wo

« The cone ax’+ by +ct+ 2fz+ 2gz,r + 2hox + 2hxy =0 has three mutually perpendicular
generators if a +b+c=0.

«  The cone ax’ + by’ + ¢’ +2fyz +2gzx + 2hxy = 0 has lhree mutually perpendlcular tangent
planes if £+ g° + h*=ab + be + ca.
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* STUDENT ACTIVITY

1. Find the equation of the cone whose vertex s the origin and which passes through the curve

given by ax2+by2=2z, Ix+my+nz=p.

2, Plz'ove ,that 2the equation ax® + byz +cz% + 2ux + 2vy+2wz+d=0 represents a cone if
u ot .

vy w_
et e Lo
* TEST YOURSELF-3

I,  Show that the reciprocal cone of the cone
[ix +\gy +Vhz =0
is fz+gu+hy=0.
2. Prove that perpendicular drawn from the origin to the tangent planes to the cone
ax’ + by2 +¢z2 =0 lie on the cone

e .LZ 2
PRI
3.  Find the equation of the cone reciprocal to the cone fyz + gzx + hxy = 0.
ANSWERS
1. PP+ g%y + W - 2ghyz — 2hfex — foxy = 0.

OBJECTIVE EVALUATION
» FILL IN THE BLANKS :

1.  The equation of a cone with its vertex (0, 0, 0} is homogeneous of degree ......... .

2. Every homogeneous equation of second degree represents a cone whose vertex is ........ .

3. The equation of a cone of second degree passing through the axis is .......... .

4.. The equation of the cone whose vertex is (0, 0, 0) and base the curve z =k, fix, y) =0 is .........

>» TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement :

1. If the line E:-'v—:i is a generator of the cone fx,y,z)=0 (a homogeneous equation

I m
of second degree), then AL, m, n) = 0. (T/F)
2. The equation of a cone with its vertex at (0, 0, 0) is not homogeneous. (T/F)
3. Every homogeneous equation of second degree in x, y, z represents a cone. (T/F}

The Cone
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» MULTIPLE CHOICE QUESTIONS : N

Choose the most appropriate one : )
The vertex of the cone fyz + gzx + hxy =015 : 7
(a) 0,000 ®UILL 0, 1.0 (d) (0,0, 1}
2. The degree of every homogeneous equation of a cone is : '
(a) One (b) Two (c) Three ) {d} None of these.
o
ANSWERS
Fill in the Bl;anks :
" (xk vk
1. Two 2. (0,0,0) 3. friztgax+hxy=0 4.fT‘f =(
True or False :
1. T 2.F 3T
Multiple Choice Questions :
1. (@ 20)
I [




UNIT
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THE CYLINDER

® Cylinder

® Right Circular Cylinder

@ Equation of a Cylinder Passing through a Given Conic
@ Equation of a Right Circutar Cylinder

® Equation of a Tangent Plane to th Cylinder

® Summary ’

® Student Activity

® Test Yourself

: - LEARNING OBJECTIVES : .

After going through this unit you will learn :
About the ¢ylinder and how to get the equation of the cylinder passing through the
given conic . e
® How fo find the equation of right circular cylinder :
How to find the tangent plane to the given cylinder

¢ 25.1. CYLINDER

Definition. A surface generated by a variable straight line which moves parallel 1o a fixed
line and intersecting a given curve or touching a given surface, is called a cylinder, -

Axis of the cylinder. The fixed line paratlel ro which a variable straight line moves, is called
the axis of the cylinder.

Guiding curve. A straight line which intersect a given curve. This given curve is called the
guiding curve.

» 25.2. RIGHT CIRCULAR CYLINDER

Definition. A surface generated by a moving straight line (generator) which moves in such
a way that it is abways at a constant distance from the fixed line (axis), is called a right circular
cylinder and the constant distance is called the vadius of this right circutar cvlinder.

¢ 25.3. EQUATION OF A CYLINDER PASSING THROUGH A GIVEN CONIC "

To obtain the equation of a cylinder whose generaror are parallel 1o the fixed line (axis) and
intersecting the given conic.
Let the equation of fixed tine through the origin O and having the direction-ratios /. m. n be

X_y_2z
—= = (1
i~ m n )

and that of the given conic be

ax*+2hxy + by +2gx + 2y + ¢ =0,z =0. (2

Let P (¢, 3. ¥) be any point on the surface of the cylinder. Then the equation of its generator is
-0 y- z-

=t b_z-y (3)
m n

This generator (moving straight line) meets the plane z =0 at the point whose co-ordinates

are ({I - i:- pg- ﬂn[. 0]. This point lies on the conic (2), we get

The Cyfinder
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2 2 .
a(a-ﬂ +2h(a—ﬂ](ﬂ—1ﬂ)+b[ﬁ~m] +2g[a—§]+2f[ﬁ—mhc=0
n n il n n )

n
Geometry and Vectors
or a (o — Iy)* + 2h{on — ) (Br — my) + b(Bn — my)’
+ 2gn{on — i) + 2fn (Bn —my) + we=0..44)
Thus the locus of the point P(ct, B.¥) is obtained by generating 0. = x, B=y,y=zin (4), we
get

a(nx - Iz)* + 2h(nx - k) (ny — mz) + b(ny - mz) . (5}
+ 2gninx ~Iz) + 2fniny — mz) + n’c = 0.
This is the required equation of a cylinder.
Corollary. The equation of a cylinder whose axis is the axis of z passing the given conic
ax® + 2hxy + by? + 2gx + 2y +¢=0,z=0
is fix, y) = ax” + 2hxy + by’ + 2gx + 2y + ¢ =0.

_y_.z

Proof. Since the equation of a cylinder whose axis is o

==

and passing the conic

a + by’ + 2hxy + 2gx + 2y +¢=0,z=01s
a(nx — Iz)?‘ + 2h(nx — Iz) (ny —mz} + b(ny - mz)2 + 2gn{nx — 12y + 2fn(ny — mz) + n’c=0

{From (3)]
Here the axis is axis of z, then putting / =0, m =0, n = | in above equation, we get
fix,y)= ax’ + 2hxy + by’ +2gx +2fy +c=0. Hence proved.
REMARKS

» The equation f{x,y)= ax* + 2hxy + byz +2gx + 2fy + ¢ =0 represents a conic n plane
geametry whereas in solid geometry it represents the equation of a cylinder whose aixs
is the axis of z.

»  The equation of a cylinder which intersects the curves fi(x, y, z) =0, fo(x, y, z) = 0, whose
axis is the axis of z is obtained by eliminating z between f; and f;.

» 25.4. EQUATION OF A RIGHT CIRCULAR CYLINDER

To obtain the equation of a right circular cylinder.
Let the equation of the axis through a point A(a., B, Y) be _
x-—o_y-B_z-¥
e | (D)
and let r be the radius of the cylinder let P(x, y, z} be any point on the surface of the cylinder and
O be on the axis of the cylinder such that PQ = r. Since AQ is the projection of AP on the axis
whose direction-cosines or ratios are {, m, n. Then

AQ=[(x-0) i+ -B)m+G@-Vn/NP+m’ +1

and PA=V[(x— )+ (v - B} + 2 ¥
Px,v2
Ll R
;, Tl
“£ JA (o, B, Y
g
Fig. 1

In AAQP, LPQA=90°.
PQ*=PA* - AQ _
P el o+ - B+ oy - OB m e oyl

Frm?+nt

or -0t +@-B+@-V1E+m*+n’)
x-o)l+G-Pym+-yyaF =~ F+m*+n). (2)
This is the required equation of a right circular cylinder.



REMARK

» If the axis of the right circular cylinder is z-axis, then the equation of right circular
cylinder is obtained by putting & =0,=0,y=0and /=0,m=0,n=1 in (2) above, is
PFryt=rt

* 25.5. EQUATION OF A TANGENT PLANE TO THE CYLINDER

To obrain the equation of a tangent plane to the cylinder whose equation is
ax2+2hxy+by2+2gx+2ﬁl+c=0
at the point P(a, 3, 7).
aox + A(xB +yo) + byf + glx + o) + fiy + B) + ¢ =0. )
Corollary, The rangenr plane (1) touches the cylinder
ax’ +2hxy+by +2gx+2fy+c¢c=0

along a generator.
Proof. Since the equation of a cylinder whose axis is the axis of z is given by

fon ) =al +2hxy +by> + 2gx + 2 +c=0.  ..(2)
The equation of a generator through the point (@, 8, ) parallel to the axis of the cylinder is

5=t e ) )

any point on this line is (¢, 8, r; + 7).
Now the equation of a tangent plane at (o, B, r| +7¥) to (1) using the formula (1), we get
ax + 2h(:B +ya) + byB + g(x + ) + Ay + P)+¢c=0 - (4)
Thus (1) and (4) are identical. Hence the tangent plane (1) touches the cylinder along the
generator.
SOLVED EXAMPLES )
Example 1. Find the equation to the cylinder whose generators are parallel to the line
x_ Y _z
1 -2 3
and the guiding curve is the ellipse x* +2y* =1,z=3.
Solution. Let P(ct, 3,v) be any point on the cylinder. Then the equation of the generator
through P{ct, B, ¥) and parallel to the line

LS S 4
1 -2 3
is given by xlot )’_2[3= 3 -r(say). I ey

Any pomt on this line is (r+0,-2r+f,3r+%). This point hes on the ellipse
K +2y%=1,z=3, then we get
(r+a)f+2(-2r+B)%=1. (2)
and 3r+y=3. ...(3)
Eliminating r between (2) and (3), we get

2 2
[a+§3;¥J +2{—2§33—_n+ﬁ] =

or T Ba+3-9+2(-6+2y+3p)°=0.
Thus the locus of P(c, B, ) is
Bx-z+3) 423y +2:-6)*=9
or 9"+ 2 +9~62x — 6z + 18x + 18" + 825 + 72 + 24yz — 48z ~ 72y =9
or 9x° + 18y” + 97 + 24yz — 6zx + 18x — 54z = T2y + 72 =0,
Example 2. Find the equation of the right circular cylinder of radius 2 and whose axis is the
line

x-1_y_z=3

2 3 1

Solution. Let P(x, y, z) be any point on the cylinder. The eqution of its axis is
x-1_y_z-3
2 371
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d.r.’s of this line 2. 3, L.

d.c.’s of this iine are 2 31
Via N14" V13 '
Lei A(1, 0, 3) be any point on the axis and let  be a point on the axis a such that PQ =2.
The projection of AP on the axis = 0A

’ 2 3 { l
orQA=(x-1)——+ (-0} —=+E-3) —=——{(x+3y+z-5) .
vy v1d VId V14 ‘
and PAY = (k- 1Y 4y + -3
Py 2
2l Tl
| 4(1,0,3)
Q S
Fig. 2
In APQA, ZPQA =90°, then
PQ?=PA* - A’
or a=l(x- 1P+ + (-3 -5 2x+ 3y +2- 5
or 56=14[(x~ 1)+ y* + (= 31~ @x+ 3y +z - 5)
or 14 (2 +y* + 22— 2x =62+ 10) — (dx® + 9y + 2° + 25 + 12xy + 6yz
i +4zx —20r — 30y — J02) = 56
or 10x% + 5y° + 1372 - Gyz — dzx — 12xy — 8x + 30y — 74z + 59 = 0.
Example 3. Find the equation of the cylinder which intersects the curve
ax’ + xby2 +e=1, I+ my + nz = p whose generators are parallel to the axis of x.
Solution. The equations ot guiding curve are
ax2+by2+cz2=l ~(h
and Ix+my+nz=p . L2)

Since the generators of the cylinder are parallel to x-axis, therefore the required equation of
the cylinder will not contain the terms of x. So eliminating x between (1) and (2), we get

2
a[ —m{ "nz} +by2+czz=l

or a (p2 + m2y2 +n% - 2pmy — 2pxz + 2mnyz) + blzy2 +velf? =1

or (am2 +505 ¥+ (rmz + c[2) =+ 2amnyz — 2apmy — 2apnz+ (ap2 - =0,
which is the required equation of the cylinder.

« SUMMARY

X-0 _y- z2- . . .
T y-B =4t ung intersecting the given conice
m i

ax? + by* + 2hxy + 2gx + 2fy + ¢ =0 is given by
a (nx— fz)2 +2h (nx —Iz) (ny —mz) + b (ny ~ rr:z)z + 2gn (nx — {2) + 2fn (ny —miz) + e =a.
»  Equation of a right circular cylinder of radius r and axis * _E ¢_y-B_:z ;Y is given by
. I
-’ + =B+ G- +m’+0)) — [ =) +m =By +ne-I -
= (af2 +mt )
»  Equation of the tangent plane at {c., B, ) to the cylinder ax® + 2y + byt + 2ex + 2 + e =0 is
given by ’

»  Equation of a cylinder whose generator is

aox +h(B+yo) +byB+g(x+ o) +f v+ B +c=0.



STUDENT ACTIVITY

1. Find the equation of the cylinder whose generators are parallel to the line f = —yE = —; and the
guiding curve is the ellipse X+ 2y2 =1,z=3
2. Find the equation of the cylinder which intersects the curve ax’+ b_vz te=1,
ix + my + nz= p whose generators are parallel to the axis x.
e v 1
‘i. ~
:
* TEST YOURSELF
. . Xy 2z
1.  Prove that the equation to the cylmdcr whose generators are parallel to the line 1°27°3
and passing through the curve x“ + 2°=1,z=01is
_ x2+2y2+z2+%xz+%yz—l¥0.
2. Find the equation to the surface generated by a stratght line which is parallel to the line
y=nx, z=nx and intersects the ellipse
2 2
* Yy
—+5=1,z=0.
a b
3. Find the equation of the cylinder with generators parallel to z-axis and passing through the
curve ax’ + byz =2cz, Ix+my+nz=p.
4. Find the equation of a cylinder whose generators are paralle! to the line x=y/2 =—z and

OBJECTIVE EVALUATION
> FILL IN THE BLANKS :

1.

passing through the curve 35 + 2y2 =1,z=0.
ANSWERS

2. bz(nx - z)2 + az(ny - mz)2 =a’bn’,
3. and® + bny* + 2c (Ix + my) = 2pc = 0.
4. 3P +2y% 4 1127 + 8yz + 6zx— 1 = 0.

The equation f{x, y) = ax’ + 2hxy + byz +2gx + 2fy + ¢ =0 represents a ......... .

The (.'_v.’iu‘der
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v

5. The axis of the cylinder fix, y) = ax® + 2hxy + by’ + 2gx + 2fy + ¢ =0 i ........ , r

3. The equation of a right circular cylinder of radius r having its axis as z-axis i .......... ..
4. The equation of the right circular cylinder of radius 5 whose axis is the y-axis is ........ .

» TRUE OR FALSE :

Wnte ‘T for true and ‘¥’ for false statement :

1. The axis of the cylinder fy, z) = ay +2fyz + ezt + 2vy + 2wz + ¢ =0 is x-axis. (T/F)

2. The intersection of the curve f{x, y, ) =0 and ¢(x, y. z) =0 gives the equation of a cylinder
with its axis z-axis. , (17F)

2

3, The equation v+ 2% = a°, x = 0 represents a cone. ' (T/F)

» MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

1. The axis of the cylinder fix, y} = ax® + 2hxy + by +28x+2fy+c=0is:

(a) x-axis (b) y-axis
() z-axi$ ' (d) None of these.
2. The generators of the cylinder f{y, z) =0 are parallel 10 the axis :
(a) x-axis ' (b) y-axis -
" (c) z-axis {d) None of these.
M \ R

ANSWERS

Fill in the Blanks :
1. Cylinder 2. z-axis 3.4y =1
4, X+7$=25
True or False :
1. T 2.F 3.F
Multiple Choice Questions :
1. (¢ 2. (a).

)



