
*•

i

1-71. Successive Differentiation
2. Expansion
3. Indetermination
4. Tangents and Normals
5. Curvature
6. Asymptotes
7. Singular Points and Curve Tracing
8. Rectification and Curve
9. Area of Bounded Curves
10. Surfaces and Volumes of Solids of Revolution
11. Differential Equation of First Order and First Degree
12. Differential Equation of First Order and of Higher Degree
13. Linear Differential Equations with Constant Coefficients
14. Homogeneous Linear differential Equations
15. Wronskian
16. General Equation of Second Degree
17. System of Conics
18. Confocal Conics
19. System of Co-Ordinates
20. Direction Cosines and Direction Ratios
21. The Plane
22. The Straight Line
23. The Sphere
24. The Cone
25. The Cylinder

8-12
13-20
21-26
27-31
32-37
38-46
47-50
51-54
55-61
62-76
77-85
’86-96

97-100
101-103
104-110
111-120
121-125
126-132
133-140
141-148
149-160
161-170
171-180
181-186
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CALCULUS & GEOMETRY

SC-102
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CHAPTERH (f ■ * ^
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Definition of differential equation. Order and degree of differential equation. Differential equation to first order 
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singular solution. Linear differential equation with constant coefficient. Homogeneous linear ordinary differential 
equations. Linear differential equation of second order Wronskian.
CHAPTERIV
Geometry (2-dim) : Coordinate system. General equation of second degree, System of conics, Confocal conics.
Geometry (3-dim) : Coordinate system. Direction cosines and ratios, The plane. The straight line, Sphere, Cone 
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UNIT Successive Differcnitaiion

1 •«4.

SUCCESSIVE DIFFERENTIATION
STRUCTURE

• Introduction
Successive Differentiation of Standard Forms
• Test Yourself-1

• Leibnitz’s Theorem
• Test Yourself-2
• Summary
• Student Activity
• Test Yourseff-3

LEARNING OBJECTIVES

After going through this unit you will learn :
• How to differentiate the given functions upto finite number of times
# Leibnitz's rule which is applicable for the product of two or more functions

• 1.1. INTRODUCTION
Let y =j[x) be a function, then the differential coefficient of^;t) denoted byf'{x) is defined

as follows
Kx + ?)x)-f(.x) dyf'(x) = lim 5x dx&r-*0

If the limit exists (i.e., limit is finite and unique). then/'(x) first differential coefficient
of f{x) with'respecftdlx. Similarly. fix) is differentiable twice, it is denoted by f"{x), if it is 
differentiable'thrice. it is denoted by f'"(x), i.e.,

j dx dx dx^ 
d d^y _ ^
^ dx^ dx^

If y =fix) be a function of x. then we adopt the following notations.

/"'W =

im). D^f{x) = -^{f(x))
dxyt=m=dx = DAx) =

/
=D^m =ys=r{x) =

dx^/
'-=[y‘f(x) =
" dx

yn =r{x) = -„m)Similarly,

This process of finding the differential coefficients of a function is called successive 
differentiation.

dx

• 1.2. SUCCESSIVE DIFFERENTIATION OF STANDARD FORMS
(i) Ify=/(x)=jr''thcnD''(x'') = ri!.

(ii) Ify =f{x)=x'", then D" (/") =
m !

{m-n) ! ’*’

(-1)'' a^n'.1 1•, then Z)"(iii) Ify=/(x) = (ox +b) ax + b m -b n(ax + b))

Self-Instructional Material 1



Calculus 6 Geometry (- If fl"H !1 1then CT(iv) lfy=/la:) = S
ax + fc m * ft(ax^bT

(v) If y =J{x) = sin (ax + b). then [f = [sin (ox + ft)] = o" sin ^ + ox + ft

(m- I)! (flx + ft))

(vi) Ify =7[x) = cos (ox + ft), then D" = [cos (ox + ft)] = a" cos ^ + ox + ft

(vii) If j=y[x) = c"*‘. then /)" =>“**) = oV 

(viii) l{y=J\x) = log (ox +ft). then D" = [log (or + ft)] = (- 1)

0x4-6

„.io"(n-l)!
(ax + ft)"

(ix) y -/{x) = e“ sin (ftx + c). 
Here, we have

>>1 = /'(x) = ce" • sin (ftx + c) + be'" cos (ftx + c) 
= [a sin (ftx + c) + ft cos (ftx + c)] 

o' * r cos 6. ft = r sin 6 ^ + ft^Put
tan 6 = ft/a i.e., 0 = tan ' b/a.

Therefore, >11 = /'(x) = /■ •«*“ sin (ftx + c + 0)
f - ft'• c® sin ftx + c + tan” ’ — .

and

= (aHV)''^
Similarly. yi=f”{x) = (a‘ + ft^)‘^ (o^ + b^)'^ ■ e^sin (ftx + c + tan*' b/a + tan*' b/a) 

= (a* + ft*)^. e" sin (ftx + c + 2 tan” ' b/a) 
yj = f ix) = (a* + ft^)^^ c“ sin (ftx + c + 3 tan”' b/a)

Similarly. y„ = /"(x) = (a* + ft^"^ sin (ftx + c + ;i tan” ' ft/a)
^-[c“sin(ftx + c)] = (a* + ft*)

a

e“ sin (ftx + c + n tan ' ft/a)=>
(fx

(x) y =A^) = cos (bx + c).
Similarly, we may obtain

[c"cos(ftx + c)] = (o* + ftY'^ • e“ cos (ftx + c + n tan ' b/a)Vu- dx"
SOLVED EXAMPLES

Example 1. Find the «'* differential coefficient of log (ox + x^). 
Solution. Let
Differentiating n times, we get

y = log (ox + X*) = log (x(o + x)] = log X + log (a + x)

d" „ , d"— (logx) + —̂-log(a + x) 

(n-l) lapis ' (-1)"

//! = dx"
-1 • I (-1)" (n-1)?

x/' (x + a)"
I I .n- I= (-i) .(n-l)! +

x" (x + a)"
Example 2. Find the n"' differential co^cieints of 

(0 e“ sin ftx cos cx.
(if) e^ sin^ X.

y = e‘" sin ftx cos cx 
= i [2 sin ftx cos cx]

= I e" [sin (ftx + cx) + sin (ftx - cx)]

= j [e" sin (ft + c) X + c" sin (ft - c) x]

Solution, (i) Let

...(1)
Since, we know that

^ (e“sin(ftx + c)] = (o* + ft*) e“ sin (ftx 4- c + n.tan*' b/a)
dsT

Therefore, by differentiating (1) h times, we get
2 Self-Instnictional Material



SUwesiive Di/fereniialioii-[y]=yn = jlia^ + (h + cf]'^‘̂ ■“e sin{(i> + c)jr
dx

+ n tan‘ ‘ (b + c)/a ] + {a^+ib-cf} 6“^ sin [(b - c) X +rtlan ^ {b- c)/a]].

(ii) Let y = e^ sin^ x. 
Now using the result

sin 3a: = 3 sin ;t - 4 sin^ x.
4 sin^x = 3 sin a: - sin 3a: 

sin' AT = i (3 sin X - sin 3a:).

^ [3 sin a: - sin 3a:) =-7

•;rWe have
• 3=>

. 1 It - sin 3a:. 
4

Therefore,

Now, differentiating n times, we get
I [(2^ + lY'^T sin-[;t -f n tarn ‘ 1/2]

4^ siha:-

1-114 sin [2:t + « tan' ‘ 3/2].

Example 3. If y-sin nix + cos mx, prove that y„ = rn'. [!.+.(- 1)" sin 2n«]‘'"''.
Solution. We know that ___'

t

M ( V '
—- [sin (oat + ft)) = a" sin n • — +ax + b 
dx 2 ^

V * ' ^

<f* f 71
[cos {ax + b)\ = a" cos n • — + or + iand

(T
Therefore, yn = — (sin mx)+ — (cos mx)

/ \ /7t 7t= m" sin inx + n— + m" cos fftr + n — 
2 2

\ 21'^ In nn sin mA: + n — + cos mr + n —= m
2 2

1/2
m" 1 + 2 sin mx + n^ K

■ cos mx + n —2

= m" [1 + sin(2fltt+ nn)]^'^ = [1 ± sin 2mx]'^
= m''[l+(-!)" sin ImxY-

Example 4. Find the n‘' differenial coefficient of log [(at + b) (cat + d)].
Solution. Lety = log [(at + b) (ca: + <01= log (or + i>) + log (ca: + d). 
We know that D" log (at+ b) = (- I)" ■' (n - 1) ! a" (at + b)~\

= {- 1)"- > (/,-!)! a" {ax + b)"' + {- 1)"'' (n - I)! c" (ct + d)‘"

a" 'c”
(-l)'’-‘(n-l)! +

(ar + Z>)'' {cx + d)"

Example 5. Find the n'* derivative ify = cos* x.
y = cos^^c = (coS^t)^ = [1/2 (1 + COS It)]^

= 1 /4 (1 + 2 COS It + cos^ 2a:)
= 1/411 +2cos2t+ 1/2(1 + cos 4t)]
= 1/4 (3/2 + 2 COS 2t + 1/2 COS 4jt]
= 3/8 + 1/2 sin 2t + 1/8 cos 4a:.

D" cos (oa: + f>) = a" cos (at + 6 + nJt/2).
y„ = 0 + 7.2" cos 2t + ^ nn + -^ ■ 4" cos 4x + -^nn

2 2 o 2

Let

Now
1

1 1-1 2n-3= 2" .cos 2a: + ^2 +2 COS 4x + — nn .

Self-Instructional Material 3



Cniailiis & Geimetn • TEST YOURSELF-1
Find the it''' derivatives of 
(i) sin^x 
(iii) €‘“cos^ sin j:
(v) sin ArsinZx.
Show that the value of the n‘'‘ differential coefficients of 
and is -n !, if n is odd and greater than 1.

(i) If X = fl(r- sin t) and y = a (1 + cos r), prove that

1.
(ii) cos X cos 2x cos 3^ 
(iv) sin (VC cos bx

for j: = 0. is zero if ii is even2.
1

(tv 1 —1 = ":“ cosec 
dC 4rf

4 13. 1
V /

ii(ii) If X = <i (cos 9 + 0 sin 9), >> = <i (sin 9 - 9 cos 0), find
dx^

ANSWERS

I 3
(i) y„ = ^sin a: + 1nil - ^ • 3" sin 3x + ~1. 2

1 1('0 = 7-j 6" cos 6x + jrnn +4" cos 4x + ^ +.2" cos 2x + '-^
/ \ J

sin {x + n tan"‘ l/a] + (a^ + 9) s'" sin (3x + n tan ' 3/h)J(Hi)

1 1 1(*'') yn = 2 sin (fl + fe) jr + - nil +(a- b)" sin {a-b)x + ~ iin

(V) y„ = 2''
1 1- j 44-1sin 2x + — im sin Ax + -^ nil

1 sec^ 0
3. (ii) y2 9a'

• 1.3. LEIBNITZ’S THEOREM

This theorem help us to find the differential coefficient of the product of two fiinciioils in 
terms of the successive derivatives of the functions.

Statement Ifu.vbe two functions of x, having derivative of n''‘ order, then

If (hV) = U„V + "Cl U„ _ iVi + "C2 H„ - 1 V2 + ... + "C, , V, + ... + "C,, HV„

where suffixes of u and v denote differentiations w.r.t. x.
SOLVED EXAMPLES

Example 1. Find the n'^ derivative ofx^ sin x.
Solution. Let

Then,

t

« = sin X and v =I
i

nil
u„ = sin X + 2

«„.i =sin x + (n- 1)^
.

^ ..X tt= sin X + (n “ 2) — .«4-2

Also V| =2x 
V2 = 2
V3 = 0.

Now. by Leibnitz theorem, we have
d—-(uv) = «„,v + "Ci«„ . V, + "C2 . 2 . V2-1
dx’'

(T- (x^ sinx) = sin x + ^ x^ + "C|Sin x + («-l)^ 2x+"C2Sin x + ()i-2)^ 2
dx

4 Self-Instructional Material



Huctessive DiffereMuiunnl7t Tt 71
— +2/ucsin x + (n-l)y +n(«-l)sin x-\-{n-2)— .= x' sm X +

Example 2. Ify = a cos (tog x)+'b sin (log -c), show that 

02 + -*>’i +y = 0andx^y„^2 + ('2f> + !)-*>'/.+ i +(«'+ = 0.

Solution. Here, we have

>> = <i cos (log x) + b sin (log x). -d)
Differentiating (1) with respect to x, we have

yi=- — sin (log x) + — cos (log x)
x

x)'! = - ft sin (logx) + b cos (log x). 
Again, differentiating w.r.t. x. we get

•*>2 + yi = - - cos (log ^ sin (log x). 

x^y2 +xy^=-a cos (log x)-b sin (log x) = -y

^yi+-^2 + >' = 0.

Now, differentiating (2) both n times by Leibnitz theorem

D''(O2) + D‘'(Ayi} + D"(y) = 0 
(Ify^) X- + "Cl (Ef - ’>2) (Dx-) + "CjiD" ' ^yi) (D-x^)

Proved ...(2)=»

=»
V •+ (D>,) Ar + ^CifD"- 'y,) (Dx) + D^y = 0

^ * 2 + 2nxy„ + | + 2y„ + xy, +, + ny„ + y„ = 0

=> -fS’;i+2 + (2'i+ l)Ay-i+i + («^+ i)y« = 0' Proved.

SUMMARY
n ! “""(m>/i)y=/' =, y„ = (m-n)\^ 

- (sin (ax + b)) = o' sincf y + flx + i)
dx
cT nTt
— (cos (ax + b)) = a" cos 
dx"

j + ax + b
/

a" (n - 1) !
(ox + bf

(e'"' sin (bx + c)) = (a" + e™ sin bx + c + n tan”' ^

— (e'“ cos (ijx + c)) = (fl^ + b^) 
dx'
Liebnitz's Theorem : If «. v be two functions of x having n"’ order derivatives, then 

[f (nv) = «„v + ''c,M„_,v, +'’c2H„-2V2 +
(y„)o = value of y„ (x) at x = 0.

(T -1— (log {flx +6)) = (-!)" 
dx

\ \

/ / 
fb^2\n/2 -1cos bx + c + n tan

a

+ ''c„uv„/

STUDENT ACTIVITY
Find the ii‘^‘ derivative of sin nx cos bx.1.

\
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V

Calculws & Geometry

If > = [jr + VT+7]'", then find (yH)o.2.

/
/

I

• TEST YOURSELF-2
1. Use Leibnitz’s theorem, to find yn in the following cases :

(ii) ;rV 
(vi) log X

(i)
(iv) log X (v) cos x

(iii) x^ sin ax 
(yii) -r'‘ log,r

+ («-!)! and hence show that-(/.logj:), prove that/„ = «/„2. If/„ = -1dx

, .1. , 1 1 1 /„ = «! logj:+1

If y = [x + V(i +Ar^)]"’, prove that
(1 +i^)y„ + 2 + (2«+ = 0.

3.

Ify'^^+y- l/m4. = lx, prove that
l)>’nf2 + (2n+ O-ryn+i +{n-rn) y,. = 0.

If y = cos (log x), prove that
•«^>'n + 2 + (2n+ + (n^+ l)y„ = 0.

5.

ANSWERS

(i) [a^x^ + 3n a^x^ + 3n(n - 1) ax + n(n - l)(n - 2)]
(ii) [x^ +2mx +n(n - I)]

r / \

(iii) a

1.

\ / \ (
a^x^ sin ax + ^ +3na^x^sin ax + (n-l)-^ + 3n (n - 1) ax sin jox + (/; - 2) ~ 

z z I z
[ f

+ /i(« - 1) (n - 2) sin ox + (/i - 3) —
'■ ■ ?y-

n - 3

\“

- I(-1)" nil 3 3 1
(iv) +

x"-^ n ti-1 n-2 11-3

(v) ^ 2"'’^x^cos x + ^ +2*" '*'^^2nxcos x + {n-l)^

\-)
+ 2*" rt (/I - 1) cos X + (/I - 2) ^

y-'

6 Self-Instructional Material



/
- "Cz x’^ + "Cj 2 ! x'^ - ... + X (-1)n- 1 Successive Dijfereiiiiaiion-1(vi) e‘ [log X + "C| X

(viib’«*i = —

(n-Olx'"!

X

OBJECTIVE EVALUATION
> RLL IN THE BLANKS :
1. £>" (log x) is equal to..........
2. To find the n'* derivative of the product of two functions we use
3. If y = sin (ox +/>). then D" sin (ax + £>) = .■..........
4. If y = (ax+h)“then iy(ax +fe)” ' =
> TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False: 
j_ To find the n'* derivative of the product of two functions we use Leibnitz’s theorem. (T/F) 
2. If we observe that one of the two functions is such that all its differential coefficients after a

certain steps, become zero, then we should take this function as second function.
3 If y = fl cos (log x) + b sin (log x). then x^yj + xyi = y.
> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. is equal to :

(a)

theorem.

(T/F)
(T/F)

* b(b)e" 
(dla^c"**(c)

2. Z?" log X is equal to ;
in-))'. -1 (-l)"n!(c) (nzJll (d)(b)(a)

x"xT' x"xP

ANSWERS

Fill in the Blanks :
n- I(-1) (/■ - 1)! 3. a" sin ax + b + ^2. Leibnitz’s1.

y
-14. (-l)Vn!a"(ax + 6)'" 

TYue or False :
l.T 2.T 3.F

Multiple Choice Questions :
I. (c) 2. (c)

□□□

Self-(n$tructiotuil Materiai 7



Calculus <£ Geometry UNIT

2
EXPANSIONS

i
STRUCTURE

• Taylor's Theorem x
• Maclaurin’s Theorem
• Failure of Taylor’s and Maclaurln’s Theorem

• Summary
• Student Activity
• Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

# Some standard results like Taylor's and Maclaurin’s Theorem
♦ Expansion of given function in a power series of its variable.

• 2.1. TAYLOR’S THEOREM
Statement Let f{x) be a function of x which can be expanded in powers of x and let the 

expansion be differentiable term by terntany number of limes, then

Aa + h) + hf(a) +1^/"(«)'+ ■ ■ • +

(i) Writing x for a in (2), we have
Ax + h) =Ax) - hf'ix) + ^fix) + ...+ rw+...n !

(ii) Putting a + h = boTh=b-a, in (2), we get

(b-a? (b-aT f"(a)+...Ab)=At^) + (b-a)f{a) + /"(«) + ...+2 ! n !
(ili) Changing a + h to x i.e., A to a: - a in (2). we have

{x - af {x-afAx)=Ao)^ix-a)f'{a) + /"(«) + ...+2 ! n !

• 2.2. MACLAURIN’S THEOREM
Let Ax) be a function ofx which possesses continuous derivatives of ait orders in the interval 

[0, j:] and can be expanded as an infinite series in x. then
2

Ax) =A0)+xf'(o)+f^no)+...+ + ...
SOLVED EXAMPLES

Example 1. Expand
e^ (ii) (1 +J)"(0 (Hi) sin X.

(v>(iv) log (1 + x).
Solution, (i) Ut/(x) = / A0) = e°= l.f'(x) = e-" =»/'(0) = 1 f\0) = 1.
Put all these values in Maclaurin's series

2 3
Ax) =A0) + xf(0) + ^/"(O) + ^r(0) + ...

3 !
, , r’

e =1+^+2T^3T^4!
x"We get

This is known as exponential series.

+... + +... .
n !

8 Self-Instructional Material



Exptin(ii) Here, we have

AO) = l
f'(x)=ni\+x)''

=?
-1 =»/'(0) = n 

f"{x} = «(« - 1) (1 + x)"- ^ ^rXO) = n(r, - 1)

f”‘ix)=n(n - 1) (/I - 2) ... (n - m + 1) (1 +X)''"" 
f'”(0) = n{n - 1) ... (n - m + 1).

Put all these values in Maclaurin's series
2

Ax)--AO)+xr{Q)+fj+rm+--
We get {1 +x)" = 1 + na: + + ... +z >
This is known as Binomial serits.
(iii)Here, we have

y" + ....»m:

jtx) = siDx=*j^0) = O 
A(x) = cos X =>f(0) = ■
/"(x) = -stex=*r(0) = 0. .
f"'(x) = - cos X ^/"(O) = - 1

s ..

mf' (x) = sin' x + ~

0, when n = 2m 
(— 1)” when n = 2m + 1.

Putting all these values in Maclaurin’s series, we get
2m + l

/"(O) =

X^ X* x’
sinx = x-^ + j7-^ + . +... .

(iv) Here. Ax) = log(l +x)=*A0) * 0 
(-l)'-'(n-l)!

(x+1)"
Put all these values in Maclaurin’s series, we get

.2''^-3! + ...+

-1=» AO) = ('!)"/"(x) (rt- 1) !/i= 1,2,3, ... .

2 3 4
log(l +x)=0 + x-^- 1 !+-^

J.3 4
log (l+x) = X-y + y-^ + ... + (-!)"

This is known as logarihmic series.
(v) Here, we have

-1 (n-l)4 !
tx" + ...=s

n !

A0) = fl° = i 
^ /'(O) = log a

r(0) = (loga)^ 
=> /'"(O) = (log a)

Ax)=a^
/'(x) = a" log.fl 
/''(X) = fl"(l0gfl)- 
/'"(.x) = n^(logn)' 3

Putting all these values in Maclaurin’s series, we get
x^a* = l+ xloga + ^ (log af + (loga)A....

Example 2. Expand log sin (x + h) in power ofh by Taylor's theorem. 
Solution. Let Ax + h) = log sin (x + h)

Ax) = log sio X ,, , 

r(x) = -

3!

1
• cos X = cot X

sinx
2

f (x) = - cosec X
f"'{x) = 2 cosec X cosec x cot x = 2 cosec" x cot x

...(1)

Self-Instructional Material 9



Calculus & Geometry Now by Taylor’s theorem, we have

+ /,) =fi_x) + hf'ix) + + • • • .-(2)

Putting all the values from (1) in (2), we get
fj2

log sin (x + A) = log sin X + A cot x - —
it

A'cosec^ X + cosec^ x cot x + ... .
\

Example 3. Expand sin x in powers of x~— by using Taylor's series.

Solution. Let_/(x) = sinx.
71

We may write/x) =/ 2 ^~2

' ’ / N"

Now, expanding/ — + x - — by Taylor’s theorem in powers of x - — , we get 
^ V

f{x)^f ^7t+ X-^

\/ \ / \
r , It /•/ n=/2 + ^-2^ 2

Tl

2 x3/ \ I - / ^
— r_— f'" -
3 ' 2 •' 2

1 Jt 7t
2 ■' 2 + + ...

V y

f(x) = sm j: =>/ - = sm - = !
V // \

c'/ \ 71 71 ^/(x) = cosx=>/ - =COS- = 0
\ J \

^rr/ \ • /- // .71/ (x) = -sinx=^/ — =-sin —

Now,

»/// 7t ^
COSX=^f X =-COSx = 0 2 2rxx)

\
r-iV/ s .IV It/ (x) = sinx=?/ - - " 1= sin-= 1

Putting all these values in (1), we get
2 4

I 1Jt Itsin X = 1 - ■^4! ^ 221^2

• SUMMARY
• Taylor’s Theorem : Let/(x) be a function of x which can be expanded in powers of x and that 

• the expansion be differentiable term by term any number of times, then :
2

/(n + x)=/(a)+x/'(a) + ^/" (a) +

Other form of Taylor’s theorem
(x - of

/(x)-/(a) + (x-n)/'(a) + /"{«) +2 !
• Maclaurin's Theorem: Let/(x) be a function of x which possesses continuous derivatives of 

all orders in the interval [0, x] and can be expanded as an infinite series in x, then
2

X/"(0)+ ...../(x)=/{0)+x/'(0)+:^/"(0) + +2 !

• STUDENT ACTIVITY
71Expand sin x in powers of x - — by using Taylor’s series.1.
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Expwi.wiin

2. Apply Maclaurin’s theorem to prove that
log sec ^ ^ ^ + -jy / + ^ +

• TEST YOURSELF
1. Expand the following function by Maclaurin’s theorem

(ii) e'^secj: (iii) log (1 + sin j:)(i) secx
1 2 i 4 1 6

^45-^2. Apply Maclaurin’s theorem to prove that tog sec x = -

3. If y i sin”' x = + + +--• that {« + 1) (.»7„+2) a„ + 2 =
4. Expand the following

(i) sin ^ + 9 in powers of 6. 

(iii) sin” ’ {x + h) in power of x.

(ii) 2x^ -i-lx' + x-\ in powers of x - 2. 

(iv) log sin X in power of {x - a).

ANSWERS

2x^ 4^ 
2 ! 3 !

- 5x* 3i/
6 ! "(i) +

‘ + ®"2T"yT^4!’"?T-
(ii) 45 + 53(x--2) + 19(x- 2f + 2(x- 2)^ + ...

(iii) sin”' /i +x(l - hV + ^>(1 -

(ii) 1 +jr +1. +...+
\4 !

53 4
XX

1
4. (i)

V2
3

-5/2 {\+2h^)] + ...+ 3 !2 !
(-y - af(x-af cosec^ a + 2 cosec^a cot a + ...(iv) log sin a + (x - tj) cot <2 - 3 !2 !

OBJECTIVE EVALUATION 
> FILL IN THE BLANKS ;
1. If y = tan X then y5(0) is ...
2. If y = then yjfO) is ....
3. By Maclaurin’s theorem

Self-Instructional Material 11



Cfilciihi\ & Geometry 2"^ sin (nn/4)' *7
y = / sin -r = -c + + TT H-.. /.v"+,., + •/3 ! ;i !

Theft ^3(0) =..........
► TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :

We get the Maclaurin's series by putting n = 0. ft = ;r in Taylor’s series.
2. If/(x) = then/"(O) is equal to (log «)".
3. If y ='log sec A-then >>4(0) is 3.
4. Second term in the expansion of log (1 + tan.x) is -

► MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. Ify(x) = a* then/"(0) is equal to :

(b) 1

1.
an-)
(T/f)

(I'/F)

(a) 0
(log a)"

(d) (logfl)".(c) n
2. If y = tan j: then y5(0) is :

(a) 4
If y = log sec X then y4(0) is :
(a) ,0
Expansion of c" sec x is equal to : 

(a) 1 + X +

(b) 8 (c) 12 (d) 16.
3.

(b) 1 (c) 2 (d) 3.
4.

2x^ 2
(b) l+x + :^+...+...2 ! 2 !

2 2x-(c) l-x + ^ (d) 1-X + + ... .2 ! 2 !

ANSWERS

Fill in the Blanks :
1. 16 2. 0 

True or False :
l.T 2.T 3. F 4.T

Multiple Choice Questions :
1. (a) 2. (d) 3. (c) 4. (a)

3. 2

□□□
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hirieleriiiiiinie Form-iUNIT

3
INDETERMINATE FORMS

STRUCTURE
# Indeterminate Forms
# L'Hospital Rule for the indeterminate form 0/0
# L’Hospital Rule for the Indeterminate form «=/«

# Test Yourself-f
# The Indeterminate form 0 x
# The Indeterminate form e® -
# The Indeterminate forms'O’, 1”,

# Student Activity
# Summary
# Test Yourself-2

oo *

LEARNING OBJECTIVES
After going through this unit you will learn :

# About all determinate and indeterminate forms witnessed while-evaluating the limit of 
the given functions.

• 3.1. INDETERMINATE FORMS
When a function involves the independent variable in such a manner that for a certain assigned 

value of that variable, its value cannot be found by simply substituting that value of the variable, 
the function is said to take an indeterminate form.

.The most common cases occuring is that of a fraction whose numerator and denominator 
both vanish for the value of the variable involved.

As /(.*•)—» 0 and |(;c) —»0 when x-^ a, then the quotient 

indeterminate form ^.

Similarly if lim /(x) = “ and lim g{x) = then the fraction

CO
the indeterminate form —

CO

The other important indeterminate forms are 0 x <», =>=

m is said to have attained the

fix) is said to have attained
A ^ <7

oo, 0°, 1” and oo**,

• 3.2. L’HOSPITAL RULE FOR THE INDETERMINATE FORM 0/0
lim /(j;) = 0= lim g (.r)If

A ^ nA—» <7

f'Mm providedlim = limthen g'WgWA ^ <1 x—*a
^exists.fU)lim = limprovided
g'WgW A—♦ <7A-* rt

• 3.3. L’HOSPITAL RULE FOR THE INDETERMINATE FROM co/c«
If lim /{j:) = " and lim g (jt) = then

A —♦ n
fix)fix) limlim
g'ix)Six) ax^a

Self-Instructional Material X3



Colculus d Geometry f (x)
8'(x)

Solved Examples

provided lim exists.

Example !. Find lim
x-smx

0Solution : lim T form
0--t-sinx 

lioz 0• COSX= lim 
x-*0

again — formI - cos X
^-tcosx.g*'°^.cosx-f sinx)]

0

lim
x->0 smx

(cos^x-sinxl
sinx
[2 cosx(-sinx) - cos x1 - (fcos^x- sinx) g*'-' cosxl

cosx
r

[- sin 2x - cos X cos^ x - sin x cos x]

iisxtf-e ■ Oxagain — formlim
0

linxi-elim
x-»0

= lim
x-»0 cosx

_ 1 -1 (- 1 + 1) 1
1 • 1

= 1.
xcosx-logfl -l-x)Example 2. Find lim

x-»0 x^
I

X cosx - log (1 +x)Solution ; Wc have lim
x-»0 2X

;1 4

- "-2^3-
0x* Xlim

x-*0 \

.-I'---]
- form0

lim
x'

fl 5lim..... -1 ” 7 •*■ + terms containing xx-»o I, 2 6
1

SS —
2 ■

cosh X - cos XExample 3. Find lim
xsinxx->0

cosh X - cos X 0Solution : We have lim
x-»0

r form
0X smx

/ cosh X - cos X \ / \ •
Xlim

x-*0 x' sinx/ V

cosh X - cos X 0lim
x-»0

r form2 0X

sinhx + sinx 0lim
z-*0

r form2x 0

cosh X + cos X 1 + 1lim
J-*0

= 1.
2' 2

• TEST YOURSELF-1
1. Find the following limits :

14 Self-Inalruetianal Material



Indeterminate Fonii\1 - COS a:AT-sinj:(i) iim -----z
X

d'-b^

(ii) lim
A-»0

2
j:-»0 X

log AT(iv) lim
A-* 1 ^

(iii) lim 
x-*0 - 1

xd^ - log (1 + a:)(vi) lim 
-x^O

(viii) lim —
A—» fl

(v) lim 2X XA-»0
X atan X - a: -X(vii) lim ^

A-»0 x'^tanx
2• -Ismxsm x-x2. Find lim

x'A-*0

1(1 +x)'^'‘-e + jex-
3. Find lim 2

A-»0 X

ANSWERS

(vi) I (vii) I1 ' 1 (iii) log I

2.4

(v)/t(iv) 1(ii) 2.Mi) e
lielog a - 1 3;(viii) 24 ■18log a + 1

• ' 3.4. THE INDETERMINATE FORM 0 x co.
To find lim \f (x) .g (x)],when lim /(x)=0 and lim g(A;) = “.

X -*ax-*a
0 ^

To determine this limit, the produce may be transformed into the form q or —, using any one 

of the following relations 

f{x) g (x) = SMor .fix).g{x) 11
fix)■six)

and then apply previous method.-____
Solved Examples

Example 1. Evaluate lim (x log x).
• j:-»0+

5 formlogxSolution : lim (x log x) = lim
A-*0+ 1/x

1/x = lim (-x)=0.iim
- 1/x^

Example 2. £va/uare lim x log sin x.
A--»0

lim X log sin X.
A-*0

A->CH-

I from 0 X 00Solution ;

' log sin X ^
lim

A-»0 ^ 1/x

(1/sinx). cos X 00

form—lim
A-»0 - 1/x^ 00

2 00-X cosx form—lim
A-40

00$inx 

x^ sin x-2x cosx fom.5lim
A-.0 cosx

= 0.

Self-Instructional Material 15



Calculus & Geonieiry • 3.5. THE INDETERMINATE FORM « - cc

To determine lim [T(.r) -g Wl) when lim /(x) = '»= lim g (jr) 
x-*a

Here, this can be reduced to/the form ^ by the relation
r -»a/

1 1
gjx) fix)

/(•*) - g (^) = 1
::-'4• V

and they aply prevtus method.

Working Procedure.
1. Change all trigonomelric-ratio into sin x and cos x (if T-ratio ae present).
2. Take LCM-
Now the indeterminate form is reduced into ^ form.

Solved Examples
Example 1. Evaluate lim

n __L 
2 -2 \x syn X J

1 'i

j:-*0

1 form CO - ooSolution : lim
.^x^ sin^j:..t-*0

• 2 2
form 5Sin X -X

lim
x-*0 sin^ j:

23
X 2.-3T+... -X

lim ^
x-*0

n23/ -
X2' -

X ■

2x*
+ terms containing higher powers of .r3 !lim

.1^0 X* + terms containing higher powers of a: 
2

— terms containing x in the numerator3 !lim
A-*0 1 + terms containing x in the numerator

2 1
3 ' 3 '

Example 2. Evfl/uate lim (sec a:-tan a:).
X-tK/2

Sohrtion : We have lim (sec x-tan x)
i-* n/2

I form «> - TO

to,™ 21 sm X
lim 

x-t n/2 COSX COSX

1 - sin X
lim

j-» II/2 COSX

- cos X lim cotx = 0. 
x-»n/2

lim
x->n/2 - Sin X

• 3.6. THE INDETERMINATE FORMS 0‘, 1“ co*
six) when the limit is of the form 0—, l", =0°.To determine lim [/^(x)] 

x-*«

sWy = [/^W]
logy = g(x)log/(x).

Let

Taking logs;
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iHdeierminnle Tfr/JivThe R.H.S. assumes the indeterminate form 0 x <» in each of these above cases. The limit can, 
therefore, be dtermined by the method used in the article (4).

Suppose
lim l/(jr)log/(.t:)] = / (say)

n

lim log)' = /=»
f

lim y =/lim-
x-*a x-*a

Ilim >' = e=>
n

lim [/■(x)]

■ 'V4<Working Procedure
1. Let the given limit = y.
2. Take logs onboth sides to get the forms 0, and proceed ,by the method of the type

0 X oo.

Solved Examples
xl/^^

tan JtExample 1. Find lim
V

1//
' tan'X' I form 1", forx = 0Solution : Let > =

X

1
, 1 , tanxlogy = ~log-— 

X ■*

1lim log y= lim — log
j;-*0 .r-*0 X •*

tan;clog
0X form T= lim

.r-*0
2 0X

1

' tan a: 'i r x sec^ x - tan at
2X X

lim —
j-*0 2x

X scc^ - tan a: tanxlim 
x-*o

= 1lim
x-*0 2a^

2 2X. 2 sec a: sec X tan a: + sec x - sec xlim
.r-*0 6x'

2x tan X sec^ x tan X sec^ x
lim

j:-»0
= lim

i-*06x^ 3x

f 1 tanx 11 2-X 1 xsec x= . 3 , . ^ .3
.sec^ X =lim

j-*0 3 ' X

\/x'(tan X 'l i/3lim =
j;-»0

lim
..^0 ^ ^ ^

\./xsinxExample 2. Evaluate lim
x-»0 I, X

xl/^-smxSolution : Let y= lim
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Calcului i 'Geomeiry 3 5■ f. .

X X

< 1 I. , sin -t 
^log —log>’= lim lim -

Xj--*o V X X

A A
3'A 4\

1
lim log 1 - + ...

4*—♦ 0 X’

2 ‘ 6
4 \ ■

X
lim +...

1204-*0 X
//'

where z= ~r
41 X

lim —log(I-z) + ...
6 1204-.0 X

21 z= lim
x-*0 x^

-z-y-...
4

1-2 4
X X

2 6. 120
1

= lim — + ...•+ ...
6 1204-*0- X

2 4 4 N1 X X X
lim

x-*0 X
+... ^ 16 120 72

2 41 X X= lim ^ - 
x-iO X L

+ ...
6 . 180

1 x^
lim
i-*0

+...
6 180

1
6

• SUMMARY
Indeterminate Forms : Some indeterminate forms are

0 oo
—, 0 X oo, oo - oo, O', 1“ and °°°.

0 ’ oo

f'(x)fix)If lim /(x)='» lim g (x), then lim
x-*0

If lim f{x)=°°= lim g(.r), then lim
i-*0

If lim /(j:) = 0and lim g (x) = o®, then lim f{x)g{x)= lim
.r-lO

lim
j: -* 0

8 (a) * 0.sWx-»0 x-*0

flM f w^^ exists.fix) lim
j-*0

provided lim
x-*0six) S'ix)six)X-*(i x-*0

fix)
i/six) ■x^a a a

1 1
gW fix)If lim i/(x)-g(A:)]= lim

1 •x-ia x-tn

fix) Six)
yW is of the form O', 1" and ««', then log y = lim g (g) log (/'(jr) = / (say).If the lim [/'(a:)]

x-*0 .T-» f?

t=» y = e.

• STUDENT ACTIVITY
log jx - n/2)

1. Find lim
tana:j:-*Jl/2

• ■ i
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Indeleriiiiiime. foniis

sIa’ • Tl!sinx
2. Evaluate lim

^-.0

• TEST YOURSELF-2
1. Evaluate the following limits :

(i) lim X log tan X 
1^0

n
(ii) lim tan 

x-*0

(iii) lim 2*sin —
X—»“ 2'''

2. Evaluate the following limits
111 (ii) lim 

x-»2
(i) lim------- rlog(l+x)

x^O L ■* X x-2 log(x-l),

- COt^ X1 2 (iv) lim(iii) lim ^ - cosec X2 x-*0 yxx-»0 X
3. Evaluate the following limits :

]/x

(ii) lim ?- tan ' x 
x-+“ V ^

-1
(i) lim

1/x
tanx

(iii) lim
x-*0 V ^ )

OBJECTIVE EVALUATION 
Fill in the Blanks :

lim ^ is 
x^l X-l

x^ + 2x .
5-3x^

sin ax .
2. lim

x-*0
1. IS

sin bx

tanx .4. lim 
x^O

3. lim IS

True or False :
OO 0

1. The indeterminate form — can be converted into the form -O' (T/F)00

r is not an indeterminate form. (T/F)2.
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Caicutux A Geometry Multiple Choice Questions:
tanj: .1. lim 

^->0
IS :

(d) -1(a) 0 (b) <» (c) I
i/x ■2. lim (l+jur) IS :

j:-*0

(c)(b) e"' (d) e'‘(a) 1

.4
IJ

ANSWERS 1

1. (i) 0
2. (i) ^

3. (i) 1
Fill in the Blanks :

(iii) a (iv)(ii)«
1 (iv)|(ii) - 2 (iii) 1 

(iii) 1(ii)l

12 -b1. 1 ^-3 4. 1

•1True or False 
l.T 2. T 3. F

Multiple Choice Questions :
1. (c) 2. (d)

□□□
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Tangenl\ ami NcrnmlsUNIT

4
TANGENTS AND NORMALS

5.STRUCTURE
Tangent
Equation of the Tangent 
Normal
Equation of a Normal
# Summary

^ • Student Activity
# Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn ;

Determine the tangents and normals to the given curve at the given points. 
How to determine Angle between two Curves.

• 4.1. TANGENT
Let P be any point on a curve y =-f{x) and Q any other point 

on it such that Q is very close to P. The point Q may be taken on 
either side of P.

As Q tends to P, secant line PQ, in general tends to a definite 
straight line TP passing through P. This straight line TP is known 
as the tangent to the curve y =f{x) at the point P.

8X)

O
Fig. 4.1

• 4.2. EQUATION OF THE TANGENT
Lety =/{x) be a given curve. Let F be any given point (x,y) on this curve and Q beany other 

point (x + 5x, y + 5y) on it such that Q is very closed to P. Let (X, 10 be an arbitrary point on the 
secant line PQ. then the equation of the secant line PQ is

/
y + Sy - y 

^x + 5x-x (X-x)T-y =

(X-x)^ ^ 5x

As Q tends to F, Sr —»0 and PQ tends to the tangent at F. 
.'. Equation (1) tends to an equation

... (1)or

-- ^ = 
L ■ dx(X-x) limr-y =

5x -dx 5t-*0

Hence, the equation of the tangent to the curv at F (x, y) is given by
f-y.^̂(X-x)

REMARKS
If we are to find the tangent to the curve y = /(x) at (xj, yi), we first find ^ 

the equation of the tangent to the curve at (xj, yj) is given by

at (xj, yi). Then

Self-Industrial Material 21



Calciiliif & Geomtiry
(.t-JTi)y - V] =

,(t( M-h)

(xt,yi)y-yt _ dx
x-x^ JtTi.ji)

If 0 be the angle which the positive direction of the tangent at P q 
makes with the positive direction of the j:-axis, then

or

F\R.4.2

I. dr- A>,.y,)

= 0. which means, (he tangent is parallel to j-axis.If 0 = 0, then ^dxM.y,)
dx = 0. which means, the tangent is perpendicular to x-axis or parallelIf0 = 9O*. then

. dy
to >--axis.

TNvo curves >’ = f{x) and y = g (x) are at right angle, if wi x = - 1 where hii = slope of the 
tangent to y =f[x) at common point and /«2 = slope of tangent to >' = g (x) at common point.

Two curvesy =/(x) and y-g{x) touch each other if they have the .same tangent at the common

If 0 be the angle between the curves y -f{x) and y = g (x). then
point.

nil - m2
i-mim2

Result 1. The tangent to a curve y =/(x) at a point P(X|.yi) is parallel to x-axis if and only

tan 0 =

if

^ =0.
Vdx/i..?,)

Result 2. The tangent to a curve y=/(.x) at a point P (X|.yi) is parallel toy-axis if and only
if

dx = 0,
.dy/^i-xiJ

• 4.3. NORMAL
The normal to a curve y =/(x) at any point P on it. is the straight line passing through P and 

perpendicular to the tangent to the curve at P.

• 4.4. EQUATION OF A NORMAL
Lety =/(x) be a given curve and P (xj.yj) be any point on it.
Since, the normal to y =/(.t) at P(xi,yi) is perpendicular to the tangent at P.

- ISo. slope of normal = lx
dx

The equation of a normal at P (x|. yi) is given by
- 1

(X-X|)y-yi

dx

- 1y-y\or

dx /x,.y,)
X -X]

dx Ju,.n) (y-y,) = 0(x-x,) +or

Solved Examples
Example 1. Find the slope of the tangent of the following curves :
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Tanyeiir\ and Normoi'i(i) = 4tu at (a^ 2a) Cii) y = - X m (2, 6)

y- = 4ax 

^ = 4a

Solution : (i) We have

dy 2a
dx y

^ dy'
^ dx J(<l^ 2a)

^ y J(n,2fl) 2a ■"■ 

y =x^ —X

dx ■

' dy ' 
dx j(Z 6)

= (3^'-1)(2,6)

= 3(2f-l = ll.

Example 2. Find the equation of the tangent and the normal to the curve y = x^ -2x +7 at

So, the slope of the tangent at (a^, 2a) =

2a

(ii) We have

So, the slope of the tangent at (2, 6) =

{K6).

^-2t + 7Solution : We have y = x 

^ = 3^-2
dx

dx (1,6)V /

The equation of the tangent to the given curve at (1, 6) is

^ dx J(l,6)

x-)' + 5 = 0.

The equation of the normal to the given curve at (1, 6) is

dx >1.6)

= 3(l)^-2=3-2=l. •So,

>-6 =

or

or

(x-l)y-6 = -

- ]
y-6 (x-l)or I

x + y-1 = 0.

Example 3. Find the equation of the tangent to the curve + Sy = 3, which is parallel to the 
line - 4x + 5 = 0.

Solution : We have

or

+ 3y = 3 

2x + 3^ = 0
dx

•dx '

Let (xi.yi) be a point of contact.

4 + 3y,-3
Now the slope of the tangent at (xj, yi) to the given curve is

...(1)So.
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Calculus & Geomeiry 2x,
dx /s,. yi)

and, the slope of the line > - 4j: + 5 = 0 is 4.
Since the tangent is parallel to the given line.

3

-T'4
=-6

Putting jc, =-6 in (1), we get >1 = - 11.
Point of contact is (-6,-11).

Thus, the equation of the tangent at (- 6, - 11) is 
y+ll = 4(;t + 6)

4x-)'+13 = 0.
1 •)

Example 4. Find the angles of intersection of the curves y=^4~x' and y = x".
Solution: We have

or

or

y = 4-x^ 

y=x
Solving eqns. (1) and (2), we get

>’ = 4-j'^ 

;r' = 4-.r'

...(1)
2 ... (2)and

■ [Fromeq. (1)] 

[using eq. (2)]

2x^ = 4=>

x^ = 2
±^/I

Puttingx = ±'J2 in tq. (2), we gety = 2.
Thus the common points are (V?, 2) and (- 'l2,2). 

Now from eq. (1), we get

=> X =

... (3)= -2jcdx
So. mi = slope of the tangent to eq. (1) at (VT, 2).

\dx )('l2.2) = -2'l2 [using eq. (3)]

From eq. (2), we get

^ = 2. 
dx

And, m2 = sopc of the tangent to the curve eq. (2) at (VT, 2)

dx 2)
If 0 be the angle between the curves at (VT, 2) then.

... (4)

= 2'^ [using eq- (4)]

mi - mi
tan 0 = I +mim2

-2V2-2'/2 .
1-8

-4^2 4>/2
SS

-7 7
( 4^/I'^-10 = tan 7
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Tangents and Normals
• SUMMARY

dx p,.y,)•- If y =/{x), then the slope of the tangent to y = fix) at (jtj, j"]) is m =

Equation of the tangent to the'curve y=f{x) at the point is• »

[dx-/x,.y,)>
If y =f{x), then the slope of the normal to the cuve y = fix) at (xi, yO is given by

. f~dx'\

y-y\ =

-« 5j- s
. {dy p,.y,)

• Equation of the normal to the curve y=/{x) at the point (X|,yi) is

(X-X|)
dx''

y-yi = - dy jx„yj)

• STUDENT ACTIVITY
;c2 2

1. Find the equation of the tangent to the curve j
a b

= I at the point (a cos 6, b sin 6).

2. Find the angles of intersection of the curve y = x-j? and y =

• TEST YOURSELF
1. Find the slope of the tangent to the following curve ;

(i) y = (2x^ + 3sinx) atx = 0
(iii)y = sin^x atx = 7t/4

2. Find the equation of the tangent and the normal to the given curves at indicated point:
^ (b) xy = at (c, c)

(ii) y = (sin 2x + cot x + 2)^ at x = n/2

7 a(a) y = 4flx at —2 ’ m js m 2 .22 2
3. (i) ^ 1 at (a cos 0, b sin 9)

b^
4. y^ = 4ax at {ar^, 2ar)

(ii) ^ ^ = 1 at (a sec 0, & tan 0). 
a b
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5. Find the equation of the normal to the curve y = (sin 2x + coxx + 2)^ at a- = 7t/2.

6. Show that the tangents to the curve y = - 4 at the points x = 2 and j: = -
7. Show that the curves xy = a^ and + y^ = leP' touch each other.
8. Find the angles of intersection of the curves ~y^ = and + y^ =

Colculus & Geometry

2 are parallel. ^

ANSWERS
1. (i} 3 ■ • (ii) - 12 (hi) 1
2. (i) m^x-my + a = 0, rrPx + fPy-2am^-~a = 0 (ii) x+y-2c = {.y = x
3. (i) bx cos 9 + cy sin 0 = ab, ax sec Q-by cot 0 =

(ii) sec 0 - cy tan 9 = ab, ax or cos 0 + by cot d = a^ + b^
4. x~ty + aP = 0, lx + y = aP + 2at
5. 24y-2jc + 7i-96 = 0

i

8. 7t/4.

□□□
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CuryaliireUNIT

5
CURVATURE

STRUCTURE -
Definition of Curvature
Formula for Radius of Curature (Cartesian form) 
Radius of Curvature at the Origin
# Summary
# Student Activity
# Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

# How to calculate the radius of curvature of the given curve at a given point

• 5.1. DEFINITION OF CURVATURE . ■ (c?

Let P. Q be two negihbouring points on a curve AS. Also, Ici AP = s, arc AQ = s + 5s and arc
■ T-PQ = Ss.

Let the tangent to the curve at points P and Q makes 
angle v/ and \i/ + 5i)< respectively with a fixed line say 
X-axis, then

T

8/),(0 The angle 5v through which the tangent turns as 
its points of contact travels along the arc PQ is called the 
total bending or total curvature of arc PQ.

A R

5\1/lii) The ratio ^ is called the mean or average 
os

\(;+8\ycurvature of arc PQ. __
(Hi) The liniiling value of the mean curvature when 0 

Q tends to P is called the curvature of the curve at the point 
P. Therefore, the curvature K at point P is

■s »A’

y

Fig, 2S\t) dMI 
5^ ds

Urn lint
Q-^P 5s S!^0

(iv) The reciprocal of the curvature of the given curve at P, {provided this curvature is not 
equal to zero), is called the radius of curvature of the curve at P. This is denoted by p

1 ds

• 5.2. FORMULA FOR RADIUS OF CURVATURE (CARTESIAN FORM)
Let y =f{x) be the equation of curve. Then the radius of curvature P is given by 

r / . n2-i3^2dv
1+ -f-dx

y -P =

dx^

• S.3. RADIUS OF CURVATURE AT THE ORIGIN
Let the curve y =f(x) passes through the origin. Then, we may use the following methdos, to 

find the radius of curvature.
dy c^y

(i) Method of Direct Substitution. Since y =f(x) be given. Calculate the values of — and
dx^

at origin and then use the following formula
Self-.Inslrtictional.Material i27



Calculus i Geometry \2-i3/2

I +
dx/P = ef'y/dx^

(ii) Method of Expansion. Let y =f[x) be the equation of curve. Since, it passes through the 
origin, therefore/(O) = 0. In this case we use the following formula :

P =
Pi 1

d^ywhere Pi = ^ and pi =

(iii) Newton’s Method. If a curve passes through the origin, and axis of x is the tangent 
at the origin, then radius of curvature p at origin

lim
2yx-*0

y-rO
REMARK

>■ If a curve passes through the origin and axis of y is the tangent, then radius of 

curvature at the origin is given by = lim
2

SOLVED EXAMPLES
Example 1. Find the curvature of the curve = 'iaxy at the point (3a/2, 3a/2).
Solution. Here, we have the equation of the curve is 

x^+/ = 3axy.
Differentiating w.r.t. x, we get

...(ii), = ay + ox 
dx

dy X - ay

dx

dx 2ax-y

dx Ii i ) 
V >I

= - 1

From (ii), we have
r, ll2 dS _ ^

dx^ ° dx

(flx-y")^ = 2x+2y

dy
■ra-^ + ax2x + 2y + >' dx^dx dx

-2fl ...(iii)=>
dx^ dxdx

2a 2a
Puttingx = y. y = y and ^ = - 1, we get

Sfl St?'
2' 2

ii 32 1

(}i }£ 
2’ 2

3 a

Hence, the radius of curvature p at y, y , is given by

2-0/2^
1 +

dx
(I + i)^^ 3n 

32 1
V /

p =

3 adx^ 3ij 3n. It
2 ' 2
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p 3a

Example 2. Apply Newton's formula to find the radius of curvature at the origin for the

Ciirvaliire'
Therefore. Ihe curvature = — (By ignoring the negative sign)

curve
^-2x^y + 3xy^ -4y^ + 5x^~6xy + ly^ - 8y = 0.

Solution. Since, the curve passes through the origin. Equating to zero, the lowest degree 
terms, we may find y = 0 -

axis is the tangent at the origin.

Therefore, by Newton's formula, p at (0, 0) = lim

y-*0
Dividing the equation of the curve by 2y, we get

f

X 5 J ^ 7 ^ XX'—~x-t--xy~2y+5- —2y 2 ^ ’ 2y
Taking Hm x—>0 and y —> 0. we get

45 lim ^-4 = 0=>5p-4 = 0=>p=7 
I 0 2y 5
>-»0

73x + -y-4 = 0.

• SUMMARY

• If y =/(j:), then the radius of curvature is given by
. , x2 -p/2

1 -I- dx
P = -

dx^
ICurvature = —.
P

• If a curve passes through the origin and j:-axis is the tangent at the origin, then the radius of 
curvaure p at the origin is

2 \
XlimP = 2y{x.y)~*(0.0)

• If a curve passes through the origin and y-axis is the tangent at the origin, then the radius of 
curvature at the oriin is given by

2 \2LlimP = 2xCx.y)^(0,0)

• STUDENT ACTIVITY

Find the curvature of the curve x^ + y^ = 3axy at the point ^1. 2 ■

2. Find the radius of curvature at the origin to the curve
p^-2x^y + 3xy^ - 4y^ -h 5x^ ~6xy + ly^ - 8y = 0.
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i

■f

• TEST YOURSELF
1. Find ihe radius of curvature of the following curves :

1/2 , 1/2 .1/2 2 3 3(ii)a y = x -a .(i) ^
(iii)x

^ (v) 3/x +V7= l.at

-(vii) a/ = x^.

(viii) )> = at Ihe point where it cuts the >’-axis.
= at (a cos^ 9, a sln^ 9).

+ >- = a
2/3 2/32/3 /• V m , m 1(iv) X y = L+>' = a

1 1 (vi) s = 4a sin i|; at (y, t|/).
4’4 ■

, 2/3 . 2/3(ix) a: +>>
(x) y = A sin A' - sin 2* at X = ^

Find the radius of curvature at the origin of the following curves :
(ii) y = )? + 5x^ + 6a

2.
(i) x^+y^ = 3axy
(iii) 5a^ + ly'^ + 4A^y + xy^ + 2x^+ 3xy + y^ + 4x = 0 

3
A ) =A(IV) 0^

ANSWERS

(a* + 9xY^2ix + yf- ■ (iii)(ii)1. (i) y1/2 6a‘*Aa
2syi-20/22m-2 ) I 1+ y rA . n \3/2 1/2 (4a + 9x) X(vii)I(iv) 6am-2.m- 'ii(1 - ot) A ' y

(viii) (ix) 3rtsin0cos9 (x)

(iii) p = 2 (ignoring negative sign) (]v)2n'^

4
... 3a 37

2. (0 y (11) -y-

OBJECTIVE EVALUATION
> FILL IN THE BLANKS :
1. The curvature of the curve at any point P is defined as the 

at P.
2. For a curve y =J[x), the radius of curvature p =............
> TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :
1. The curvature of the curve at any point P is defined as the reciprocal of the radius of curvature

(T/F)
2. If y axis is the tangent to the given curve at the origin, then radius of curvature at the origin

of the radius of curvature

of P.

2y
is equal to lim —• (T/F)

x-iO
3. The curvature of the circle and circle of curvature, both are the same.

(T/F!
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CiiiytiiKn.'> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
j The radius of curvature of the curve = e* at the point where it crosses the >'-axis is :

(a) 2 (b)V2 (c)2^^
2 For the curve xy = a^ the radius of curvature at (2, 2) is ;

(c) 10

(d) 1.

(d) None of these.(b) 16(a) 4

ANSWERS

Fill in the Blanks :
2v3/2

2.1. reciprocal

True or False :
1. T 2. T 3. F 

Multiple Choice Questions :
1. (c) 2. (d)

y2

□□□
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U N I TCalculus i Geometry

6
i

ASYMPTOTES
•r

STRUCTURE
• Asymptote
• Determination of Asymptotes
• Asymptotes of General Equation
• Number of Asymptotes of a Curve
• Asymptotes Parallel to Co-Ordinates Axes

• Test Yourself-1
• Test Yourself-2
• Summary
• Student Activity
• Test Yourself-3

■ J

LEARNING OBJECTIVES
After going through this unit you will loam ;

# How to determine the asymptotes of the given ojrves, which are helpful to draw the 
given curve

• 6.1. ASYMPTOTE
In calculus, there are some curves whose branches seem to go to infinity. It is not necessary 

that there always exists a definite straight line for all such curves which seems to touch the branch 
of the curves at infinity but more or less there are some certain curves for which this type of definite 
straight line exists, this straight line is therefore known as asymptote.

Definition. A definite straight line whose distance from branch of the curve continuously 
decreases as we move away from the origin along the branch of the curve and seems to touch the 
branch at infnity, provided the distance of this line from origin should be finite initially, is called 
an asymptote of the curve.

More than one asymptote of a curve. Suppose in the equation of a curve, two or more than 
two values of y exists for every value of x, then we obtain different branches of the curve 
corresponding to these distinct values of y. If each branch have its own separate asymptote, then 
we can say that a curve may have more than one asymptote.

• 6.2. DETERMINATION OF ASYMPTOTES
Let us consider a curve

...(i)/(A;,y) = 0
and also consider that there are no asymptotes parallel to y-axis. Thus we shall take the equation 
which is not parallel to y-axis, in the form of

...(2)y = mx + c.
Let us take a point P{x, y) on the curve (1), therefore this point as tends to infinity along the 

straight line (2), x must tend to infinity. Now find the tangent to the curve^-'^.y) = 0 at the point
nx,y)-

The equation of tangent at P{x, y) is

^xJy-x ...(3)(X-x) or Y-^ dxdx
The equation (3) is of the form y = mx -i- c so in order to exist the asymptote of the curve there/ . \

tend to finite limits as x tends to infinity. Therefore, if the equationmust both and y — x , dxdx
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Aivinpiores(3) tends to the straight line given in (2) as x tends to infinity, then the line (2) will be an asymptote 
of the curve y) = 0 and also we have

(slope of the asymptote)m = lim

c= lim
\

Since c is finite, then we have

and y-x
dx ■

^ di

X dx= lim - = 0 or limlim
X—»» I-* soX

/ \ ,
lim ^ = lim or lim ^ = m. 

. dx
dy

or
XX\ M

c = limAlso

•(c = lim (y - mx).

Hence, if y = nu: + c is an asymptote to the curve y^x, y) = 0, then we obtain
. . lim ^ 
oo dx X

c = lim (y - jwx)-

d2_.m = lim
X

and

• 6.3. ASYMPTOTES OF GENERAL EQUATION
Let /(x, y) = 0 a general equations of a curve of degree n. To find the asymptotes y = m + c. 

we proceed as follows :
' (i) Put y = OT and x 

expression ({>„ (m).
(ii) Find the values of m by solving equatin <[)„ (m) = 0.
We have two cases ;
Case I : If all the values of m are distinct, then we calculate the values of c by using the

1 in n* degree terms (highest degree) of/(x,y) = 0 and we obtain an

formula
(ni)+(|)„_i(n) = 0

Case II : If r values of m are identical, then we calculate the values of c for these identical 
values of m by using the formula

-1c' c ,, + TT4'.<5^-1 («) + (m)+ ())„., (/?i) = 0.— <^n («>) + -r+ 1(r-1)!

• 6.4. NUMBER OF ASYMPTOTES OF A CURVE
Suppose the degree of an algebraic curve is n, then we find a polynomial <5„(m) by putting 

y=m and x = l in the n'* degree terms of the curve. Thus the equation <)„ (m) = 0 is of degree n 
in m and which gives almost n values of m real as well as imaginary. These n values of m are nothing 
but the slopes of the asymptotes, which are not parallel to y axis. If there are some asymptotes, 
parallel to y-axis, then the degree of <!)„ (/n) will be smaller than n by the same number of parallel 
asymptotes. Suppose all the roots of <!)„(/») = 0 are distinct and real, then to each value of m we 
obtain one value of c. Hence, we obtain n asymptotes. In case, there some roots say r (out of n) 
of i>„(m) = 0 are same, then we can find the values of c for these same roots by the following equation

^ ‘J’n (m) + •" ^

This equation in c is of degree r so we get r distinct values of c for the same roots, hence, 
again we obtain n asymptotes. Therefore we can say that the total number of asymptotes of a curve 
are equal to the degree of the curve. These asymptotes are real as well as imaginary but we have 
required only real asymptotes so we ignore all the imaginary asymptotes.

r-1
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Calculus & Geomeiry • 6.5. ASYMPTOTES PARALLEL TO CO-ORDINATES AXES
(a) Asymptotes parallel to x-axis. Let the general equation of an algebraic curve in 

decreasing powers of x be

y 00) + / -'4>,(y) + x" -'02(y) +. - = 0 ...(1)

where 00). 0iO)> <t>20) - tli® function of y only.
To find the asymptotes parallel to x-axis we equate the coefficient of highest power of x in 

the given curve to 0.
(b) Asymptotes parallel toy-axis. Similarly, we may obtain the asymptotes parallel to y-axis 

by taking the coefficient of highest power of y in the equation of the curve equal to zero.
REMARK

> If the coefficient of highest power of x or y or both are constant, then no asymptotes 
parallel to either x or y or both axis exists respectively.

SOLVED EXAMPLES
Example 1. Find the asymptotes of the curve x^ + y^ - Soty = 0.
Solution. Obviously, the degree of the curve is 3, so it will have 3 asymptotes real as well 

as imaginary- Here the coefficient of highest degree inx and y are constant so no asymptotes parallel 
to co-ordinate axis exist. Let

-(1)y = mi + c
be the asymptote of the curve.

So putting y = m and x = 1 in the highest degree terms of the curve, we get
r.

303(m) = I + m .

Solving the equation 03(m) = 0 i.e., 1 -i- = 0

(1+m) (m^-m 1) = 0 or m = -l

is only real root and other two roots are imaginary so ignore them.
Next, putting y = m and x = 1 is second degree terms in the equation of the curve (1), we get 

02(m) = - 3am.
Now we find value of c by the following equation

c 0„'(m) + 0„ _ i(m) = 0 or c 03'(m) + 02(m) = 0
c [3m^] + (- 3am) = 0

or

[■.' 03(m) = i +m^, 03'(m) = 3m"]or
when m = - 1, then

c[3(-])V[- 3a(- 1)1=0
3c-I-3a = 0 or c = -a.

Hence, the asymptote isy = -x-aorx + y-i-a = 0.
Example 2. Find all the asymptotes of the curve + x^y - xy^ - y^ - 3x - y - 1 = 0.
Solution. The degree of the curve is 3 so it has 3 asymptotes which are real as well as 

imaginary. Since the coefficients of highest degree i.e., 3rd degree of x and y are constant so there 
are no asymptotes parallel to co-ordinate axes. Thus there are oblique asymptotes of the form 
y = mx + c.

Now putting y = m and x = 1 in the third degree terms of the curve, we get
03(m) = 1 + m - m^ 3— m .

Solving the equation 03(m) = 0 i.e., 1 + m - m^ - m^ = 0, we get

(l+m)(I-m^) = 0 or m = -l,-I,l.

• Determination of c. For m =1, we use the following equation 
c 0„'(m) + 0„. ,{m) = 0 or c 03'(m) + 02(m) = 0.

Fhitting y = m and x = 1 in the second degree terms of the equation, we get
02(m) = 0.

From (1), we get
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c [ 1 - 2m - 'in?] +0 = 0 AsymploU‘.\

at m = 1
c(l-2-3) + 0 = 0 or-4c = 0 or c = 0.

Thus one of the asymptote is y = a:.
Determination of c for m = - 1, - 1. Since two out of three roots of the equation = 0 

are same, then we use the following formula to determine c • . • •
2

fr + '5ii(»') = 0. ..•(2)2 !
Putting y = m and a: = 1 in the first degree terms of the equation we obtain ({>|(m) = - 3 - m. 
From (3), we have

2
|^(-2-6m) + -j^.0 + (-3-m)=O

at m = - 1
2

y (-2+6)-3+ 1=0 or 2c^

Thus other two asymptotes are y = -.
Hence, all the asymptotes of the given curve arey = A;, A: + y- l=0, A: + y+ l=0.

-2 = 0 orc = ±!.

Ar+l,y = -jc-l.

TEST YOURSELF-1
Find all the asymptotes of the following curves :

a-/x- - b^/y^ = 1. 
a-/x- + b^/y- = 1. 
y- {a^-x^) = x\ 
atV = fl^(.r + y^). 
x^y'^ - x^y - xy^ - y + 1 = 0.
3x^ + Ix^y - Ixy' + 2y^ + l4A:y + 7y^ + 4x + 5y = 0.
2x^ - x^y - 2xy^ + y^ - 4x^ + Sxy - 4x + 1 = 0.

8. - + Ir^y + xy^ - - xy + 2 = 0.
y^ - 5xy^ + 8x> - 4x^ - 3y^ + 9xy - + 2y - 2x + 1 = 0.
y^ - x^y - 2xy^ + 2x^ - 7xy + 3y^ + 2x^ + 2x + 2y + 1 = 0,

ANSWERS

1.
2.
3.
4.
5.
6.
7.

9.
10.

2. x = ±a,y=±i 
4. x = ±fl;y = ±a
6. X + 2y = 1,2x - 2y = 7,7x - 6y = 15

1. x = ±a 
3. X = + a
5. y = 0;y=l;x = 0;x=l
7. x + y- 2 = 0;x-y + 2 = 0;2x-y-4 = 0
8. x = 0;x + y = 0;x + y- l= 0 9. x-y = 0;2x-y + 2 = 0;2x-y+l=0
10. X - y - 1 = 0; X + y + 2 = 0; 2x - y = 0

• SUMMARY
• If y = ffix + c is an asymptote to the curve/(x, y) = 0. then

L dx
c= tim (y-mx)

x:—

• The asymptotes parallel to x-axis are obtained by putting the coefficients of highest power of 
X in the quation of the given curve /(x, y) = 0 to zero.

• The asymptotes parallel to y-axis are obtained by putting the coefficients of highest power of 
y in the equation of the given curve/(x, y) = 0 to zero.

/ \
Im = lim lim 

.r-»- I.-*
and
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Calculus & Geometry • If y = ffu: + c is in asymptote to the given curve fix, y) = 0. then
To dtermine m : Put y = m and a: = 1 in the highest degree terms say n of the curve so we get 

(;«). The roots of (I)„ (m) = 0 gives the values of m.
To determine c : For r identical values of m we use the following formula to find c

K-\ (h0+ ... +<5„-r(»') = 0
-1

fj¥A'n) + c'
(r-l)!

• STUDENT ACTIVITY
Find the asymptotes of the curve +y^ - Sacy = 0.1.

2. Find all the asymptotes of the curve
y^ - xy^ - x^y+.x^ + - y^ - 1 = 0.

• TEST YOURSELF-2
OBJECTIVE EVALUATION
► FILL IN THE BLANKS :
1. If y = ffu: + c is an asymptote of the curve y) = 0, then m =
2. The equation (m) = 0 gives the
3. If one or more values of m obtained from <t>n(m) = 0 are such that ^n'ini) = 0 and 0» - i {m).

then the asymptotes...........
> TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :
1. The line y = »u + c is an asymptote of the curve

ABCy = inx + C + !■—r + -:r+.,. .
.t X^ X^

and c =
of the the asymptotes.

(T/F)
2. The polynomial 0n(m) is obtained by putting y = m and x = m in the n‘'‘ degree terms of the

(T/F)curve.
3. If y = rru: + c is an asymptote of the curve/(x, y) = 0 then

lim ' ^ .m =
X (T/F)

> MULTIPLE CHOICE QUESTIONS ;
Choose the most appropriate one :
1. If y = mx + c is an asymptote of the curve/Ix, y) =0, then lim (y/x) equals ;

(b) m(a) c
(c) -m (d) -c.
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A'^yniproU'^lim
X -♦ oo. y/x —♦ III

{)■ - mx) equajs :If >> = /fuc + c is an asymptote of the curve fix, y) = 0, then
(b) -c 
(d) -m.

2.
(a) m
(c) c

ANSWERS
Fill in the Blanks :

1. lim y/x, lim (y - ffw) 2. Slopes 3. Will not exist
y/x -* m • - . - -

True or False :
1. T 2. F 3. T 

Multiple Choice Questions :
1. (b) 2. (c)

□□□
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Calcutux & Geoirteiry UNIT

SINGULAR POINTS AND CURVE TRACING
STRUCTURE

• Concave and Convex Curves
• Point of Inflaexion
• Formula for Finding the Point of Inflexion

• Test Yourself-1
^ • Multiple Points and Singular Points
• Types of Double Points
• Tangents at Origri
• Position ar>d Nature of Double Points

• Test Yourself-2
• Cun/e Tracing

• Test Yourself-3
• Summary
• Student Activity
• Test Yourself-4

, x

LEARNING OBJECTIVES
After going through this unit you will learn :

9 About the singular points on the curve. 
9 How to trace the given curve.

• 7.1. CONCAVE AND CONVEX CURVES
Definition. If P is any point on a curve and CD is any given line which does not passe.s 

through this point P. Then the curve is said to be concave at P with respect to the line CO if the 
small arc of the curve containing P lies entirely within the acute angle between the tangent at 
P to the curve and the line C£> and the curve is said to be convex at P if the arc of the curve 
containing P lies wholly outside the acute angle between that tangent at P.and the line CD. Which 
are shown in figures below :

O 0
Concave Convex

Fig. 1

• 7.2. POINT OF INFLEXION ft

DefinitioD. A point P on the curve is said to be the point 
of inflexion, if the curve in one side of P is concave and other side 
of P is convex with respect to the line CD which does not passes 
through the point P as shown in fig. 2.

Inflexion tangent. The tangent at the point of inflexion of a 
curve is said to be inflexion tangent. In the fig. 2 the line PQ is the O 
inflexion tangent. Fig. 2
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Singular Points and Cun’e Tradng

• 7.3. FORMULA FOR FINDING THE POINT OF INFLEXION

Ay/e can have a point of inflexion at P, if = 0bui
dx^dx^

SOLVED EXAMPLES
• Example 1. Find the points of inflexion of the curve 

x = {!ogyf. ,
Q'

r-Solution. Since the equation of the curve is > .
x = (log>)^

Differentiating (1) with respect to we get
...(1) M W

O

Fig.3
^2 1- = 3(logy}

[2 log y (log 
^2 1 ■

Again differentiating w.r.t. y
d\

...(2)
dy^ yy

Again differentiating w.r.t. ‘;y’, we get

d\ . 2 4 log y 2 log y 2 (log y)^
■^ 3 3 3 ,.3 .-.(3)

dy^ y.y y y
For the point of inflexion, we have

d\
= 0.

dy^
3 2 log y - (log y)^

= 0 or 3 (log y) (2 - log y) = (
y^

!ogy = 0, logy = 2 or y=l,y = e^.
2 Sx -

or

3*0.From (3) it is obvious that at y = 1, y = c 

Hence, the points of inflexion are (0, 1) (8, e^).

Example 2. Find the points of inflexion of the curve y = x (x + 1) . 
Solution. Since the equation of the curve can be written as 

y = (x+ 1)
Differentiating (1) w.r.e. ‘x’, we get

^ = 3 1/2
dx 2

' dy

...(1)

1

Again differentiating w.r.t. ‘x’
d-y 3 1
dx^ 4"^ 4x^'^

...(2)

and again differentiating w.r.t. ‘x’, we get
____

. dx^ Sx^^ Sx’^ 
For the point of inflexion, we have

3 ...(3)

ii = 0.
<h?

( I'l
= 0 or 3-“=0or x=l/3.3 1

4Vx 4xVx X

^*0.
From (3) it is obvious that at x = 1 /3 dx'
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Calculus & Geometry Thus, the point of inflexion are given by (1/3, ± 4/3'JJ].

• TEST YOURSELF-1
1. Find the points of inflexion of the curve x = log (y/x).
2. Find the points of inflexion of (he curve y {a^ + xh = x^.
3. Find the points of inflexion of the curve y = {x- l/ (x - 2)^.
4. Find the points of inflexion of the curve xy = cP' log (y/n).

ANSWERS

/— 7>'Pi2. (0.0). V3a,^a
V

( ^3. Point of inflexion at a: = 2, (11 ± VT)/?. 4. ^ae

4
1. (-2,-2/e^). a

- 3/2 3/2, ae

• 7.4. MULTIPLE POINTS AND SINGULAR POINTS
Definition. A point on the curve is said to be multiple points if through this point more than 

one branches of a curve passes.
Definition. A point on the curve is called a double point if through it two branches of the 

curve passes.
Definition. If three branches of the curve passes through a point, then this point is called

triple point
DefitUtion. If n branches passes through a point on the curve, then this point is called a

multiple point of n"' order.
Definition. The point of inflexion and multiple points are also called the singular points.

Or
An unusual point on the curve is basically called a singular point.

• 7.5. TYPES OF DOUBLE POINTS
(i) Node. A double point on a curve is said to be a node, if / “ 

through this double point two branches of the curve passes which are 
real and having two different tangents at that point. (Fig. 4)

>.Vo
Fig. 4

(ii) Cusp. A double point on a curve is called a cusp if through 
this double point two real branches of the curve passes and have real 
coincident tangents at that point. (Fig. 5)

Ft >.vo
Fig. 5

V (lii) Conjugate point. A point P on the curve is said to be 
conjugate point if there are no real points on the curve in the 
neighbourhood of that point and having no real tangent at that point. 
(Fig. 6)

■>Xa
Fig. 6

• 7.6. TANGENTS AT ORIGIN
The nature of a double point depends on the tangents so we find the tangent or tangents there. 

If a curve passes through the origin, then the equation of the tangent or tangents at the origin 
are obtained by equating to zero the lowest degree terms in the equation of the curve.

40 Self-Instructional Material



Singular Points and Cur\'e Tracing
• 7.7. POSITION AND NATURE OF DOUBLE POINTS

Thus the necessary and sufficient condition for any point of the curve fix, y) = 0 to be a 
multiple point are that

#=o=l^.dx dy
The double point will be node, cusp or conjugate point according as

-.2(aV >, = or <
dx 9>’

REMARK

> aV, aV . aV
dx^ dxdy 

greater that two.

j are all zero, then the point P(x,y) will be a multiple point of order

SOLVED EXAMPLES
Example 1. Show that the origin is a node on the curve - 3axy = 0.
Solution. The tangent at the origin are obtained by equating to zero the lowest degree terms 

i.e.. second degree term in the given equation of the curve.
- 3axy = 0 or .r = 0, y = 0.

Thus at the origin there are two real and distinct tangents. Hence (0, 0) is a node.
Example 2. Find the double point of the curve (x - 2)^ = y (y - 1)^.

Solution. Let y) s (x-2)^-y (y - 1)^ = 0.

Differentiating (1) partially w.r.t. x and y, we get

^ = -{y-l)'-2y(y-l).

Since the necessary and sufficient condition for a double points are

2(x-2) = 0

...(1)

M. ...(2)

...(3)and

M. K= 0. = 0, ,„(4)dx dy
(y-lf-2y(y-l)=0. -(5)

Now solvingy^x, y) = 0, ^ = 0 and ■^ = 0 simultaneously.
ay

From (4), we get x = 2 and from (5), we get 
-(y-l)(y-H--2y) = 0 
-(y-l)(3y-l) = 0 or y=l.y=l/3.

.-. Possible double points are {2, 1) and (2,1/3).
But (2.1/3) does not satisfy/(x, y) = 0. Hence only double point is (2,1). 
Example 3. Examine the nature of the origin on the following curve :

y^ = aV + bx^ + cxy^.
Solution. The given curve is

fix^y)^/

or

Equating to zero the lowest degree terms in the equtaion of curve (1), we get 
y^ - aV = 0 or y = ± ox.

Thus we have obtained two real and distinct tangent at (0,0). Hence {0,0) is a node.

2 = 0. ...(1)— cxy

• TEST YOURSELF-2

1. Find the equations of the tangents at the origin to the following curves ;
(a) (x^ + y2) (2a - x) = b^x
(c) x^ + 3x^y + 2xy - y^ = 0

2. Examine the nature of the origin on the curve (2x + y)^ - 6xy (2x + y) - 7x^ = 0..

(b) a‘^y^ = x\:?-a^) 
(d) x^ + y^ = 3axy.

Self-Instructional Materuil 41
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1. (a) x = 0
2. Origin is a single cusp of first species

(b) y = 0,y = 0 iz) y = Q.lx-y = 0 (d) ^ = 0,>' = 0

• 7.8. CURVE TRACING
Cartesian Form of Equations ;

To trace any curve of cartesian form we should apply following process ;
(a) Symmetricity. In order to find the symmetry of.the curve we should apply following

rules :
(i) If the powers ofy in the equation of the curve are all even, then curve is symmetrical 

about ar-axis.
(ii) If the powers of at in the equation of the curve are all even, then the curve is symmetrical 

about y-axis.
(iii) If the powers of x as well as y in the equation of the curve are all even, the curve is 

symmetrical about both axes.
(iv) If the equation of curve remains unchanged when jr is replaced by ~x and y is replaced 

by - y, then the cure is symmetrical in opposite quadrants.
(v) If the equation of the curve remains unchanged when x and y are interchanged, then the 

curve is symmetrical about the liney =x.
(b) Nature of the origin on the curve. If the curve passes through the origin, then find the 

tangent at {0, 0) by equating to zero the lowest degree terms of the curve. If we obtain two tangent 
at the origin, then origin will be a double point and then find the nature of this double point.

(c) Intersection of curve with co-ordinate axes. We should check whether the curve cuts 
the co-ordinate axes or not, for this pur y = 0 in the equation of the curve and find the values of x, 
then we get the points at which the curve cuts thex-axis. Similarly if the curve cuts the y-a.xis. then 
put x = 0 in the equation of the curve and obtain the points on the y-axis. Hence in this way we 
obtain the points of intersection of the curve with co-ordinate axis. Thereafter we should find the 
tangents at these points of intersection. For this first we shift the origin at these points and then 
obtain the tangent at these new origin by equating to zero the lowest degree terms in the new 
equation of the curve. On the other hand the value ofdy/dx at these points of intersection can also 
be used to find the slope of the tangent at that point.

(d) Nature ofy ora: in the curve. We should now solve the equation of the curve either for 
y or for x whichever is convenient. Suppose we solve for y and see that nature of y as .v increases 
from 0 to -I- =<=. Similarly see the nature of y as x decreases from 0 to - ■» and finally collect those 
values of x for which y = 0 or y —^ 0° or -
REMARK

>- If the curve is symmetrical about ar-axis in opposite quadrants then there is no need to 
take the values of x of both positive and negative. We can take only positive values of 
ar to see the variation in y.

(e) Regions in which curve does not exist. In order to find the regions where the curve does 
not exist we should solve the equation of curve for one variable in terms of the other. Therefore, 
the curve will not exist for those values of one variable which make the other variable imaginary.

(f) Asymptotes. Next, we should find all the asymptotes of the curve because the branches 
of the curve approach to the asymptotes if they exist.

(g) Sign ofdy/dx. Next, we should find the value of dy/dx from the equation of the curve 
and find the points on the curve at. which dy/dx = 0 or dy/dx = ». Therefore at these points we 
obtain the nature of tangents, suppose in any region a<x< b. dy/dx remains positive throughout, 
then in this region y increase continuously as x increases. On the other hand if dy/dx remains 
negative, they y decreases continuously as x increases.

(h) Special points. If necessary, we should find the some special point on the curve.
(i) Points of inflexion. If necessary, we should find thepoint of inflexion to know the position 

of the curves at that point.
Now taking all above considerations in mind, draw an approximate shape of the curve.

SOLVED EXAMPLES
Example 1. Trace the curve y^{2a-x)=x^.
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Singulnr Pinni.s and Cun’e TracingSolution, (i) Obviously the given curve is symmetrical about j:-axis.
(ii) The curve passes through the origin and the tangents at the origin are obtained by equating 

to zero the lowest degree terms i.e., 2ay^ in the equation of the curve.
2ay^ = 0 or y = 0, y = 0.

Thus at the origin we obtained two coincident tangents y = 0, y = 0 i.e., x-axis. Therefore 
(0,0) is a cusp.

(iii) From the equation of the curve it is obvious that the curve does not cut the co-ordinate
axes.

(iv) Now solving the equation of the curve for y, we get
y^ = xV(2a-x)

when x = 0. y^ = 0 and when x = 2fl. thus y^ —»o® thus x = 2a is an asymptotes of the curve.
It is observed that y increases as x increases from 0 to 2a.
(v) When x lies between 0 and 2a, y^ will be positive and the curve will exist in this region. 

When X > 2a, y^ will be negative so the curve will hot exist beyond the line x = 2a. When x < 0. 
again y' will be negative and thus the curve will also not exist for x < 0. Hence we can say that the 
curve only exists in the region 0 < x < 2a.

(vi) In order to find the asymptotes, putting y = m and x = 1 in the third degree terms in the 
equation of the curve, we get

Therefore the equation flijf/n) = 0 gives both its roots imaginary so ignore them. Consequently
X = 2a is only the asymptote of the curve.

(vit) Differentiating the ^nation of the curve
y. .

3/2
X

>■= I----------------
V(2a-x) 

dy _ (3a -x) x'"^^ 
■ (2a-x)'^'

x=2a0 ■>x

we get dx
y'. .

will be positive, soIn the region 0 < x < 2a’ dx rig. 7
therefore in this region y increase continuously as x increases.

Now taking all above points of consideration in the mind and draw the curve whose shape is
shown in fig. 7.

Example 2. Trace the curve y^ {1 ~x^) =x^ (1+x^).
Solution, (i) In the equation of the curve the powers of both x and y are all even so the curve 

is symmetrical about both axes.
(ii) The curve passes through the origin. The tangents at the origin are obtained by equating 

to zero the lowest degree terms in the equation .of the curve.

y^ - x^ = 0 or y = ± X.
Thus there are two real and distinct tangent at the origin so (0,0) is. a node.
(iii) From the equation of the curve it is clear that curve does not cut any co-ordinate axes.
(iv) Solving the equation of the curve for y, we get

2 x(H-x^)
y (l-x^)

WhenX = 0,y^ = 0 and whenx = ± 1, y^—3 “SO x = ± 1 are two asymptotes parallel to y-axis.
(v) When - 1 <x< 1, y^ is positive, so the curve exists in this region. When x > 1, y^ will 

be negaive thus curve will not exist beyond the line x= 1. Also whenx < - 1. y' will be negative 
so that curve will not exist for x< - 1.

(vi) In order to find the asymptotes, putting y = m and x = 1 in the fourth degree terms of the 
curve, we get (&„ (m) = m +1.

Solving 0„(m) = 0, we get both values of m imaginary so ignore them. Consequently x = ± 1 
are only two real asymptotes.

(vii) Since, we have
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Calculus i Geometry Vy=x
1-/ ■

2
-^V(l +x^) - X

Vr7JVhV
dt (1-x^)

_ (1 -x^)(l +x^ + x^)-x(l +;c^) {-x) 

lx^+\-x*

\

^ is negative this meansWhen - 1 < a: < 0 *=-l .v=ldx
x'*- *► Jthat when x decreases from - I to 0, > decreases. 

dyWhen 0<x< 1 ^ is positive this implies that when

X increases from 0 to 1, y increases.
Now taking all the above facts in mind and 

draw the shape of the curve. We get

• SUMMARY

• We can find a point of inflexion to the curve y =fix). if = 0 and TSO.
dx^ cb^

^ = 0 = ^• For multiple points in/(x, }>) =0 we must have ^

'J!l)_ dx dy /n. h) J,) J(„_ i,y

^ aV Jil] fii'

^ dx dy J(<T. b) [ j(u. b) [ dy^ j,,. b)
• To trace any curve/(x, y) = 0, we must remember the following points :

(i) Symmetricity
(ii) Nature of origin (if/(x.y) = 0 passes through the origin).
(iii) Points of intersection of/(x, y) = 0 with coordinate axes.
(iv) Nature of y or a; in/(x. y) = 0.
(v) Regions in which curve does not exist
(vi) Asymptotes

dy(vii) Sign of ^ .

(viii) Points of inflexion (if they exist).

dy ■

• Multiple point (a, b) is node if

■ Multiple point (a, b) is cusp if

• Multiple point (a, b) is a conjugate point if

• STUDENT ACTIVITY
Show that the origin is a node on the curve + y^ - 3axy = 0.1.
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Singular Poinl.s and Ciirve Tracing2. Trace the curve ay^ = x^ {o-x).

• TEST YOURSELF-3
Trace the following curves :

1).
{a+x)=X^{a-x).

3 , 3X +y =x.

2. a^y = x\
4. xy^ = 4a^(2a~x).
6. X- (x^ - 4a^) = y^ {x^ - a^). 
8. xy = a\x^ + y\

1.
3.
5.
7.

ANSWERS

y“yt.

uX\ ■*X■*-X

o

y'-if

2.1.

y“ k

N\

(-l.OyX o {2a. 0)O> X i'4-^ 4 >x
(1,0)\\ s >

/•if 1 '

3.

\ /\ x=a //\ ys ys
i-y ✓s yN yN y\

i y>'=^ y1 /
yy

i r (-2a, 0)
0)

(2a. 0x= -a I
I Oi'4- ■>x

Vv
S

A
At SA >1 S\1 A\

I
I y N

y N
^y N \. .y' y N

^ x=a \^y
y y=-x

5.
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4,y

fz
II\ s

\ N "r*"I
V"<7

L N
N

S

(1.0)(-1.0) \x'^
' * x'^O N

O\
N

S\ s
-f\v i' L- v=-* #V

V
“I1

'Iry' • -f* . 1a

8.7.

OBJECTIVE EVALUATION 
>■ FILL IN THE BLANKS :

d^y
= 0 but ^ is not equal1. A point P(x, >) on the curve >> =f{x) will be a point of inflexion if

dx^ dxto
distinct tangents. 
..... tangents.

2. A double point is a node if at this point there are 
3. A double point is a cusp if at this point there are two
> TRUE OR FALSE :
Write ‘T’ for True and ‘F’, for False :

1. For the point of inflexion of the curve y =f{x). ^=obu.^â ;.0.
dx^ dx a/Fy

2. If we obtained two real and distinct tangents at the double point, then double point is a cusp.
, (T/Fj

> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

tfx
At the point of inflexion of the curve x =f{y). = 0 and - is not equal to : 

^ *1.
dy^ dy

(d) -None of these.(b) 0
2. The points of inflexion of the curve y^ = {x- of' {x - b) lie on the line :

(c) 3x + b = 4a

(c)-l(a) 1

(d) 3x = a.(a) 3x + a = 4b (b) 3x + a = b
. 'u

ANSWERS
Fill in the Blanks ;

1. Zero 
True or False :

l.T 2. F 3.T 4.T
Multiple Choice Questions :

1. (b) 2.(a)

3. Coincident2. Two

□□□

U
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Rectificalum (ifCitnesUNIT

8
RECTIFICATION OF CURVES

STRUCTURE
• Formulae for Finding the Lengths of the Curves

• Summary
• Student Activity
• Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

How to find the whole length of the given curve between the given points.

• 8.1. FORMULAE FOR FINDING THE LENGTHS OF THE CURVES
(a) Let the equation of a curve be y =f[x) and let A and B be two points on this curve between 

A and B. the length of curve is to be required. Let s be the length of an arc from a fixed point on 
the curve to any point on it.

Therefore, we have

V ^2-ds 1 + , ds = ± dx1 +dx dx dx
J

where positive and negative sign will have to take according as a: increases and decreases as s 
increases. Thus the length of an arc between the points A and B where m A,x = a and B,x = b 
is given by __________

. \2l
1 + dx, [a<b).s = dx\

(b) If the equation of the curve is .t = fiy). then the length of an arc between C and D is given
by rv \2-^dx1+ ^ dy, {c<d).s =

dy

(c) If the equation of the curve is in parametric form, i.e., x =f(r), y = g(r), then we have

V Vdx (dx-fds or ds = . dt.+ +
dt dt dtdt dt

Thus the length of an arc between A and B where at A, r = /| and at fi, / = ti is given by

N s2 f, \2-'dx dt.s = dt dt

REMARK
>- If the curve is symmetrical about some lines, then in order to find the length of an arc, 

we first find the length of one of symmetrical part and multiply this length by the number 
of symmetrical parts.

SOLVED EXAMPLES
Example 1. Find the length of the arc of the parabola y^ = 4ax cut off by its latus rectum. 
Solution. Latus rectum. A line which passes through the focus of the given parabola and 

perpendicular to the axis of that parabola.
Here the equation of the parabola is y^ = Aax whose trace is shown adjoining figure and in 

the fig. LL' is the latus rectum, the co-ordinates of L and L' are respectively (a, 2a) and (a, - 2a).
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Calculus & Geometry Since = 4ax is symmetrical about the line OX. Therefore the required arc length = 2 x arc length 
OL.

ry = 2'Ja Vx, 
dy
dx~ ^

Since y
(«. la) \

I

(a.O)(0,0)
>A'<•

0X'\2-

Now arc length OL 1 + dx
dx

}"> r L
At point 0, X = 0 and at point L, X = a)

Fig. 1ea p------- r
-dxdx =

a (iQ

2x + 2a1X + a dxdr =-
2 JO V(x^ + fix)+ ax

(2x + a)dx 
V(x^ + ax) "

fta AO
1 dx
2 Jo 2 JO ,V(x^ + ax)

(•a /•a
1 (2x + a) dr £ air
2 JO 2 JOV(x^ + ax)

■vNN 2 a
2

^^2^(x^+ax) + 1 log- x + ^ +Vx^ + ar
/O J}

= f log (3 2'J2) = a'JI + ^ log (1 + >i2)l

Arc length OL = aVT +a log (1 + V2^).
Hence the required arc length = 2 x arc length OL 

= 2-'/2a-H2alog(l+V2).
Example 2. Find the whole length of the asiroid

x = a cos^ 6, y = a sit? 9.
Solution. The equation of the curve is

Since the curve is symmetrical about both the axis, 
i.e.,’ curve lies in all the four quadrants as shown in fig. 2.

Therefore the whole length of the given curve 
= 4 X arc length of the curve in first quadrant.

Since the co-ordinates of A and B are (a, 0) and (0, a) 
respectively. Thus in the first quadrant x varies from 0 to a.

Now differentiating (1) w.r.t. x, we get 
2 -.^2 ,^^^0
3 i dx

or

..(1)

.4 0 = 0

1/3/ \
dy Ior
dx X

\ /
Therefore, the length of the curve in the first quadrant

i:V j:V Z/3'lf j X21 zdx =1 -f 1 dx2/3dx X/ ^
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RecUficalUm of C.uni'sl/S'l
dx = dx [using (1)]

pa 3= a‘^ -''^dx = a''^ 2/3
Jo 2^ -b

i k
_„l/3 3 2/3 = a —a 3

2^*

Hence, the whole length of the astroid = 4 x -^ = 6a.

• SUMMARY
• at'- •ii.• Length of an arc from x = atoj: = fcofth curve y = f{x) is

*/ / n2

dxs =

• Length of an arc from > = n to )’ = of the curve x =/(» is given by

rw dy1 +s =
« a

• Length of an arc from r = r, to r = f2 of the curve j: = x (r). y = y (?) is given by

rw / J("afr dy+s =
d? dl•/1 I

• STUDENT ACTIVITY
g

Find the length of the curve y = log -1. from X = 1 to X = 2.
^ + 1 /

2. Find the whole length of the curve x^ +y^ = a^.
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Calculus & Geometry TEST YOURSELF
^ ^ 21. Find the whole length of the curve j; +y =b.

2. Find the length of the arc of the curve = S)) from the vertex to an extremity of the latus
rectum.

3. Find the arc length of the curve y = ^x^-jlogx from .r = 1 to x = 2.

4. Find the length of the arc from 6 = 0 to 9 = 2n of the curve
x = a (cos 0 + 0 sin 9), y = (sin 0 - 0 cos 0).

ANSWERS

3. f + ^log22nb ' 2. 2[V2'+log(l+V2)] 4. 2an'1

OBJECTIVE EVALUATION
> FILL IN THE BLANKS ;
1. The curve y =f(.x) is rectified between x = a and x = b if/(j:) is............
2. The whole length of the arc of the curve x^ +y^ = c? is...........
3. If x =y(y), then the formula for finding the length of the curve between y = a and y = /) is
> TRUE OR FALSE:
Write ‘T’ for Trae and ‘F’ for False :

The length of the loop of the curve a: = y = >s 4VT.
2. The whole length of the astroid x^'^^ + y^^ = a^'' is la.
> MULTIPLE CHOICE QUESTIONS :

I. (T/F)
(VF)

Choose the most appropriate one :
■* The whole length of the curve + y^ - lax = 0 is :

(b) 27w
1.

(a) 7t<7 
(C) • (d) 3roi.

2. The whole length of the curve X = a cos r. y = flsin r is :
(b) 8a 
(d) 2a.

3. The length of an arc of the cycloid j: = a (0 - sin 0), y = a (I - cos 0) is : 
(a) 6a 
(c) 3a

(a) 6a 
(c) 3a

(b) 5a 
(d) 8a.

ANSWERS
Fill in the Blanks : rv \2-^dx dy1. Continuous 2. 2na 3.

True or False :
1. T 2. F

Multiple Choice Questions :
1. (b) 2. (a) 3.(d)

□□□
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Area of Bounded CurvesUNIT
e*

9
AREA OF BOUNDED CURVES

STRUCTURE
• Equation, of Curve in Cartesian Form 

• Summary 
Student Activity 
Test Yourself p

LEARNING OBJECTIVES
After going through this unit you will learn :

How determine the area of the bounded regions, bounded by the co-ordinate curves 
 and the given curves.

4I

• EQUATION OF CURVE IN CARTESIAN FORM
Let y =f{x) be a continuous curve in cartesian form and let A be the area of the region bounded 

by the curve y =f{x), the axis of x and the two ordinates x = a and x = b. Then
i-b eb

^=}a y‘^=L
Similarly, the area bounded by the curve x =Ay), the axis of y and the ordinates y = a and 

y = b \s given by ,
t-b eb

A=jg f(y)dy=j^ xdy.

REMARK
If the given curve is symmetrical either about x-axis or about y-axis or both axes, then 
find the area of one of the symmetrica! part and multiply this area by the number of 
symmetrical parts, we get the whole area of the bounded region.

>

► Area bounded by two curves = | Area bounded by one curve - Area bounded by other
■curve I r i

y. .SOLVED EXAMPLES
Example 1. Find the area of the region bounded by the 

line x = 2 and the parabola y^ = 8a:.
Solution. Since the equation of the parabola is 

y^ = 8x
which is symmetrical about v-axis and the line x 
the parabola y^ = 8x in two points (2, 4) and {2, - 4) as show in 
fig. 1.

A

x=2
O

«■ ■>x

= 2 intersects
B

i: Fig.lThe required area = 2 ydx

1*2 2

2 . 'J^dx = 4'J2 ^x^'^
. Jd

32= — sq. units.

Example 2. Find the whole area of the ellipse
2 2X = 1.2 , 2 a b
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Calculus & Geomeiry ■ 1 2 
X VSolution. Since the ellipse — + ■^ = 1 is symmetrical about both axes and whose trace is 

shown in fig. 2.
»a

Required area = 4 ^ ydx
. >

(O.fl)

rwf-i2> U 0)■ O
‘ =4 -2

f" /? 2
V 1 - — Jo > ^ ^2

1 ’= 46 2 y'

Fig. 2Let us put j; = a sin 0.
.-. (it = a cos 6 dd and 6 varies from 0 to n/2. 

=--------------- • -- iK/2 ■r P71/2
V cos^ 9 d0.•= - R. A. = 4^ Jo cos 9. a cos 0 (i6= 4ab ^

(2-1) It 
2 2= 4a6 (By Walli’s formula)

= nab sq. units.
Example 3. Find the common area between the curves = 401 and = 4ay.
Solution. Since the curve y^ = 4ax is 

symmetrical about x-axis and the curve 
x^ = 4ay is symmetrical about y-axis. Both 
curves intersects at two points (0,0) and 
(4a, 4a) which are obtained by solving both 
equations of curves. The tracing of the curves 
is shown in fig. 3.

The required area

, .y

~V lit’""x2=4cy

«•
■o B

y2=4ai-

= area of OBACO 
- area of OBADO. • •

...(1)
Fig. 3

l•4<^

Now area of OBACO = ^ y rit, where = 4ax

i4a p
. <^'dk = 2-^ |x^^^

JU r 3 '

Xarea of OBADO = „ y dx, where y = ~r- ifv 4a

Jo '

and

16a^1 X~dx = —JO 4a 4a 3 3
4)

From (1), we get
Required area = ^ ^ a^ sq. units.

• SUMMARY

• Area of bounded region, bounded by the curve y = /(x) and x-axis between x = a to x = 6, is 
given by

1*6 fb-
ydx^' f(x)dxA =

•'<3 a

• Area of the region bounded by the curve y =/(x) and y-axis between y = a and y = 6 is given
by
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Area of Bounded Ciir\<eS-fb
mdyA =

a

• Area bounded by two curves = | Area bounded by one curve - Area bounded by other curve |

• STUDENT-ACTIVITY

4.41. Find the whole area of an ellipse tt = 1.

i

Find the.area common to the curves = 4ax and = 4ay.2.

• TEST YOURSLF
1. Find the area of the region bounded by the following curves, and the axis of x and the given 

ordinates:
(i) y = log x;
(ii) y = c cosh (x/c);
{iii)y = sin^x;

2 Find the area of the region bounded by the parabola y^ = 4x and the line y = 2x-
3 Find the area of a quadrant of the ellipse x^/a + y'^/i'^ = 1.

Find the area of a loop of the curve xy^ + (x + ay (x +^2a) = 0.
5_ Find the area of the loop of the curve 'iarf = x (x - ay.

Find the whole area of the curve a^x^ =y^ {2fl -y).

ANSWERS

x = bx = a,
X = 0, x = a

X - n/2.x = 0,

4.

6.

1. (i) h log (f>/e) - a log (a/c) (ii) c^sinh(a/c) (iii) 7t/4

4. 2a^{l-n/4) 5. 8aV(15>/r) 6. TU?11 3. 7JWi> 
' 43

OBJECTIVE EVALUATION 
► FILL IN THE BLANKS ;

1 •

pb

The integral ^ f{x) dx represents1.
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2. The area of the ellipse + y^/b^ = 1 is.....
3. The area of the curve +y^ - 2aAr - 2a>' = 0 is
4. The area common to the curves = 4ax, = 4a>' is
V TRUE OR FALSE :
Write‘T’for True‘F for False :

Calculus A Geomfiry

pb

1. The integral ^ fiy) dy represents the area of a plane bounded by the curve x = J[y) the

y-axis and the lines y = a and y = b.
If the curve is symmetrical about x-axis, then the area of bounded portion is equal to twice 

, the area of the upper portion of the curve above A:-axis-

(T/Fl
2.

(T/F)

> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one ;

i.2

1. The value of the integral J{x) dx \ij{x) = - ' is :Jl x
(a) log 2 (b) log (2-1) (c)0 (d) 1.

2. The integral fi_x) dy represents the area of bounded region between the lines :

(a) x = a,x = b (b) x=l,x = f»
(c) A.- = - a, y = f> (d) y = a, y = b.
The area bounded by the curve y = sin^ x, A:-axis and the lines x = 0, x = Tt/2 is :

(d) n/3.
3.

(b) n/4(a) n/2 (c)n .

ANSWERS

Fill in the Blanks :
1. Area of bounded region 3. Twb 4. 2na^

True or False :
1. T 2. T

Multiple Choice Questions ; 
l.(a) 2.(d)

□□□

r .
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Surfaces and Volume oj ^blids of 
ReeoliifiiinUNIT , k ' ''

SURFACES AND VOLUMES OF SOLIDS OF
REVOLUTION

STRUCTURE
I• Surface of Revolution

• Revolution about x-axis
• Revolution about y-axis
• Revolution about any Line
• Surface Formulae for Different form of Equations

• Test Yourself-1
• Volume of Solids of Revolution
• Volume of a solid of revolution when the evolutions of the curve are in different Forms

• Summary
• Student Activity
• Test Yourself-2

<* '.if.

LEARNING OBJECTIVES
After going through this unit you will learn :

How to calculate the surface areas and volumes of solids on revolution.

• 10.1. SURFACE OF REVOLUTION
Definition. When a plane curve is revolved about a certain fixed line which is lying in its 

own plane, a surface is generated. This surface is called a surface of revolution.' Also the fixed 
line is called the axis of revolution.

• 10.2. REVOLUTION ABOUT x-AXIS
Let 5 be the surface area (curved surface) of a solid which is generated by the revolution of 

the curve y=f{x) about x-axis between the 
ordinates x = a and x = b and let s be the arc length 
measured from the point a.fia) to any point 
P(,x.y). Then

ib.rm

QP &s(aJia),Afbrb
ds

2ny ds - lity — • dx.S =
¥0

V ■j Vi dl Dds Cand 5 is the1 +Where — =
dx dx O x=a —»■ M N x=b

surface area of the solid of revolution of the curve 
y =J[x) about x;axis between x = a and x = b.

Fig.l

• 10.3. REVOLUTION ABOUT >^AXIS
Let S be the surface area of a solid generated by the revolution of the curve x = fiy) about 

y-axis between y = a and y = b. Then
rbrb

ds2tx — • dy2Ttxds =S = dyJa Ja

V \2-^dxds and s the arc length being measured from the point a).where -r = 1 +dy dy
K J ^
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Catculus A Geomtfry • 10.4. REVOLUTION ABOUT ANY LINE
L*t S be the surface area of a solid generated by the curve about any line between certain 

points. Let j be the arc length of the curve measured from one of the two given points to any point 
/* on the curve and let Q be any point very near to P such that PQ = 8s. Now draw a perpendicular 
PM from the point P to the line of axis of the revolution. Then

S^j2n(PM)ds.
Here the limits of integration arc taken the given points between them a solid is formed by 

the revolution.

• 10.5. SURFACE FORMULAE FOR DIFFERENT FORM OF EQUATIONS
Equation of a curve in parametric form. Suppose the equation of a curve is given in 

parametric form x y = iU)- where r is the parameter, then the surface area of a solid generated 
by the revolution of the given curve about a:-axis between the suitable limits is

• / . '
S= 2ny ^ dl

di

\2 /j

+ ^ .f dxwhere
di di

/ •*
Similarly fory-axis as the axis of revolution we may find the surface area.

REMARK
>■ [f we have to find the surface area of a solid generated by the revolution of the curve 

about any line, then use the following steps :
J. Take any point P on the curve between the given points.
2. Draw the perpendicular from P to the line of axis which meets the axis at the point 
M (say).
3. Find the perpendicular PM.
4. And use the formula given is § Revolution about y*axis.

SOLVED EXAMPLES
Example 1. Find the surface of a sphere of radius a.
Solution. The sj^cre is generated, if a semi-circle is revolved about its diameter. Ixt the 

equation of a circle of radius a is

^ = 0 or ^ =
...(I)

-5^
dx y cV[-fsnwds

dx
/ ^

BA O<• *x
= =“ , [using (1)1

Let A (- a, 0) and B (a, 0) be the bounding points 
of the semi-circle as shown in Fig. 2.

Here the diameter is taken as x-axis. Let S be the 
surface area of the sphere, then

1 t\ i

c ,

ng.2
dsS = 2ny. — .dx 

^ dx
• a .

2jry .-dx J-« •' y
ds a'

■ dx"y
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Surfaces and Volume aj Solids of 
Revolution

fid

= 2juj dx = Ilia X- a

5 = 47mI
Example 2. Find .the surface of the solid generated by the revolution of the curve 

x = a cos^ t and y = a sin^ t about the x-axis.
Solution. We have

B(0, a)x = a cos^ t and y = a sin^ t. 
This curve is symmetrical about both the
axes. A' A<■

At A{a, 0) r = 0 and at 5(0, a) t = n/2.
dx . 2 -— = -3flcos rsinr 
dt

= 3a sin^ / cos /

Now

dt /'/

V -ds dx Fig. 3
dt dt dt

- 3a vcos^ t sin^ t + sin^ t cos^ t
3a

= 3a sin t cos r = — sin 2r.

Let S be the surface of a solid of revolution of the given curve about x-axis. Then
eti/lds } 3a a sin t. — sin 2t dtS = 2 2ny — dt = 4K dt JoJo

f\/2(-11/2 sin^ r 12Tta^-A . aJilsin r cos tdt = 127ia —= 12na^
5Jo Jo

• TEST YOURSELF-1
1. Find the curved surface of a hemi-sphere of radius a.
2. Find the area of the surface formed by the revolution of the parabola f = 4ax about the .r-axis 

by arc from the vertex to one of the latus rectum.
3. For a catenary y = a cosh (x/a). prove that

aS = tU2 {ax + sy)
where s is the length of the arc measured from the vertex, S is the area of curved surface of 
the solid generated by the revolution of the arc about x-axis.

4_ Find the surface of the solid generated by the revolution of the astroid x*^^ + y^' = a"^ about 
x-axis.

ANSWERS

127ia^2. |7ta^(2>i2-l) 4.-^1. 27ia^

• 10.6. VOLUME OF SOLIDS OF REVOLUTION
(a) Revolution about x-axis. Let V be the volume 

of a solid which is generated by the revolution of a plane 
area bounded by the curve y=f{x), the ordinates x = a, 
X = h and x-axis about the x-axis. Then

B

C
pt> A x=bV= ^ ny^ dx

where y =f{x) is a continuous and single valued 
function defined on [a, 5], L

(b) Revolution about y-axis. Similarly, the volume 
of a solid formed by the revolution of a plane area bounded

P
6x1=0

C M N D

Fig. 4
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Calculus <i Geometry by the curve x =J[y) and the lines y = a and y = b and y-axis about y-axis is

nx' dy.
l-b

Jq

(c) Revolution about any line. The
volume of a solid formed by the revolution of a 
plane area bounded by the arc AB and the lines 
AC and AD and the axis CD about any line 
CD (different from x-axis and y-axis) is

fOD

B. axis of rolalioii

A P S

M ■Tt (PMf d {0^f)Joe
where PM is the idngth of perpendicular from O 
any point P on the arc AB to the axis CD and 
O be any fixed point on the axis CD.

C

Fig. 5

• 10.7. VOLUME OF A SOLID OF REVOLUTION WHEN THE EQUATIONS 
OF THE CURVE ARE IN DIFFERENT FORMS

• (a) Equation of curve in parametric form. Suppose the equation of a generating curve are 
in parametric form x =f{t) and y = gfr). then the volume of the solid generated by the revolution of 
the plane area bounded by the given curve, axis of x and the ordinates at the points where t = a and 
i = b, about x’-axis is

fb b
dxny^Ja

Similarly, the volume of a solid formed by the revolution of a plane area bounded by 
^ =/l0- y = 8(0 axis of y and the two absciassaes where i = a and / = b about y-axis is

. dl = dldt Ja

where

rb fb
2 to'’ dt. dl =nx dt Ja• a

where

SOLVED EXAMPLES
Example 1. Find the volume of a spherical cap of height h cut off from a sphere of radius a. 
Solution. The spherical cap is generated by the revolution of a plane area bounded by the 

curve x" + y^ = the axis of y and the line y = cT- h and y = a in the first quadrant about y-axis as 
shown in fig. 6.

Let V be the volume of this spherical cap, then

Ctlx dya - ft
ftV AfO

^ (o^-y^Vy jr^+y^ = a^) 0= n 4Ja~
I
f13T t\ /= K a^y-^ \

V

b-/i

s'!•/
or . .. T (a-hf
j -{a-h) a3= n Fig. 6a

2a^ a-h 
= 71 ——j^{3a^-{a-hf]
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Surfaces and Vohnni’ of Soliih lif 
Revoitnion

= ^[2a^-(a-h) {2a^ - + 2ah}]

= I [2a^ - 2a^ (a - /i) + (a - h) - 2ah (a r ft)] 

= j,[3aft'-ft^]

V = ^^{a-‘±\. -- -»-

3

Example 2. Find the volume of the solid generated by the revolution of the tractrix 

x = a cos i + j log tan^ it/2). y = a sin t.

about its asymptote.
Solution. We have

My

(0. <7)A

a: = fl COS t ^ log tan" {t/2) 

y = a sin t. Oand
a cos^ tdx a

Now = -asinf+ —
dt sin t

Here x-axis is the aysmpiote of the given 
curve so that for x-axis i.e.. y = 0.t = n/2 and 
at A(0. a), t = 0.

Let V" be the volume of the solid 
generated by the revolution of the tractrix. Then

sin t (0, - a)A

Fig. 7

fOcO a cos^ tc{x 2-2 UV’a sin t —:ny^ ^dt =271 dtV = 2
dt sin tJjt/2Jti/2

- 1 1° cos'’t
cos^ t sin t dt = 2jta’ —= 27W^

• Jn/2

I 2= 2Tca^ --0 =2^'-

k/2

3

• SUMMARY
• Surface area of solid of revolution of the curve y =/.(x) about x-axis between x = a to x = ft is 

given by
(»b V1‘b ■ / ds)2jty; ^ dx = 

dx i
dx.2nyS = J +

dx /a• a

• Surface area of solid of revolution of the curve y =/(x) about y-axis between y = n and y = ft 
is given by

Vrb

{dy^

pb ds dy2nx — dy- 271 XS = 1 +
dy ^ a• a

• Surface area of solid of revolution of the curve x = x(/) and y = y {f)'about x-axis between 
t = r, and r = 72 is given by

V J \2
dr

f dxfc'ls = 2ny +
dt dt*''1

• Volume of solid of revolution of the curve y =/(x) about x-axis between x = a to x = ft is given
by

pb
ny dxV =
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Cnlculus & Geometry • Volume of solid of revolution of the curve y =f{x) about >-axis between y = a and >■ = b \s 
given by

eb
nx^dyV =

a

• STUDENT ACTIVITY
1. Find the surface area of a sphere of radius a.

1

2. Find the volume of a sphere of radius a.

• TEST YOURSELF-2
1. Show that the volume of sphere of radius a is | TW^-

2. Find the volume of a hemi-sphere.
The part of a parabola = 4ax cut off by the latus rectum revolves about the tangnet at the 
vertex. Find the volume of a solid thus generated.

4. Find the volume of the solid generated by the revolution of an arc of the catenary 
y = c cosh (x/c) about jr-axis.

ANSWERS
2 \“

c ■ .(2x — smh — 2 c2. 4
3. -na 4.^3 X +
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OBJECTIVE EVALUATION 
>• FILL IN THE BLANKS :

Surfaces: and Volume of Soliefy of 
Kevoliilion

fb

of a solid generated by the revolution about j:-a;(is1. The integral ^ 2ny ds represents

of the area bounded by the curve y ordinates x = a,x = b and x-axis.
2. The surface area of a hemi-sphere of radius a is..........
► TRUE OR FALSE :
Write ‘T’ for True and ‘F’ for False :
1. The volume of a hemi-sphere of radius a is

The surface area of a sphere of radius a is 2nfl^.
3. The surface area of a solid generated by the revolution of the curve

<T/F)
(T/F)2.

rr/Fj
> MULTIPLE CHOICE QUESTIONS : 
Choose the most appropriate one :
1. The surface area of a sphere of radius r is : 

(a) 2nr^
(c) nj^

2. The volume of a hemi-sphere of radius a is : 
(a)

(C)

(b) 4nr^ 
(d) 3nr^.

(b)|nfl^

(d)

ANSWERS

Fill in the Blanks :
1. Surface 

True or False :
l.T 2.F 3.T

Multiple Choice Questions: 
1. (b) 2. (b)

2.2Tta^

□□□
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Calculus i Geometry UNIT

DIFFERENTIAL EQUATION OF FIRST 

ORDER AND FIRST DEGREE 4

STRUCTURE
Definitions
• Test Yourself-1
Solution of the Differential Equation
• Test Yourself-2
Formation of a Differential Equation
• Test Yourself-3
Solution of Differential Equations
• Test Yourself-4
Homogeneous Differential Equations
• Test Yourseif-5 
Unear Diffrential Equation
• Test Yoursell-6
Equatin Reducible to Linear Form
• Test Yourseif-7
Exact Differential Equation
• Test Yourself-a 
Integrating Factor
• Summary
• Student Activity
• Test Yourself-9

• •* 4! ■ • f

I'

A

' .r

LEARNING OBJECTIVES
After going through this unit you will learn :

# How to determine the solution of the given differential equation of order one and degrer

• 11.1. DEFINITIONS
1. Diflerential Equation. An equation involving one dependent variable and its derivatives 

with respect to one or more independent variables is called a differential equation.

.4.2n3/2
For Examples : (i) e' dx + o’’ dy = 0, (ii) ^ ^

= — —y are all diffrential equations. c dr

dx^dx
J

(iv)

2. Ordinary Diflerential Equation. A differential equation which contains only one 
independent variable is called an ordinary differential equation .a

{I

are both ordinary differential equationsFor Examples :(\) x dx+ y dy = Q, (ii) i +
dx^dx

05 they have one independent variables.
3. Partial Diflerential Equation. A differential equation which contains more than one. 

independent variables, is called partial differential equation.

4 J
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,...

Differeniial Equation of hin t Order and
First Di'gn-e

3^ 3^ djji 
djc^ d}’~ dz^

as they have more than one independent variable such as x, y, z.
4. Order of Differential Equations. The order of a differential equation is the order of the 

highest derivative appearing in it.
5. Degree of Differential Equations. The degree of a differential equation is the degree of 

the highest derivative occurring in it. after the equation has been expressed in a form free from 
radicals and fractions as far as the derivative are concerned.

For examples : (i) e^ dx + e^ dy = 0, is of the first order and first degree.

—^ + x'y = 0, is of the second order and first degree. 
dx^

2-l3/2

= 0,(ii)|4 13^«, are both partial differential equationFor examples: (i)
3.r^ c 3_y

(ii)

(d\
C —T can be written as(iii) The differential equation 1 +

dx^dx

C -k

r.4d^ , it is of second order and second degree.1 +
dx^dx

SOLVED EXAMPLES
Example 1. Determine the order and degree of the differential equation

Solution. The given differential equation contains second order derivative which is the highest 
derivatives, so the order of the differential equation is 2. The power of second order derivative is 
3, so the degree of the differential equation is 3.

Hence, order = 2 and degree = 3.
Example 2. Determine the order and degree of the differential equation

2-|l/2

\4(cFy
X —^ + y

dx-

1/3
Jil1 +
XJ ’

Solution. Making the dmerential equation free from redicals, we get

. V '

Now in this equation, the order of the highest derivative is 2, so its order is 2.
The power of the highest derivative is 2, so its degree is 2.
Hence, the given differential equation is of order 2 and degr« 2.
Example 3. Determine the order and degree of the differential equation

(^^ 2 
X

dx

1 +
dx

2
dx

dx
Solution. Making the given differd^ntial equation free from fraction, we get

Now, in this equation, me order of th^ hi'^est derivative is one and its power is 2. 
Hence, the differential equation of order 1 and degree 2.

v2x(^

dx

• TEST YOURSELF-1
Determine the order and degree of each of the following differential equation ;

''d^2.^ + 2>’ = 0,^2 + 3 ^1. + Sy = sin x.dx

3.(x^ -y^)dx + {xy^ - x^y) dy = 0, 4. X + 2xy - 6x = 0.3. dx

ANSWERS

3. Order = I, Degree = 12. Order = 2, Degree = 11. Order = 1, Degree = 2 
4. Order = 1, Degree = 1
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Calculus & Geomeiiy
• 11.2. SOLUTION OF THE DIFFERENTIAL EQUATION

Any relation between the dependent and independent variables i.e.. a function of the form 
y =y(A:) + G, which satisfies the given differential equation is called its solution or primitive, 

dy ~
-^ = cos j: be a given differential equation. Then a function > = sin .r + C,For example : Let dx

is its solution. i1. General solution. If the solution of nth order differential equation contains n arbitrary 
constants, then it is called general solution or complete primitive.

2. Particular solution. A solution obtained from the general solution by giving particular 
values to the arbitrary constants in the general solution is called {Articular solution or particular 
integral.

Singular Solution. The solution which can not be obtained from general solution by assigning 
particular values to the arbitrary constants, is called singular solution.

Example 1. Verify that y =A cos x-B sin x is a solution of the differential equation
A

2 + y = o.
dx

Solution. We have, 
Differentiating (1) w.r.t. x, we get

dx
Differentiating again, we get

ii.

y=A cos x-fl sinx. ..(1)

= - A sin.*: - S cos x.

= -A COSX + B sinx
dx^

= -{A cos X “ S sin x) = - y fusing fl)]

-Jwy-0.,

iiHence, y=A cos x~ B sin x is a solution of I + :y = o.
dx

Example 2. Show that y = Ae* + Be is a solution of the differential equation
/v
TT-y = 0.
dx^

Solution. We have
y = Ae' + Be'\

Differentiating (1) w.r.t. x, we get
...(1)

dx
Differentiating again, we get

= Ae' + Be~’^ = y [using (1)]
dx^

h -y = Q.
dx^

Hence, y = Aef + Be is a solution of > = 0.
dx^

Example 3. Show that y = ae^ + be'^ is a solution of the differential equation
(^y dy 
dx^ dx

- 2>> = 0.

Solution. We have
y = ae^ + be' *.

Differentiating (1) w.r.t. x, we get
^ = 2ae^-be-\

-d)

...(2)dx
Differentiating again, we get
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Differential EgueUtOH of First Order and 
First Degree•••(3)dx^

Now, from (1), (2), (3), we get
dS _ ^
dx^ dx

-2y = (4fle^ + be'^) - (2ae^ - be~^) - 2 {ae^ + be~") = 0.

_ dy
dx^ dx

Hence, y = ae^ + be ^ is a solution of the differential equation - 2y = 0.

• TEST YOURSELF-2

1. Show that > = 06^ is a solution of the differential equation ^

3. Show that = c (j: - c)^ is a solution of the differential equation 8y^ = 4xy 4^ - ^ .
ax dx

■ A
4. Show that y = 4 sin 3;c is a solution of the differential equation —4 + 9>' = 0.

Show that y = ae ^ is a solution of the differential equation ^2.

d:^

• 11.3. FORMATION OF A DIFFERENTIAL EQUATION
The general solution of a first order differential equation contains one arbitrary constant, which 

is called a parameter. If this parameter takes various values, then we get a family of curve of one 
parameter.

For example: The equation represent a one parameter family of circles if c takes
all real values.

Suppose there is an equation, representing a family of curves, containing n arbitrary constants. 
Then in order to find its differential equation we proceed as follows :

(() Differentiate the given equation of family of curve n times to get n more equations 
containing n arbitrary constants and derivatives.

(ii) Eliminate all the n constants from all of these (n +1) equations to get an equation 
containing a nth order derivativie. which is the required differential equation of the given family of

I

curves.
Example 1. Find the differential equation of the family of all straight lines passing through

the origin.
Solution. The general equation of the family of all straight lines passing through the origin

IS

-d)y = mx
where m is a parameter.

Differentiating (1) w.r.t. x, we get

-r = m. -(2)dx
Eliminating m between (1) and (2), we get

which is the required differential equation.
Example 2. Find the differential equation of the family of all straight lines making equal 

intercepts on the co-ordinate axes.
Solution. The general equation of the family of all straight lines making equal intercepts on

the axes is

...(1)or X + y = c
c c

where c is a parameter.
Differentiating (1) w.r.t. x, we get

1+^ = 0
dx

which is the required differential equation.
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Calculus & .Gfonie!ry • TEST YOURSELF-3
Find the differential equations of the following families of the curves ;
y = 3x + c, where c is a parameter.
(2x + af + = a^. where a is a parameter.
x^ + y^ = a^. where a is a parameter.

+y^ = 2ax, where a is a parameter, 
y = a sin (a: + b), where a and h are parameters.
)< = b cos (x + b), where o and b'are parameters.

1.
2.
3.
4.
5.
6.'

ANSWERS

2.2.4-/.V = 0 3...4 = 0 

5. A

1. ^ = 3 
dx

4. 2xy^ + x^-y- = G 
ax

6, i-y = 0+ )' = 0
dx-dx^

•. 11.4. SOLUTION OF DIFFERENTIAL EQUATIONS
1; Method of Solving Differential Equation by Separation of Variables :
If any differential equation can be expressed as 

ffx) dx = g(y) dy.
Then we say that variables are separable.
In order to solve the given differential equation, using variable separable, we first reduce ir 

■ to the form (1) and then integrate both sides, we therefore obtain the required solution.
dyExample 1. Solve xy-l-x+y +

Solution. We have

»»•—
...(1)

= A:y + A: + y+ l 
uX

^ = (i+A){l+y). 

Separating the variables, we get

= (1 ■¥x)dx.

=>
’d"

1+y
Integrating, we get

2
log|l+y| = A- + ^ + C

which is the required solution.
diExample 2. Solve = log {x + 1).

Solution. We have
^ = iog(x+l).
dx

Separating the variables, we get,
dy = \og{x+ 1) dx.

Integrating both sides, we get
y = log (x + 1) tfr + C

^(log(x+!)). dxdx + C 
J ctx J= log(x+l) dx

~dx + C= xlog (x+ 1)-
, X + 1

fx+ 1 - 11 dx + C= xlog (x+ 1)- J X + 1
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Dijferential Equation of Firm Oirler anil 
Firm Degree' dx 

, x+ 1= X log (j: + 1) - dx + dx + C

y = X log (x + 1) - X + log IX + I I + C
which is the required solution.

• TEST YOURSELF-4
Solve the following differential equations :

2.^x-r = y-

4. $ =
dx

dx (1+^2)'

ANSWERS

1.
dx

3. ^ = V^.
dx

5. ^ (/+!)>.

> .rK

2. iog|l-^| + x=C. 
5. log I y I = + X + C

3. > = 2 sin (x + C)
*1 - I6. tan" y - tan x = C

1. y = Cx 
4. e-' + e-> = C,

• 11.5. HOMOGENEOUS DIFFERENTIAL EQUATIONS
Homogeneous Function. A function f[x, >>) in x and y is said to be a homogeneous function 

of degree n, if the degree of each term affix, y) is n.
For Example : fix, >) = ax' + 2hxy + by^ is a honiogeneous function of degree 2.

REMARK
^ In general, a homogeneous function of degree n can be expressed as

/ \
fix,y)=x''F ^ .

V /
4 *

Homogeneous differential equation. A differential equation of the form

dy _f\{x<y) '
dx /2(x, y)

is said to be homogeneous, ifffx, y) and/2{x, y) are homogeneous functions of same degree.
dy x^ + y Vis a homogeneous dift'erentiaf equation.

Method of Solving Homogeneous Differential Equation :
In order to solve a homogeneous differential equation we proceed through the following steps: 
Step 1. Substitute )>= vx (or x = v>>).
Step 2. Reduce the given differential equation in terms of v and x.
Step 3. Solve the reduced equation by the method of separation of variables.

For example : ^
xy

V XStep 4. Replace V by or v by - after integration. 
X y

Example 1. Solve (x^ + y^) ^ = xy.

Solution. The given differential equation can be expressed as 

dx x^ + y^
...(1)

Clearly (1) is a homogeneous differential equation.
dy dv .-^ = V + x— in (1), we getPutting y = vx and ^ dx

2dv VvxV +x
dx x^ + v^x' 1 +

3dv - VV
— V -^ dx 1 + l + v'
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Calculus <4 Geometry Separating the variables, we get
1 + , dx-—-^dv=—-

Integrating both sides, we get
' dv {dv C dx , ,- = J--H08|C|

- log I VI = log I j: I + log I CI

3
V V

1
2v^

I log I xvC I
2v^

I/Zi-'xvC = e=>

which is the required solution.

TEST YOURSELF-5
Solve the following differential equations :

j. 2,22 ay +yj. 2 2ay y -X ^ = 2,.3. x + y1. dxdx 2xydx 2xy
■5 dy _x + y 

dx x-y

ANSWERS

x^ 6. {x-y) = x + 3v.4. = x + y. dxdx

2.x = Cix^-y^) 3.1ogty-x) = C + -f-
/ •*

" ‘ ^ ^ log + >’^) + C 6. log I j; + y I + ^

1. {X^ + y^) = Cx

4. > = X log I ;r I + C^: = C5. tan x + y

• 11.6. LINEAR DIFFERENTIAL EQUATION
Definition. A differential equation in which the dependent variable and all its derivatives 

are of first degree only and not multiplied together, is called a linear differential equation;
^ + y = X is a linear differential equation..For example : x ^

General Form of Linear Differential Equation : 
(i) The equation of the form

^ + Py=G
dx

where P and Q are either constants or functions of x only, is most general form of linear differential 
equation.

(ii) The equation of the form
dx— + Px=Q 
dy

where F and Q are either constants or functions of y only, is most general form of linear differential 
equation.

t

Solution of ^ + Fy = fi : Multiplying by J 

ax

PiU, which is known as integrating factor

{i.e., I.F.), we get
Pdx

Pdx
dx

Integrating both sides, we get
y. J jPitxPdx dx+C

Q. (I.F.) dx + C, where I.F. = J
Qe

Pdxy.(I.F.)or
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dy
Working rule for solviiu j+Py = Q’ 

ax
Differeniinl Equation o] Fir\i Otrier ami 

First Derive

1. Findl-F. =J'’*

2. The solution is y . (I.F.) =; Q.. (LF.) <ic +C.

SOLVED EXAMPLES
Example 1. Solve (I ^ “

Solution. The given .differential equation can be written as 
dy 2x cos X

dy
Comparing (1) with -^ + Py = Q, wt get

cos X.

..(1)

2r cosxp = ’ Q =1+x^ 1 +x^

I.F. = JPllx

Thus, the solution is
y{\+x^) = \Q{\+x^)dx + C 

y(lFx^) =

3' (1 + ^ cos xdx + C
_y(l +jc^) = sinx + C. 

dy 2.Example 2. Solve

cosx (1 +:>^)dx + C
J (1+x^)

=>

Solution. The given differential equation can be written as
^ 1 
j-~y = x- dx X ...(1)

dy
Comparing (1) with ^ = g, we get

1
P = — and Q = x

I-I.
X

I.F. = J Pdxso, = e
x

Thus, the solution of (1) is

(A f /i>I
Q. - dx + C>• X X

f 1X. — dx + C = dx + c =x + C.=» y -
X X\ /
y=A‘ -F Cx.

TEST YOURSELF-6

Solve the following differential equations :

2.

dx X

3.^-4y = e^.+ y = e^..1.
dx dx
dy dy5. ^ + 2y=e"-'. 
dx

8. ^ + 2y = xe^.

6. ^ + 2y = 6e^. 
dx

dx X

4.

7.
dx

ANSWERS

1 •J ^ 'lx I Ax3.>' = --e +Ce1. v = e^+C/ 2.y = ^e^+Ce-^
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Calculus i Geometry- S.y = e+ Ce"-' 6.y = 2e' + Ce
8. > = 1 xe^' - ^7 e' + Ce- ^ 9. {n + 2) xy = x" * U (« + 2) C J 

0 3q

-Zv-e'^ + Ce ^ 

y = + C-T

4. >’ =I

7.

• 11.7. EQUATION REDUCIBLE TO LINEAR FORM
A differential equation of the form 

^^Py = Qf

(•

dx
is called an equation reducible to the linear form or Bernoulli’s equation. 

Solution of the equation. The given equation can be written as
-n + 1 ...(1)^Py = Q-dx

+ 1Put y ~ V

dx dx(-n+ !)y

Then (1). becomes
- 1 dv + Pv=e

(n-1) ctr
dv
~-in-l)Pv = Q{l-n)

which' is a linear equation of first order, and can be solved in a usual manner.
Working Procedure :

or

dy
(0 Write the given equation in the form ^ Qy"'

-fl + I(it) Divide by y", substitute y = V and get the equation of the form
dv
—l)Pv = Q(l -n).

(jt'O Then, apply the method of solution of linear equation.
SOLVED EXAMPLES

. Example 1. 5<7/ve + y = y^ hex.
ax

Solution. The given equation can be written as

x y
1
-loex
X

_
^-dx" dx

^dxy
• 1

Put - = v =>
y y

Hence, the given equation becomes 
dv I 1 .
dx~ x" - — log x which in linear in v. 

X

I.F.=
X

The solution is
— .v= --^logxtir + c

1 , f > 1 J ‘ . X I ^ s-logj- -dx = -]ogx y- +c 
- J X X

V = log -x + 1 + cx or 1 = cyx + y + y log .x
1 = y (1 + logx) + cxy.

Example 2. Solve = ^ y)^.

1
;X

X Xx
or
or

X'

Solution. The given equation is of Bernoulli's type because of presence of non-iinear part 
on right side, so dividing by y (log y)^ we get

y(logy)- ^ ^ logy /
11

...(1)
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Dilferenliul Equalioh oj b'ir.sl'Onh’i ' wU!
Firs! Degree

1 dll i • -f- in (1), we getNow substituting u log}’ dx yi\ogyf ^
du 1

- —+ "u = ^ => -r~~‘* = - 2
dx X X dx X -‘■

1du 1 1
X

which is a linear equation in «, therefore

e ^ =—• ...(2)l.F.=
X

Multiplying equation (2) by I.F. and after integrating, we get 

^ + c1u
2x

1 1 + c, which is the required solution.
a: logy 2x^

• TEST YOURSELF-7
Solve the following ordinary differential equation :

3.^
dx X.

X = x^.2. 42. X1. ++y=xy. 2 ydx dx 1 -X

dx X

? + - = -■ 
dx X /

5. y (i + xy) dx - X dy = 0.4.

7. {x^^ + xy)dx = dy.6.

ANSWERS

2.4 = ^^(3-cx)

4. 2xy^ + cx^y^ = 1 

6.2x = (2cx^ + l)e-'

f (lA^) + c

3. V7(i-x^r=4(’-^)'''

11.

+ c

X 1 2 ,- = -x +C y 25.
2> -x'n7. 1 = 2y 1 - Y - eye

• 11.8. EXACT DIFFERENTIAL EQUATION
The differential equation which can be derived from its primitive by direct differentiation 

without any further transformation (such as elimination or reduction), is called an exact differential
equation.

For Example : The equation ydx + xdy = 0 is exact, as it is derived from it is primitive
*yx = c.

Working Procedure ;
{/) Compare the given equation with Mdx + Ndy = 0 and find out M and N- 

. which conclude the exactness of the given equation.dM dN(if) Show that
fc •* ^

(lii) Integrate the coefficient of dx (i.e., M) with respect to x, regarding y'to be constant.
(iv) Omir the terms containing x is N and find the integral of the coefficient of dy with respect

to y.
(v) Add the above two results and equate this sum to an arbitrary constant, i.e..

Mdx+ (terms in N not containing x) dy = c.
I (y constant)

REMARK
> It is clear from the definition that the exact differential equation is formed from its general 

solution by direct differentiation and without any ftirthet operation of elimination or 
reduction.
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Differential Equalinn of First Onler and 
First Dt-ftn-c• 11.9. INTEGRATING FACTOR

If the given equation Mdx + Ndy = 0 is not exact, then it can be made exact by multiplying 
some function of x and y. This multiplier is called an integrating factor {I.F.).
REMARKS

^ The number of integrating factor for the equation 
Mdx + Ndy = 0, is infinite.

>■ If p is an integrating factor. Then p (Mdx + Ndy) = 0 is an exact differentia! equation.
► Although an equation of the form

Mdx + Ndy = 0
always has integrating factor, there is no general method of finding them.

Here, we explain some rules for finding I.F. ;
(A) By Inspection. The following list of ',xact differentials should be noted very carefully.

(1) ^f-l =

. t

/

ydx-xdy xdy-ydx
(2) d2 XyV /

-1 zl _ xdy-ydx
xS/

(5) rf log £1 = 2*^ 
y xy

V /

(7) d(x.y)'==xdy + ydx

-I x ydx-xdy
y) x^ + /

'i xdy-ydx

(4) d tan(3) d tan
X

(6) d log^
xy

1 xdy + ydx(8) d 2 2xy X y

2xydx-x^ dy(9) d ^ =
22 2 Xy X y

<..2>'£\ 2:^ydy-2yhdx 

V J

(14)<i[log(/ + /,]= , ,
[y) y^ xUy"

There are several methods which are usually given for determining integrating factors in

2xy^ dx - 2yx^ dya2)d ^ =(11) d i
y y

2xdx + 2ydy

particular classes of equations.
M dx + N dy = 0.

is the given equation, which is not exact, then we proceed as follows. 

Method (i): If Mx + A'y 0 and the equation is homogeneous, then

...(1)If

1 is an integratingAfar + Ny
factor of (1).

Method (ii): If equation (1) is of the form
/i(x, y) y dx +/2(x, y) xdy = 0.

1 is an integrating factor, provide-Mx - Ny*0.Then
Mx-Ny

1 dM dN is a function of x alone say fi.x) or a constant c, then 

jcde

Method (iii) : If tNldy 9x.

I.F.= or e
1 BN dM is a function of y alone say f(y) or a constant, say c, thenMethod (iv) : If —AfLdx By. 

J/ix)dy lofyI.F.=
Method (v): If an equation is of the form

x^y* [my dx + nx dy] + x^ (pydx + qx dy) = 0

or e
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where a, b, m, n, r. s, p and q are all constants, then the integrating factor will be jt* y'‘, where h 
and k are such that after multiplying by the integrating 'factor that the condition of exactness is 
satisfied. .
SOLVED EXAMPLES

Example 1. Solve {y^e’‘ + 2xy) dx-x^dy = 0. ■■
Solution. The given equation is j

Calculux & Geometry

(y^e^ ^■2xy)dx-x^dy = l).

Compare with Mdx + Ndy = 0
We get M = y V + 2xy and N = -x^

dM dN 
dy dx

=?> The given equation is not exact.

dM

Now, if in the equation e’ is multiplied by some other-function, then it must occur twice m 
the differential equation. But since it is occurring only once, therefore we should divide by >•'.

2>2xydx- x^dy 2x dx + dy = 0dx + 0 or +2 y yy
2x . x'— and N= —-M = e" +Now

2
y

dy dx
=> Equation is exact.=>

Hence, the solution is
N.dy = cM .dx +

Jonty those terms does not contain j:Jy is constant
2<•/ i Sj:'! , r X ■

+ — dx = c ^ e+ — = c.

Example 2. Solve (x^y - 2xy^) dx-(x^ - 2xy) dy = 0. 
Solution. The given equation is

ix^y - 2xy^) dx-(x^- 3x^y) dy = 0.

Compare withMrir + Ndy = 0 
We get M = x^y~ 2xy^ and N = 3x^y - x^

-^ = x--4xy and ^ = 6xy~3x^ 
oy dx
dM dN
dy * dx

dM• ==>

The given equation is not exact.
Here, we observe that M and N are the homogeneous functions of x and y and

1 1 1*0 therefore, I.F. =2 2 2 2Mx + Ny
Now, multiplying the given equation by I.R, we get

ri ft \
------ <ix+-------- r dy = 0.
y X y

•ry • ^ y

In this equation
2 j At 3 X— and N =------ ry

dM 1_ _ ^ 
dx

IM = -
y /

ay
This equation is exact.

3X yThe solution is — + log , = c.
y X
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DiffereruM Eqiuilum of Firsr Order and 
Firxl Degree• SUMMARY

■ Differential equation : An equation involving one dependent variable and its derivatives with 
respect to one or more independent variables, is called a different equation.

.^ + ^ = 0

• Order of D.£ : The order of the highest derivative appearing in D.E is called the order of D.E.
• Degree of D.E : The degree of the highest derivative appearing in D.E, after making D.E free 

from radicals and factors as for as the derivative are concerned, is called the degree of D.E.
• General solution of D.£': If the solution of n'^ order D.E contains n arbitrary constants, then 

it is called general solution.
• Particular solution of D.E: The solution of D.E obtained from its gneral solution by assigning 

particular values to the arbitrary constants in it, is called particular solution of D.E.
• Singular solution of D.E : The solution of D.E, which can not be obtained from its general 

solution as obtained particular solution, is called singular solution of D.E.

For example :

• STUDENT ACTIVITY
J. Find the order and degree of the differential equation

’ dx Ar^ ,

di y= V - X tan .
X

2. Solve X dx
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Calculus £ Ceomelry • TEST YOURSELF-9
Solve the following ordinary diiTerenlial equation :

xy)y dx +xy) xdy = (i. 
ydx-xdy + {\+x)dx + x sinydy = 0.
(x^y^ + x^y^ + xy+ l)ydx + - x^y^-xy+\)xdy = 0.
{y^/ + 2xy)dx-x^dy = Q. 
x^y dx- (x^ + y^) dy = 0. 
a: fir + y rfy + + y^) dy = 0.
(a:^ . + jty + 1) y fir + {x^y^ - xy + 1) x fiy = 0.
(x^ + y') dx - 2xy dy = 0.
(xy sin xy + cos xy) y fir + (xy sin xy - cos Ay) x dy = 0.
(2y dx + 3x dy) + 2xy (3y dx + Ax dy) = 0.

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

ANSWERS

1. log (x/y) = c + (l/xy) 2.-x + cos y = c 3. xy + (-I/xy) “ 2 logy = c

:Oy ce

= c 12. x^ - y^ = cx

2
4. e^ + - = c 2.2 r ~ .2v7. XS.y

y
18. xy + log X - log y -

10. xy + 2xy = c
9. X sec (xy) = cy

xy

OBJECTIVE EVALUATION 
>► FILL IN THE BLANKS :
1. An equation, which contains, dependent, independent variables and different derivatives is.

called..................
2. A differential equation, which involve only one independent variable is called...................
3. A differential equation, which involve two or more independent variables and partial

differential coefficients, is called..................
> TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:
1. An exact differential equation can be derived from its primitive by direct differenliation.a'//'')

<T/F)
3. If the given equation is homogeneous and Mx + Ny^Q then 1 /Mx + Ny is the I.F. of the given 

equation.
>• MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
I. The general solution of a first degree equation contains :

(b) two arbitrary constant 
(d) none of these.

2. If |X is an integrating factor then ]i{M dx-i- N dy) = 0 is not necessarily exact.

(T/f)

(a) one arbitrary constant 
(c) three arbitrary constant
The equation (x^ + y') ^ = xy is ;2.

(b) linear 
(d) none of these.

3. The number of integrating factor for a differential equation of the type M dx + N dy = 0 \s ■. 
(a) one

(a) homogeneous 
(c) reducible to linear

(d) none of these.(b) finite (c) infinite

ANSWERS

Fill in the Blanks :
1. differential equation 

True or False :
l.T 2. F 3.T

Multiple Choice Questions :
l.{a) 2. (a) 3.(0 4. (b)

3. PDE2. ODE

□□□
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Dijjennlial Equation of First Order 
and oj Hiaher DenretUNIT

DIFFERENTIAL EQUATION OF FIRST 

ORDER AND OF HIGHER DEGREE
STRUCTURE

• (A) Equations Solvable for p
• Test Yourself-1

• (B) Equation Solvable for y -
• Test Yourself-2

• (C) Equation Solvable for x
• Test Yourself-3

• Lagrange’s Equation
• Clalraut’s Equation

• Test Yourself-4
• Summary
• Student Activity
• Test Yourself-5

LEARNING OBJECTIVES
After going through this unit you will learn :

How to determine the solution of differential equation of order one and degree more 
than one

In this chapter we shall deal with some special types of differential equations of the first order 
and of degree higher than the one.

Deflnition. A differential equation of the form
- p" + Aip'' ^+A2P” ^ + A2p

is called a differential equation of the first order and nth degree, where p is a symbol for

Some special types of equations are 
(a) Solvable for p.

n-3 + ... +A„ = 0

dx

(b) Solvable for y. (c) Solvable for x.

• (A) EQUATIONS SOLVABLE FOR p
Consider, the differential equation

p'‘ + Aip"~^ +A2P 

where Aj, Ai ■■■ A„ are functions of x and y.

Working Procedure:
(0 Putpfor^-

(ii) Solve the equation for p.
(lit) Apply the method of solving the equation of first order and first degree.
(iv) Write down the result in closed brackets in the form of product and put this resulting 

equations equal to zero, by replacing Ci, Cz.... c„ by c.
SOLVED EXAMPLES

Example 1. Solve p^ ~5p + 6 = 0.
Solution. The given equation is

p^-5p + 6 = 0 
The linear factors of (1) are given by

n-2 + ... +/4 p + A„ = 0 ...(1)fl- I

--(1)
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Calculus A Geometry (p-2)(p-2) = 0 =» p = 2, p = 3 
dv

p = 2 => -;- = 2 => dy = 2dx. 
dx

On integrating, we get y = 2t + c.
Similarly p = 3 gives >' = 3x + c.
Hence, *e single combined solution of (1) is given by

(y-2x-c)(y-3x~c) = 0.
Example 2. Solve xyp^ -(x^ + y^)p + xy = 0. 
Solution. Here, the given din'erential equation is

xyp^ - (.t^ + y^) p + xy = 0 -d)
which is the quadratic equation in p. 

Solving (1) for p, we get
(x2+/)±V[(xUyV-4^ (x^+v^l±(x^-v^^

P = 2xy2xy
(xT + y^) 4- (x^ - y^) x ...(2)so that P~ 2xy >'
(x^ + y^) - (x^ - y^) _ I ...13)and P = 2xy X

Now from (2), we get
p = ^ = - => xdx = ydy 

■ dx y
On integrating, we get

X* - y" = c. ...(4)
Now from (3), we get

dy y dy dxp = -f = ^ =» -is —
dx X y X

On integrating, we get log y - log x = log c

1 ...(5)-c-
X

Hence, from (3) and (5), the single solution of the given differential equation is 
(x^ - y* - c) (y - cx) = 0.

• TEST YOURSELF-1
Solve the following di^erential equations :

(a) p^-7p+12 = 0
(x - y)V* - 3y (x - y) p + 2y* + xy - / = 0. 3. (p - xy) (p - x^) (p - y^) = 0.

ANSWERS

(b) p^-9p+18 = 0.1.
•2.

(b) {y-3x + c)(y-6x + c) = 0.
•v^l ,

= log X + log c 3. (y - ce^ (3y - x

(a) (y-4x + c)(>-3x + c) = 0
-W-i,Og 1.^

1.
3 -c)(xy + cy+ !) = 02. tan

\ /

• 12.2. (B) EQUATION SOLVABLE FOR y

Let the giN-cn differential equation is

Solving fory, the equation (1) gives 
y = Fix, p)

Differentiating (2). with respect to x, we get an equation of the type

-..(1)

-.{2)

...(3)P = S x.p.^
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Differential Equmion of First Onler 
and of Higher Degree

Equation (3), being an equation in two variables x and p. may possibly be solved. Let its 
solution is given by

The elimination of p between equations (2) and (4) gives a relation involving j:, y and c, which 
is the required solution.
Working Procedure :

(i) Solve the given equation for y and put it as F{x, p) only.
(ii) Differentiate it with respect to x.

^ and use the previous method.

-(4)

(Hi) Put pfor ^

(iv) Now eliminate p between (1) and (3) and get the required general solution.
SOLVED EXAMPLES

Example 1. Solve y+px = p V. 
Solution. Here, the given equation is

2 4 ...(1)y + px=px
Differentiating (1), w.r.t. x, we get

dy

Put^ = p, we get
dx

2p-4p^x^ p)=0

2p(l-2x^p)Fi^(l-2x^p) = 0 

{\-2x^p) 2p+-r^ =0

^ = 0 and 1 - p = 0.

dp

Now, we solve these two equations, separately. 
First consider

dp ^-2p 
dx ' X

On separating the variables, we get 
dp - 2dx

• y
P X

On integrating, we get
log p = - 2 log + log c

y "> Clog (pjr) = log c => px' = c or p = -r-=s

Put this value in eq. (1), we get
2

+c^
\ /

xy = (^ X - c, which is the required solution of (1).
dy (dyi 

Example 2. 5o/ve y-x = x~+ ~ .

c C 4
-X-jF-^X =>-y = -y = XX X

or

Solution. Here, the given differential can be written as

y-x = xp + p^, where P = ^

y = x(l +p)+p^. 
Differentiating (1), with respect to j:, we get

...(1)=>
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Cniculus A Geometry
dxdx

^ = 0 or ^+x = -2p42: ...(2)1 +x^+2p , 
dx dx

which is a linear differential equation of order one, with p as independent variable. 
IP. = el''»' = /

or dp

1
Hence, the solution is

xd’= - 2p/ dp + c => x/ =-2 ip/ - eO + c
x/ = -2e'’0’-l) + c => j: = -2(p-l)+ ce”''. 

Patting this value of x in equation (I), we get
y = {l+p) [-2(p-l) + ce’P]+p^ 
y = c(\+p)e''’ + {2-p^)

Hence, the equations (3) and (4) given the required solution of (I).

...(3)

;'
or

• TEST YOURSELF-2
Solve the following differential equations :

2. yp = x^+p^x.
5. >> = 3x + log p.

3. y = x[p + ^{l ^p^)].1. y = Ap^ + 3xp. 
4. y = xp^+p^.

ANSWERS
'812'1 2^-J P +cp - 1/2y P^ + 3cp-3/21. X = y = -

•I 2 1/2
"3^ -cp

+ p^ -jp^ + cp

3. x^ + y^-2cx = 0
1 (2c + 3p^ - 2p^)
- (P-1)'

5. y = 3x + log--------
I -c e

1/2
2. x = - y =

p

2cp' + 2p^ - p^
4. j: = ^ y = 2 (P -1)'

• 12.3. (C) EQUATION SOLVABLE FOR x
Suppose the given differential equation is

p"+i4|p” ^+A2p'' ^ +---+ A„-I p + A„ = 0.
Let us suppose, it can be expressed in the form

...(1)x=fly,p)
Differentiating (1) with respect to y, we have 

1 dx { ^ ...(2)-T.=? y>P’ dyP dy
which is a new differential equation with variable y and p. 

Let the general solution of (2) is of the form' 
t^(x,p,c) = 0.

Eliminating p between (1) and (3) we get, either 
F(x, >>, c) = 0

as the required solution or in parametric form.
SOLVED EXAMPLES

Example 1. 5c/ve y = 2px+p^y.
Solution. Here, the given equation is 

y = 2px+p^y.

...(3)

. »

Solving, it for a:, we get
...(1)2A: = -p>' + y/p.

Differentiating (1) with respect to y, we get
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Differeniial Equnllon of FirsI Oilier 
and of Higher Degreedy p ^ dy

1 + A

2
= ~p-y

P
!' J \l'

y t:
1

or dy

r, 1 'l ^p 1+— +y~^ 11+^ =0or dy PP I ♦

1 = 0.1+— p+yor dyP

Now, since the first factor does not involve a derivative of p with respect to j: or y, therefore 
it will be omitted (such factor always give the singular solution).

Now consider P + y , dy
On separating the variables, we get

^ + ^ = 0. 
p y
log p + log y = log c or py = c.

^ = 0.
■'«

-(2)Integrating

To eliminate p between (1) and (2), solve (2) for p, which gives P = ~' Putting this value of 

p in (1), we get
2x = -c + yVc 2A:c-y^ + c^ = 0.

Example 2. S’o/ve x = y + p^.
■ Solution. Differentiating the given differential equation with respect to y, we get 

dx 1- = 1 + 2p
dy p dy

2ei dp.dp = ~2 P+1+ —
I P

dy =or - 11 -p
Integrating, we have

2
-2 ^ + p + \og(p-\) +cy =

-[p^ + 2p + 2 log{p- I)]- -.(1)y = c
Putting this value of y in the given equation, we get 

x = c-[2p + 2\og{p- 1)]. 
Relations (1) and (2) gives the required solution.

or

...(2)

• TEST YOURSELF-3
Solve the following differential equations :

1. p^ - 4pxy + 8y^ = 0. 2. y = 2px + p^y. 3. x = py + ap^. 
4. 4(.rp^ + py)=y‘', 5. x+ p/V 1 + p^ = 0.

ANSWERS

2. y^-2cx-c^ = 0 
p[c-a cosh'' p]

y = c {a: - c)^
c-a cosh~ ‘ p

1.

3. y -ap, x =
V-1)

5. (j-a)^ + (y + A)^= 14. y = 4c {xyc + 1)

• 12.4. LAGRANGE’S EQUATION
The differential equation of the form

...(1)y = a: F(p) +Xp)
is known as Lagrange’s equation.
Method of Solution ;

Differentiating the equation (1) w.r.t. x, we get
Self Instructional Material 81



Calculus <t Gepmelry p = F(p)+jcF'(p)^+f(p)^

dx xF'jp) +f'(p)p-F(;,) = [.FV)+/'W]^ or 

which is linear in x and p and can be solved by the usual method.

• 12.5. CLAIRAUT’S EQUATION
The differential equation of the form 

y = px +f[p)
is known as Clairaut's equation.

Method of Solution :
Here, the given differential equation is 

y=px-^f[p)-
Differentiating (1) with respect to x, we get

=p=p+x
dx dx dx
^[x+f'(p}] = 0
dx

which gives ejther ^ ^ +/"(P) = 0

^ = 0 p = c .,.(2)
dx

Now, the elimination of p between (1) and (2) gives
>’ = cx+_/(c), where c is any arbitrary constant.

. •>

SOLVED EXAMPLES
y = apx + bp^.Example 1. Solve 

. Solution. Here, the given differential equation is 
y = apx + bp^.

Differentiating (1) with respect to x, we get

/

O' ...(1)

^=p = ap + ax^ + Tibp2^

dx dx
p(l-a) = ((W + 3V^)^

dx _ ax + 3bp^ ^ 
dp {l-a)p

or

dx 'ibpa .x +or
dp {\~a)p {I-a)

which i$ linear in x and p.
(uip 1—rJ^zp

I F. = e ~ ’’ = p->.
Hence, the required solution is 

1 - a •

In - !
3bp" '' p dp+ c= - 

((3o-2)/(n-l)l

(l-a)-(3a-2)/(a-l)'^^ ^ .

X = {ibp^Vil - 3a) + cp"^'"
The required solution is given by (1) and (2) in parametric form, being p as a parameter.

Example 2. Solve y-px + -- 
\ ^

Solution. The given differential equation is in Clairaut's form 
Put p = c,vje get

-1P" dp + c
1 - a

-___^xp”or

...(2)or

a
y = cx + —’

c
which is the required general solution of the given equation. 

Example 3. Solve {y~px){p-\)=p.
Solution. Here, the given equation is

{y-px){p-\)=p ..•.(1)
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and (f Hightr Dcf^w

which can be rewritten as

which is of Clairaui’s form. Hence, replacing p by c, the required general solution is 

• y~cx + —where c is any arbitrary constant.

• TEST YOURSELF-4

Solve the following differential equations :
y = px + ap{\-p). 
p^x = py-\. 
xp^ - (y + 3) + 4 = 0.
sin px cos y = cos px sin y + p-

2. y = px + p^.
4. p = log {px - y).

1.
3.
5.

7. (y-pxf/(l+pf=-,al ,

ANSWERS

6.

12. y = ca; +
4

5. y = ca: + — - 3

1. y = ca: + ac (1 - c) 3. y = cx + c

6. y = cx - sin"'4. y = cx - e‘

7. (y-cx)V(l+c)^ = a^

c
c

• SUMMARY

• Soluble for p :

(i) Put p for ^ in D.E.

(ii) Solve for p.
(iii) Apply the method of solving the equation of first order and of first degree.
(iv) Write down the result in closed brackets in the form of product and put this resulting 

equations equal to zero, by replacing the constants C\, ci,C4 by c.
• Soluble for y:

Given D.E is 
Solving for y, we get

/(^..V.P) = 0 ...(1)

y = F(x,p)
After differentiating eq. (2) w.r.t. x, we gel the equation of the form

p = g x.p,-^

... (2)

...(3)

The solution of eq. (3) is given by 
^{x.p, c) = 0

Now eliminating p between eq. (2) and (4), we get the required solution. 
Soluble for x:
Given D.E is 
Solving forx. we get

- (4)

f(x.y.p) = 0 .... (1)
. ?

x = F(y.p)
Differentiating eq. (2) w.r.t. y, we get the equation of the form

... (2)

1 ... (3)- = g y-P' dy)p
The solution of eq. (3) is given by

({i{x.p,c) = 0
Eleminating p between eq. (2) and (4), we get the required solution.

...(4)
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Calculus Jt Geometry • STUDENT ACTIVITY
1. Solve p(p-y) = x(x + y).

?U,

2. Solve y = 2px + p^y.

• TEST YOURSELF-5
Find the singular solution of the following differential equations :

y=px + a 'V(l +p^).
- 2pxy +p^ {x^ - l)= m^. 

x^ + y^ + 2cx + 2c^-l =0.
-px+ 1 = 0.

2. p = log (px-y).
4. 4p^x (x-a) {x - b) = [‘ix^-2x(a +b) + ab]^. 
6. p +y = 1.
8. (1 + 4p^ - 2pxy -1=0.

1.
3,
5,
7.

ANSWERS
1 2 , 2 2 _.2 3. y + m X = m .
6.y = ± 1.

t 2.2 21. X +y =a .
4. x = 0.j:-a = 0 and x-b = 0. S.x^ + 2y^ = 2.

8.x^-4/ + 4 = 0.

2.Ar + >'-xlogJr = 0.

7. x^-12e’^ = 0.

OBJECTIVE EVALUATION 
► HLL IN THE BLANKS :
1, Thedifferentialequation/>" +Fi p"

y, is said to be the differential equation of first order and........
2. The general solution of a nth order differential equation contains 

constant.
>• TRUE OR FALSE :
Write T for True and F for False statement:
1. The Lagrange's equation is a particular case of Clairaut’s equation.
2. The Clairaut's equation is a particular case of Lagrange’s equation.
3. The particular solution can be obtained by general solution.

-l +...+P„ = 0, where Pi, P2 --- Pn are functions of x and
degree.

independent arbitrary

(T/F)
<T/Fj

(T/F) (T/F)
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► MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. A solution, which can not be obtained from general solution by assigning some particular value 

of arbitraf}’ constant is known as ;
(a) Particular solution 
(c) Integrating factor

2. A differential equation, in which both p and c-discriminant relations are same, it is said to be: 
(a) Legrange's equation 
(c) Claimul's equation

DiJffrrntM Eijuailim Fint Orrier 
and of Higher Degree

(b) Singular solution 
(d) None of these.

(b) Equation solvable for p 
(d) None of these.

3. A solution of a differential equation, which is given by the envelope of the family of curves 
represented by that differential equation is said to be ;
(a) Particular solution 
(c) General solution

(b) Singular solution 
(d) None of these.

4. To find the singular solution of a differential equation, we use : 
(a) />-discriminant relation 
(c) both (a) and (b)

(b) c-discriminant relation 
(d) None of these.

ANSWERS
Fill in the Blanks ;

1. n
IVuc or False :

l.F 2.T 3.T
Multiple Choice Questions: 

l.(b) 2.(cj

2. n

□□□

\
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Calculus & Geomeiry UNIT

LINEAR DIFFERENTIAL EQUATIONS WITH 

CONSTANT COEFFICIENTS
STRUCTURE•

• Linear DiKerentlal Equation
• Methos o< Finding C.F.

• Test Yourself-1
• General Method of Finding P.l.

• Test Yourself-2
• Short Methods of Getting F-l.

• Test Yourself-3
• Test Yourself-4
• Test Yourself-5
• Test Yourself-6
• Test Yourself-7
• Summary
• Student Activity
• Test Yourself-8

j>' .1

LEARNING OBJECTIVES
After going through this unit you will learn :

# How to determine the solution of differential equation with constant coefficients.
• About complementary function and finding particular integral of the given differential 

equation 

• 13.1. LINEAR DIFFERENTIAL EQUATION
^n-2- 1d" y ...(1)+ ... + A„ >' - SThe equation + A + A1 -1dx"dx"

having A |,A„ and B either constant or function of x. is called the linear differential equation of 
the n''' order.

If Ao, Ah •••■ A„ are ail constants and B may not be constant then equation (i) is said to be
linear differential equation of n‘' degree with constant coefficients.

If we take B = 0. then the corresponding equation is called homogeneous equation.
d d~Using the symbols D,D^,... [f for -r- respectively in (1), then we get
dx’dx^""

D^ + Ai D”'‘y + A2f)""V+ ...+A„y = B 
(Cf + A, D''"’+A2D''‘^+...+A„)y = B => AD)y = B 
^D) = D"+AiD''‘‘+A2D""^ + ... +A„.

Now. consider the homogeneous differential equation 
AD)y = 0

(obtained by putting right hand side i.e., B equal to zero).
Working Procedure :

(r) Firstly, we find the general solution of (2). which is called the complimeniry function (C.F.). 
contains as many arbitrary constants as is the order of the given differential equation.

...(2)=>

where

...(3)
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(ii) Next, find the solution o/(l), with no arbitrary constant which is called the particular 
integral (P.I.).

(I'/'rt To find the general solution o/(l), and C.E cfe P.I., obtained in (I) and (2). 
y = H + V = C.F. + RL

Auxiliary Equation. Consider the differential equation (1) with 5 = 0 i.e., 
(D"+/l,£)""‘+/42Z?''"^+..,+/l„)y = 0 or fiD)y = Q.

Substitute y = e"^ on a trial basis, then we get
e'^ (m" + A] m""' + .42 + - -- +A„) = 0

Linear Differential Etjuaiions with 
Constant Coefficients

I.e.

..-(1)

which holds if
m" + A] m''" ’+^2 fn" ^+...+A„ = 0 or fim) = 0..

Equation (2) is called the auxiliary equation.
From (1) and (2). we observe that the auxiliary equation/fm) = 0 will give the same value of 

m as the equation/D) = 0 gives of D.

...(2)

• 13.2. METHODS OF FINDING C.F.
To find the C.F., the roots of the auxiliary equation (2) are to be considered.
Three different cases arises :
(i) The roots of auxiliary equation (2) are real.
(ii) The roots of auxiliary equation (2) are complex i.e., a + i p type. '
(iii) The roots of auxiliary equation (2) are surds j.e.. a type. ' -
Case (i): (a) Suppose that the auxiliary equation (2) has n distinct roots mum2,... m„, then

C.F. is given by
Cl + C2 e"’"' + ... + €„ 

where C\, .... C„ are arbitrary constants.
(b) If the auxiliary equation having r roots are equal to mi (say) and remaining roots are 

distinct, then the C.F. is given by ;
[Ci + C2X + C3.^ + ... + Cy + C

Case (ii) : If some of roots of the auxiliary equation are complex, then we shall follow the 
given procedure.

Let a ± tP be the roots of the auxiliary equation, then the' corresponding part becomes 
= C, e
= e'^ [C| cos px + iCj sin Px] + e^ [C2 cos px - iC2 sin pr]
= e'^ [(Cl + C2) cos px + (fC| - /C2) sin px]

r+ 1

(a-ip)x = Ci e“'.e''^ + C2e‘“.e-''^+ C2e'

C.F. = c" [B, cos Px + B2 sin px] .,.(1)
where are arbitrary constants.

The expression (1) can also be written as
(a) S| e‘^'cos(Px + S2)
(b) S| e" sin (px + 52)-
If, the equation has two equal pair of complex roots a + I'P and a - t'P, say, occur twice, then 

the corresponding part of C.F. is written as
e" [(Bi + B2 X) cos px + (B3 + B4 X) sin px].

In general, if a ± t p occur K times, then the corresponding part of the C.F. can be written as
{(Bi + B2X + ... + By X* ^) cos px + (By4.1 + By+2'*^ ••• + ^2*^^ ^)}sinpx

whereBi,B2, .. .By,By+ j, ---,62^are arbitrary constants.
Case (Hi): If a pair of the roots of the auxiliary equation involves surds, say a ± where 

P > 0. then the corresponding part of C.F. in one of the following three forms
(a) [Bi cosh (x Vp) + Bi sinh (x Vp^)]
(b) B,c“*cosh(xVp+Bi)
(c) Bi sinh (x V^ + B2).

SOLVED EXAMPLES
Example 1. Solve [D^ + 6D^+llZ) + 6]y = 0.
Solution. Here, the given differential equation is 

[D^ + 6D^ + llD + 6]y = 0 ...(1)
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To find the auxiliary equation, replace D by m, then (1) becomes, 
+ 6m^ + 11 m + 6 = 0 

(m + 1) + 5m + 6) = 0
(m + 1) (m + 2) (m + 3) =0 => m = -l,-2,-3 

i.e., Roots are real and unequal. Hence, the general solution is
y = Ci +

Example 2. Solve {D"’ + 2D^ - - 4D + 4] y = 0.
Solution. Here, the auxiliary equation is

m* + 2m^ - 3m^ - 4m + 4 = 0 
, (/n - 1) (m^ + 3m' - 4) = 0 

(m - 1) (m - I) (m^ + 4m + 4) = 0 
(m-l)(m-l)(m + 2f = 0 

m = + 1,+ 1, — 2, “2

Calculus Cetmeiry

=>
=>

or
=>
=>

=> Repeated real roots exist. 
Hence, general solution is

y 1 = (Cl + C2 x) s' + (Cj + C4 x) e~

TEST YOURSELF-1
Solve the foUowing equations :

^ + 3^ 
dx^ dx

3. {D*-D^-9D^-nD-4)y = 0.
5. (D'-D^-12D)y = 0.

2. (D’-9D^ + 23£)- 15)y = 0.

4. (D'+l)^D-l)'y = 0,
6. (D*\2n^D^ + n*)y = 0.

ANSWERS

1. + 2y = 0.

2. y = Cl + C2 + C31. y = C,«"''+C2e”^
3. y = e'^(C|+C2X + C3j:VQc‘^
4. y = (C] + C2 x) sin x + (C3 + C4 x) cos x + (C5 + Ce x) e‘
5. y = Ci + (^^^ + C3e'^
6. y = (Cy+’C2 x) eos nx + (C3 + C4 a:) sin ni

Particular Integral:
Consider the differential equation

fiD)y = B => y = 1
.B.m

1 B denote some function of x. which when operated upon by J{D) produces B.Let
AD)-

1 .B.Hence, P.I. = AD)

• 13.3. GENERAL METHOD OF FINDING P.I.
Result If B is a function of x, then

1 • B = e'^ Be^dx.
D-a

SOLVED EXAMPLES
Example 1. Solve - 5D + 6 = c^.
Solution. The given equation can be written as 

(D-3) (D-2)y = e 
C.F. = Ci +

3.t

11 1 lx 3> e'-'cU3.rRI.=and ----- r e eD-3 JD-3D-2^
I 2v .1 3.I' 3j' - 3t.e =e e . e tlx = xe'^.D-3 ^
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CoiiiMnl CiiellU iL-nifi

Now, General solution = C.F. + P.I.
y = C| + C2 + j: e^. 

Example 2. 5<?/ve (D^ + 1) y = sec^ x.
=>

Solution. Here, the given equation is 
{D~ + l)y = sec^j: ...(1)

To find the C.F, of (1).
The auxiliary equation of (1), we get

wi' + 1 = 0 =* m * ± I
C.F. ~ C| cos X + Cl sin x

1 1 
2i D-i £) + j

1 2 1sec = —I 2 2PI, sec X = sec X
D^+\ (0 + 0 (D-0
1 f" e “sec^xdx-e “ e“sec^xti*

cosx + i sinx1 cos x -1 sm x <it -

I f r= — {e“J (secx-j secxtanx)(it-e"“J (secx + /sccxtanx)rit}

= secXtit-j(e“ + e'“) tanxsecxtit}

IX dx~2i ^ cos^x COS^X

1= — (2t sin X log (sec x + tan x) - 2t cos x sec x)li
~ sin X log (sec x + tan x) - 1.

Hence, the general solution is.
y = C.F. + P.I.
y = C] COSX+ C2 sin x + sin X log (secx + tan x) - 1.

• TEST YOURSELF-2
Solve the following differential equation :
1. (O^ + a^) y = sec ox. 2. (D^ + a^) y = tan ox. 3. (O^ + 1) y = cosecx.

ANSWERS

X i1. y = C\ cos ox + C2 sin ox + - sin at + — cos at log cos ax
^ a

^ ^ ■ 1 , fit ax'
2. y = Cl cos ox + C2 sin ox - — cos ax log tan 7 + ^

a ^
3. y = Cl cos X + C2 sin X + sin x log sin x - x cos x

• 13.4. SHORT METHODS OF GETTING P.I.
The general method for getting P.I., discussed above requires lot of calculations. In certain 

cases the P.I. can be obtained by methods which are shorter than the general method.
(1) To evaluate P.I., when B is of the form e"*, we use the following rule :

provided/(a)?sO.
or1 eax

Aa}'

SOLVED EXAMPLES
Example 1. Solve (D^ - 3D + 2) y == e^. 
Solution. Here, the given equation is

(D^-3D + 2)y = c^‘’,
Auxiliary equation is

- 3ni + 2 = 0
(m-l)(m-2)=0 ^ m = l,2. 

C.F.= C,e"+C2e^
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Calculus & Geometry 1 ----------------- = —25-3x5 + 2 12
ISxNow, P,I.= . e

D^-3D + 2
Hence, the general solution is

>^ = C.F. + P.I.
v = C,e' + C:e^ + ^./^

Example 2. Solve {D^ +!)>’= {e^+ 1)^- 
Solution. Here, the given equation is

{D^+l)y= {/+lf

=5

...(1)>
■a

The auxiliary equation is 
m^+l =0
(m + 1) (»i^ - /n + 1) = 0

-1 i + M 
2~ 2

m =

C.E = Cie’-' + /^^ CjCOS ^ , ^ . XV
+ C3Sin —

\
[e^ + 2/+ I]

therefore

1 1[e^+l]- =Now, PI,=
(D'+l) (O' + 1)

(e^ + 2^' + e°*) =1 1 1 1e^ + 2 are-' + “1--------^
D^+ 1D^+ 1 D^+ 1 3D’ + l

1 1 1____ Ox _ 1
0+1^ 9^

2j ,e +2 ^’+/+i.
2^+1

Here, the general solution is 
y = C.F. + PI.

y = C,e-^

l’+ 1

+ Cjcos' 1
+ Cj sin ^ + /+i.=> ^9^

^■w

• TEST YOURSELF-3
Solve the following differential equations :
(D^-4D+ l),y = e^-e"-'.
{4D^ + 4D-3)y = e^.

2. (D^ + 5D + 6)y = e^.
■2D+l)y = 2e^"'^.

1.
3. 4.

ANSWERS

y-e^ (Cl cosh Ws” + C2 sinh Ws")

2. y^Ci^-^ + Qe-^’ + ^e^ 3.y = C,e'^ + Cje

4. y = (Ci+C^)/ + |>^'

1 -X1. “6"

i. .2x- ix/2
^21"

(2) To Evaluate P.I., when is of the form sin <u: or cos ox : 
Case (I) : Ify(D) contains even power of D :

^ sin car—^ sin ax =
AD^)

Case (II): If AD) contains odd powers of Z) : lf/(D) = /| (£)') + Df^ {D') 
1 . /j(- a^) sin flJT -/2(- c^) a cos ax ,

1
/(-O

4-

SOLVED EXAMPLES

Example 1. Solve

Solution. Here, the given differential equation can be written as 
{D^ - 3D + 2) y = cos 3x 

To find C.F., the auxiliary equation is

3 , + 2y = cos 3x. axd/

...(1)
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Unear Differemial Erjunlimis w'nh 
Coiiuan/ Coeffinenis- 3m + 2 = 0

{m- l)(m-2) = 0
which gives m = 1 and m = 2.

•C.F.= C, Z +therefore.
1 1 (•-• D^ = -a^ = -9)Now, P.I.= cos 3x = cos 3a:

- 3D + 2 - 9 - 3D + 2
(7 - 3D)1 cos 3a: = - 2 cos Sat{f - 9D^)-7-3D 

a-3D)
7^-9(- 9)"''“

- TTT COS 3x - sin 3a^ = -

1 [7 cos X-3D cos 3a:]cos 3a: = - 130
1 (7 cos 3a: + 9 sin 3x).130 130 130

Hence, the general solution of (1) is given by 
y = C.F.+P.I.

y=Ci/+C2e^~ 1 [7 cos 3x + 9 sin 3x].
130

• TEST YOURSELF-4

Solve the following differential equations :
(D^ + 9)>' = cos 4x.
(D^ - 3D + 2) y = sin 3x.

2. (D^ - 2D + 5) y = sin 3x.
4. (D‘‘ + 2D^-3D^)y = 3e^ + ,4sinx. ■ •

1.
3.

ANSWERS
11. y = Cl cos 3x+C2 sin 3x--cos 4x

2. y = / [Cl cos 2a: + C2 sin 2x] + -^ (3 cos 3x - 2 sin 3x)

3. y = C| + C2 e”* +
1 (9 cos 3x - 7 sin 3x)

-.4
130

20 +1 sin X +1 cos x

(3) To Evaluate P.I. when 0 is of the form of x^, when m is positive integer : 

i.e.. To evaluate X

J{D) = AoD" + 4i D" A„, we apply working procedure

4. y — (C| + C2 x) + Cj ^ + C4 c

and

m -1 m-2 m(m-1)2.1m(m- l) x11 mxm - x'" + ...(2)+ ... +D-a^ 2 ma a aa

Here, we observe that (1) and (2) are the same.
t

Working Procedure:
Take the lowest degree term from J[D) and remaining factor will beof the form [1 +^D)} or 

[1 -/D)]. Now, this factor can be taken in the numerator with a negative index, which can be 
expanded by Binomial theorem. Here, it shoula be noted that the expansion is to he carried upto 
the term D", since, we always have D^ *' x” = 0, D" * ^x'" = 0 and all other higher differential 
coefficients ofx” are zero.
SOLVED EXAMPLES

Example 1. So/ve (D^ + D - 2) y = x + smx.
Solution. Here, the given equation is

(D^ + D - 2) y = X + sin X 

To find C.F., the auxiliary equation is 
+ m - 2 = 0

(m - 1) (m + 2) = 0 m = 1, - 2

-.(1)

=»
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Calculus & Geometry C.F. = C,£-'+C2e"^ 

PI, = 1 1 1
Now, {x + sin,r) = x + sin X

(D^ + D- 2) (D~ + D- 2) (D^ + D- 2)
1 1

x + sin a:
- l^ + D-21-2 1 -^D-

2
\-r 1

(0 + 3)1 io + ^D^ 
2 2

1 - X + sinx
2 (D-3) (0 + 3)

n 0 + 3 .1 1- (0 + 3).. 
0^-9

11 +-Z)+ x + x + — +smx = - sin A
2 2 2 2 - 1-9

1

- 'I j: - ^ (cos a: + 3 sin x),

Hence, the complete solution is given by 
y = C.F. + P.I.

y=C,e' + C2e"^- 1 1 i - . . <- X - - - — (cos X + 3 sm x).

• TEST YOURSELF-5
Solve the following differential equations :
(0’-0^-60)y = x^+ 1.
(0^ + 20^ + 0)y = e^ + x^ + x. 4, {D^ - 3D-2)y = x\

2. {D*-a)y = x^.1
3.

ANSWERS

25 1 1 ..21. y = C, + C2e^^ + C3e"^- 3
108^ 18

2. y = Cj e“' + C2 e” “ + C3 cos ox + C4 sin ax - ^ 8a a
3. y = C, + {C2 + C3x)t^' + -j^e^ + |x^-|xU4x

4. y = (C, + C2x)«-' + C3e^-^x- + -9 2 27— X —TX+ 15 
4 4

(4) To evaluate X, where X is any function of x :

3

1 I
[e'".X]=e'^ .X .

AD) AD + a)

Working Procedure:
Replace D by i_D + a) and brought e"^ before the operator

1
. After that, determine

AD)
1 . X as usual.

AD^a)
SOLVED EXAMPLES

Example 1. Solve (O^ + 40 - 12) > = (x - 1) e^.
Solution. Here, the given differential equation is 

(£)U40-12)y = (x-l)e^
To find C.F. of (1), the auxiliary equation is

m^ + 4m-I2 = 0 (m - 2) (m+ 6) = 0

r,

•...(1)

which gives m = 2 and m = - 6
CE = Ci e^ + Cje"'^
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Linear Differeniial Equations with 
Constant Caejjkienis

1 1e^{x-\) = e^Now, P.I. = (AT-l)
(D^ + 4D - 12) [{D + lf + A{D + 2)-\l]

1 I{x-\) = e^2x= e
(D^ + 8D) D8D 1 + ^8

11,^1 
8 D

X8^ D
V

_ 91
8^ 2 S'* ■

\ y
Hence, the general solution of (1), is given by 

y = C.F. + P.I.

y-C|e +C2e + Y~S '

1 1 .2r 1 11 +tD (.r-l)=-re 1--TD+... (jc-1)8 8 D 8
* /12.1 r 9' l]dx1 1 .2x- 1 -T 8^ J *“88

1

=>

• TEST YOURSELF-6

Solve the following difTerential equations :
(D^-2D+ l)y = e-'.xl
(D^-l)y = e‘(l+A

2. (D^-5£> + 6)y=:y.c^. 
4. (D^-4D+l)y = e

1.
Zt .•3. sm X.

ANSWERS
41 ^ ^ + 3j:^ + 6x

4
y = (C. + C2A)e^ + ^c'./ 

y = Cl e' + C2 [9a: + 2.y - 3x^1

2. y = C| e^ + C2e^’1. - e

3.
12

^ e", whenyi;fl) = 0 :(5) To evaluate 

Let us suppose y(a) = 0.
In this case (D-a) is at least one factor ofJ{D).

j{D) = (D - a)' g{D). where g{a) *■ 0.

f{D)

Let
1 1 1 1 1(U ax axThen AD)^ {D-aY'g{a)^ ^(o) ‘ (D - a)’’^

1 1 ax ax .e'‘^dx~e j e
g(a) ■ (D-aY

t

1 11 1 ax ax ax ‘"dxxe xe . e
8(a) ' (D-aY -1 gia) ' (D - a)‘

211
g(a) ' (D-aY ^ ■ 2 !

Proceeding in the same way, finally, we get
— e’^= ^

AD)'' g(a) rl ■
SOLVED EXAMPLES

Example 1. Solve {D^ + D - 6)y = e^. 
Solution. Here, the given equation is 

(dV D - 6) y = e^.
To find the C.F. of (1), the auxiliary equation is 

+ ffi - 6 = 0
(m + 3)(m-2) = 0 => m = 2,-3 

C.F. = Cl e^ + Cjc"^^

...(1)
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s
Calculus & Geometry 11 2ilxP,I.=Now, ' (0+3)(Z>-2)^

1 1lx -M(2 + 3){D-2)^ 5(Z>-2)^
1 1 =^xe^-= l.e^_______

5 (Z) + 2)-2
Hence, the complete solution of (1) is given by

y = C.F. + P.l.
lx I ~ 3x , f ^ y — CiC + (-2 £ + ^ X£

I

• TEST YOURSELF-7
Solve the following diH'erential equations :

(£'^ + 4D + 3)y = e"^.
(D* + D^ + D^-D-2}y = e\ 
(D-lf(D^+lfy = e^.

2. (£'^ + 6£? + 9)y = 2e’^.
4. {0^-90+ 18)y = cosh3x.

1.
3,
5.

ANSWERS
. J-l'

t - X , -3x ^ -3x1. y = Cie +C2e --e x

3- y = C] £■* + C2 € ^ + e

A 3x . (tx ^ 3.C , i - 3j:4. y = C|e +.C2e --^xe +-j^e-

5. y = (C] +■ C2 x) «■* + (Cj + C4 x) cos j: + {C3 + C(, x) sin x +

sin ax, or cos ax, when/(- a^) = 0, we use the following rules :

2. y = (Ci+C2x)e~^’' + x-e~^'

'll x^
C3 cos -^x +C4sin

3/7 N • 1-1/2 + Txe'‘8

1 ;tV
8

1(6) To evaluate
fiD^

X f
COSOAT = — J1 X sin ajr dxsin oj: = -

2a
and 1 cos or = :^ sin oa: = X cos oat dr 

2a 2 JD^ + a^

SOLVED EXAMPLES
Example 1. Solve (D^ + a^)y = sin dx.
Solution. Here, the given equation is 

(D^ + a^)y = sin ax.
To find the C.F. of (1), the auxiliary equation is 

= 0 => m = 0 ± a/
C.F. [Cl cos or + C2 sin or] = [Cl cos ar+C2 sin ox]

...(1)

1Now, P.l. sin ax
I*

X X— &maxdx = - — cos ax.2 J 2a
Hence, the complete solution of (1) is given by 

y = C.F. + P.l.

y = C] cos or + C2 sin or - — cos ax.=>

• SUMMARY
Solution of D.E

^ + P^ + Qy = R

is of the form
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y = C.F + P.I 
C.F = cim'"'" + C2e'^,

and mj and m2 are the roots of in^ + Pm + Q = 0.

Linear Differential EquaiuiiK with 
Cimsiam OtefjKtenlswhere

f{D) = D^ + PD + Q.Also,

If m\=mi = m, then
nuC.E = (Cl + C2Jr) e

• lfR = e‘^,fia}*0
fix fix

P.I.=^ e
/(D) . f{a)

• lf/? = fl'“,/(a) = 0,then
(U 1PI=_£__= £ ----------

/(£>) /(D + fl)
ax

• If /? = sin ox or cos ax. /(- a^) * 0, then
sin ax cosax sin ax cos axP.l.= -----T" or -----or -----------------------r/(D^) /(D') f(-a^)

• If /? = sin ax or cos ax,f{-a^) = 0, then
sin ax cos ax XX cos ax. sin ax

+ a^ 2a
• If /? = x", m £ N, then

D^ + a^ 2a

m
= 1/(0)]"' x" [expanding |/(0)] ' xT [expanding /(D)] ' by Binomial theorem]RI =

• STUDENT ACTIVITY

1. SoWc(D* + k^)y = 0

^ - 3 ^ + 2>' = cos 3x. 
dx^ dx ■'

2. Solve
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Cttlculus & Geometry • TEST YOURSELF-8
Solve the following differential equations :

(D^ + a^)y = cos ax.
{D^ + 4)y = e^ + sin 2x.

2. (D^ + 4))’ = cos 2x. 
4. (D^ + a^)y = sin ax.

1.
3.

ANSWERS

2. y = Cl cos Zx + C2 sin 2* + ^ sin 2x1. y = Cl cos a* + C2 sin iu + ^ sin ax

1 1-3. y = Ci cos 2x + C2 sin 2jt + j “ j: cos 2x.

4. y = C\ cos oj: + C2 sin ox - — cos ax.

I

OBJECTIVE EVALUATION 
> FILL IN THE BLANKS :

If the order of the given differential equation is n, than C.F. of this equation contains1.
arbitrary constant.

2. If the order of the given differentia! equation isn. then .......... of this equation does not contain
■ any arbitrary constants.

> TRUE OR FALSE :
Write ‘T’ for True and F for False Statement:

The particular integral of an n'^' order differential equation contains n independent arbitrary
t

1.
constants

2. The complementary functions of a differential equation of order n contains n independent
arbitrary constant.

► MULTIPLE CHOICE QUESTIONS : 
Choose the most ^propriate one :
The solution of (D + 1) y = 0 is y = ;

A cosx-B sinX fb) - A cos X - B sin X(a)
(d) - A cos x + B sirix.

2. The general solution of the differential equation (D^ + 1) y = 0 is :
(b) y = C cos X 
(d) Cl cos (C2 + Cj x).

(c) A cos X + fl sin X

(a) y = cos X
(c) y = Ci cos(x + C2)

ANSWERS

Fill in the Blanks :
1. n 2. Particular integral

True or False : 
l.T 2.F

Multiple Choice Questions :
1.(c) 2. (c)

□□□
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Homo^eneous • Ui / ear Diffe reni/afUNIT

HOMOGENEOUS LINEAR DIFFERENTIAL
EQUATIONS

li,
STRUCTURE

• Homogeneous Linear Differential Equations
• Solution of Homogeneous Linear Differential Equation

• Test Yourself-1
• Summary
• Student Activity 

LEARNING OBJECTIVES
After going through this unit you will learn :

How to get solution of homogenous linear differential equations-

• 14.1. HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS
Deflnition. Any differential equation of the form

-I + ...+A,>=X-1dx"
is called a homogeneous linear differential equation of n‘^' order, where Aj, ......A„ are constants
and X is a function of ;c or a constant.

For example, consider the following differential equations :

dx^ dx 
id^y

it + 4j) = e^(i) -r

dx
The above two differential equations are linear as the dependent variable y and its derivatives 

appear in their first degree and are not multiplied together.

(ii) X
dx

• 14.2. SOLUTION OF HOMOGENEOUS LINEAR DIFFERENTIAL EQUATION
Consider the homogeneous linear differential equation

-1 n-2
2 d ... +A„y - X ..-(])

dx"'^
where Ai, A2,.... A„ are constants and X is a function of x or constant.

Now, equation (1) can be transformed to an equivalent equation (linear differential equation) 
with constant coefficients by changing the independent variable by the relation. 

x = ^ i.e., z = logx

-1dx”dx”

Working Procedure :

(0 Put X = e'.x4~ = D(D- 1) and so on.

(it) Obtained the equation in terms of D (linear equation).
(Hi) To find the C.F. and P.l. used the usual method given in chapter 16. 
(ii') Find general solution by adding C.F. and P.l.
(v) Finally, substitute z = log x.

SOLVED EXAMPLES

= D =
dx dz dx^

2 A
+ 6>’ = X. ...(1)Example 1. Solve x -4x

dx^ ■"
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Calculus <t Geometry x = e^
z= log-t and D = -^- 

dz
Thus, the given equation becomes

[D{D-l)-4D + 6]y = e' => (D^ - 5D + 6) y = e'

Solution. Putting

...(2)
\which is a linear equation in y.

To find the C.F. of (2), the auxiliary equation is 
- 5m + 6 = 0

(m - 2) (ot - 3) = 0 which gives m = 2, 3. 
C.F. = Cl + C2

11
l,-5 + 6^ 2^ ■Now, P,I.= tD^-5D + 6 

Hence, the general solution is given by 
y = C.F.+ P,1,

y = C, + +=>

Now put e^ = x

y — Cl + C2 2 X.

^^-3x? + 4y = 2x^. 
dx^ dx

Example 2. Solve x 

Solution. Here, the given equation is
x^4~3x^ + 4y = 2x^. 

dx^ dx
...(I)

Let X = then z = log x, x ^ = Dy, x^ ^
dx dx~

DiD-[)y

Put in (1), then (1) becomes
(D (D - 1) - 3D +4) y =

{D^-4D + 4)y = 2e^'.
To find the C.F. of (1), the auxiliary equation is

4/71 + 4 = 0 =>(m-2f = 0 => m = 2,2 
C.F. = (C, + C2 z) = (Cl + C2 log X)

t

...(2)=>

1 1 2z2 2e^ = 2Now, P.I. = (D-2f^

,1=2^24.l=2e'=,i = r.^
(D-2)

1 (log x)^.x-= 2e^'

Hence, the complete solution of (1) is given by 
y = C.F. + P.I.
y = (Cl + C2 log x) x^ + x^ (log x)^.

' 2[(D + 2) - 2] Dt

=>

• SUMMARY

Homogeneous linear D.E

Solution Homogeneous Linear D.E
(i) Put X = or z = log x, and x ^

etc. in the given D.E.
(ii) The given D.E becomes

f(D)y = x,D = £
(iii) Find C.F and P.I as usual obtained in previous chapter.
(iv) y = C.F + P.I
(v) Put z = log X in y = C.F + P.I

nil-1 + A^ = x.-Idx"

3 j3 X dd xV
r = D(D-i). D9D-l)(D-2)= D =

dx^dz dx

\
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f.

Homogeneous Linear Differcmiai 
I Kl/iial'ons• STUDENT ACTIVITY

2d^y
1. Solve-t -4x + 6y-x.

dx^ dx

2 cry 13)' = IogJt.2. Solve d
dx^ dx

• TEST YOURSELF
Solve the following differential equations :

2 cP'y dy 
d^~dx

x^^^x^ 
dx- dx

2d\ . A

cb? d^ dx

1. 2,+ )> = x.

~Ay = x\3. 4. + xy= 1.

ANSWERS

y = xiC, + C2 log x) + ^ (log xf. 

Cn 1> = C] ^ + -Y + — a:^ logx. 
a: 4

2. y = C|A:^ + C2A:UiA:^

4. y = (Cj + C2 log a) a: + C3 A

1.

I-13. + -10gA

OBJECTIVE EVALUATION
>■ FILL IN THE BLANKS :

In any homogeneous equation x 
.......... , only.

2. The homogeneous linear equation can be reduced to a linear differential equation with constant 
coefficiants by putting a =...........

> TRUE OR FALSE :
Write T for True and F for False statement:
1. The homogeneous linear differential equation can be reduced to linear differential equation 

with constant coefficients.
2. The differential equation, in which the power of a in the coefficients are greater than the order 

of its derivative, associated with them, is called the homogeneous linear equation.

dx^ dx
= X, the X is either constant or a function of1.

(T/F)

(T/F)
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3. The differential equation in which the power of in the coefficients are equal to the order of 
its derivative, associated with them is called the homogeneous linear equation.

Catculuy cJ Geometry
ran

> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The particular integral of - IxD) )> = log x is :

(a) logx 

(c) A logx
2. ■ The RI- is + 5xD + 4) >' = x log x is given by :

(a) ^xiogx

. ^ 1 I 2(c) -xiogx- —X

(b) - ^logx-i(logxf

(d) none of these. \
\ 1

(b)§.
(d) none of these.

^ ■jM'-'

ANSWERS

Fill in the Blanks : 
1. X

True or False :
2. / 3. First 4. equal

l.T 2. F 3.T
Multiple Choice Questions ;

2. (c) 3. (a)1. (b) □□□

->

0
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UNIT Wr()n.\kiaii

WRONSKIAN
STRUCTUREt

• Linear Dependence and Independence of Functions 
The Wronskian 
I Summary
• Student Activity
• Exercise

LEARNING OBJECTIVES
After going through this unit you will learn :

About linear independent and dependent functions.
How to find the nature of the given function through Wronskian.

• 15.1. LINEAR DEPENDENCE AND INDEPENDENCE OF FUNCTIONS
(a) The functions fiix).i= 1.2 ... n are said to be linearly dependent on an interval 

a<x<b if there exist a set (ai,a2 a„) of constants, not all zero, such that 
a 1 f\ W + aifiix) + ...+a„f„{x) = Oina<x<b ... (1)

f (b) .The function f (x). i = 1,2 ..... n are said to be linearly independent if,the only set of 
constants ai, 02, ■■■ a„for which l\) holds, is the set a^= 02= ... = a„ = h. ^ '•
Examples :

(i) sin x. 3 sin x and - sin x are linearly dependent on the interval - 1 < x < 2.
(ii) X and x^ are linearly independent on 0 <x< 1 since

Cl X + C2 x^ = 0 V X on 0 < X < 1 ^ C| = C2 = 0.

• 15.2. THE WRONSKIAN
Letyx.yi,..., y„be n functions of x such that each possesses at least (n - 1) derivatives. Then 

the determinant 
Calculus

>’1 yi ■■

yi' >’2' •• yn
(n-l)

is called the Wronskian of the functions yj, >2 yn and denoted by W(yi,y2, or simply W.

• SOLVED EXAMPLES
Example 1. Show that the solutions e^, e ■* and e^ of

dx^ dx- dx 
are linearly independent. Also, solve the given equation.

Solution. Since e', e~^ and e^ satisfy the given differential equation. So they are solutions 
of the given equations.

+ 2y = 0

2r- Xe e

W[/,e~\ =Now.

dx^ dx^dx
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2tCalculus <t Geometry -Ie
^ -e*" 2e^ 
/ e-^ 4e^

f 1 1
.e^ ! -1 2

1 1 4

e
- X

After simplify, we get
I 1 1

\V=e^ 2 0 3 
0 0 3

= X (- 6) # 0.

Hence, the solutions /. e are linearly independent solution of the given third order 
different ial equation, so it can possesses at most three independent solutions. Therefore, the complete 
solution is given by y = C, <^+ C2e~^ + Ci2^. with C,. Ci and C3 as arbitrary constants.

Example 2. Show that the Wronskian of the ^;ici/o/iJ x", .r^ log x is itoit-zcm. Cnii these 
functions be independent solutions of an ordinary differential equation, if so determine the equniion.

y,Solution. Let
y2 = X' log X.and

Then, the Wronskian is
^ X2 x^logx 

2x 2xlogx + jr
>T y2 
yi' yi'

=> The functions yj and y2 are linearly independent solution of an ordinary differential equation.
Now, we find the equation

y = C, yi + Czy: = C, + Cj log xLet

^ = 2Cix + 2C2.t logx + C2X
dx

= 2C, + 2C2logx + 3C2.and (tr
Now, eliminating C| and C2 from the above three relations, we get 

^ dx
+ 4y = 0.

• SUMMARY
f„ (.r). X S [a. b\ are said to• Linear dependent functions : Functions f (x),/2 (x),/j (x)

be linearly dependent on [a, b\ if these exist 0|, oz...... On- fiot all zero such that
fl/i (x) + fl/z (x) + 0/3 (x) + ... + n/, (x) = 0

• Linear independent functions : Function
fli/i (x) + fl/z W +fi W...... /n W+ ■■•+«/. W = 0 =» fl, = 0 = flz = ... = a„.

• Wronskian :
yi >'2

i''(yi.y2) = V;' yf

yi >'2 ^3
yi' yf yj 
y" y:" y3"

ivCvi-y2.y3) = etc.

• STUDENT ACTIVITY
1. Show that the functions x. x^. x^ are linearly independent.
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WmiuskianShow that the functions sin j:, sin 3x, sin^ j: are linearly dependent.2.

• TEST YOURSELF
1. Prove that the functions 1, x,x^ are linearly independent. Hence, form the differential equation 

whose roots are 1, x, x^.
2, Show that if m\ *mi, the functions and are linearly independent.
3_ Show that the following functions are linearly independent e* cos x, ^ sin x.

Hence, form the differential equation of second order having these two functions as independent 
solutions.

4. Which of the following sets of functions are linearly independent for all x.
(ii) sin X, sin 3j, sin^ j:
(iv) x^-X + 1,x^- 1.3x^-X- 1.

(i) sin X. cos X 
(iii) sinx, cos x, sin 2x

ANSWERS

3. ■^-2^ + 2y = 0 
<zx

(ii) Linearly dependent 
(iv) Linearly independent.

1. 4=0
dx^

4. (i) Linearly independent 
(iii) Linearly independent

□□□
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Calciilits & Geometry UNIT

»
I

GENERAL EQUATION OF SECOND DEGREE
STRUCTURE

Introduction
Condition for a Pair of Straight Lines
Equation of a Pair of Lines through the Origin and Parallel to the Lines
hx+m^y+n^ =0 and I2X+02 = 0
Angle between the Pair of Lines
Condition for Perpendicularity of a Pair of Lines
Condition for Parallelism of the Lines
Condition for Coincidence of the Lines + 2hxy+ by^ + 2gx+ 2fy+ c=0 
Point of Intersection of the Lines
Condition for the General Equation of Second Degree to be a Circle
Condition for the General Equation of Second Degree to be a Parabola
Condition for the General Equation of second Degree to be an Ellipse
Condition for the General Equation of Second Degree to be a Hyperbola
• Summary
• Student Activity
• Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

• How the given general equation of second degree reduces to pair of straight lines, 
circle, parabola, ellipse and hyperbola

• 16.1. INTRODUCTION
The general equation of second degree in x and y is given by 

ax^ + 2luy + by^+ 28x + 2jy + c = 0 
where a, b, c,f g and h are six constants. If the equation (1) is divided by any one of six constants, 
then the equation so obtained will have five constants, therefore in order to determine the values 
of these constants, there will required five equations between them. The solutions of these five 
equations will give the exact equation of degree two.

...(1)

• 16.2. CONDITION FOR A PAIR OF STRAIGHT LINES
To find the condition that the general equation of second degree may represent a pair of 

straight lines.
Let the general equation of second degree in x and y be 

ax^ + 2hxy + by^ + 2gx + 2fy + c = 0. ...(1)
Suppose the equation (1) represents a pair of lines and let these lines be 

/|X + «ii y + /I) = 0 
/2X + /n2 >' + n2 = 0.

...(2)
and ...(3)

Then we have
(/[J: + wii y + Uj) (1^ + niiy + nf) = ax' + 2hxy + hy^ + 2gx + 2fy + c = 0. 

Now comparing the coefficients of-v^ y^,xy.x. y and constant term of both sides, we get
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General Equation oj Secon/t Degreetlh — a. Wi/?l2 = b. /11/12 = C
W1H2 +/Ii/Mt = 2/. n|/2 +/i2/| = 2^

/iH!2 + lim^ = 2h
Now eliminating /|, /«i, Hi and I2, m2,«: from (ll), for this we have 
Geometry and Vectors

...(4)
and

/ k 0 h h 0
m2 ffi] 0
^2 /Ij 0

I
0 = 0Xm2m.

/I, nj 0

4the value of each determinant is zero) *
Multiplying both determinants row by row, we have

/|/«2 + l2>^\
/2nii + /|/n2 2»n\m2 m|n2 + m2«i
^2”l + ^l”2 2/Ii«2

Putting the values given in (4) in (5), we get 
2a 2h 2g'
2h 2b 2f
2g 2/ 2c

a h g
h b / =0
8 f c

a (be -f) - h (he -gf) + g(hf- gb) = 0 
abc + 2fgh - af^ - bg^ - ch^ = 0.

This is the required condition.

2/1/2

.-(5)= 0.

= 0

=>
=>

• 16.3. EQUATION OF A PAIR OF LINES THROUGH THE ORIGIN AND 
PARALLEL TO THE LINES hx+m^ y+m =0 AND fex+m2 y + n2 = 0.

I
Let the equations through the origin and parallel to the lines /ij:+ mi >■ +n, =0 and 

I2X + m2y + >12 = 0 be
lix + mt y = 0 
I2X + >n2y = 0

where ii, m|, /H2 are governed by the equation (4) in above section 2. 
Now the combined equation is

(/ijr + miy) il2X +in2y) =0 
I1I2X' +xy (l]m2 + h^^i) +ni|/«2>'^ = 0.

Putting /1/2 = a, mim2 = b. I]m2 + t2>ni = 2h in (2), we get 
ax^ + 2hxy + by^ = 0.

This is the required equation of a pair of lines.

...(1)and

...(2)or

• 16.4. ANGLE BETWEEN THE PAIR OF LINES
^\x + m^y+n^=0 and fex+m2y+n2 = 0.

The angle between the lines 
/[X +/Ml y+ «! = 0 and I2X + m2y + ^2 = 0

l-^h^-ab
tan 6 =

a+b

o
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Cfikvlus <4 Geometry • 16.5. CONDITION FOR PERPENDICULARITY OF A PAIR OF LINES
a/ + 2ftxy+f»j^ + 2gx+2^+c=0.

Let 0 be the angle between the a pair of lines, then we have,

tan 0 = a + b
From this equation, if t2 + /) = 0, then 9 = 90° i.e. the lines are perpendicular. Hence, the 

required condition for the perpendicularity of the lines is given by 
ax^ + 2hxy + by^ + 2gx + 2/y + c = 0 

fl + 6 = 0.
i.
i IS

• 16.6. CONDITION FOR PARALLELISM OF THE LINES
+ 2hxy+ b/ + 2gx+2fy+c = 0.

Since the angle between the lines is governed by the relation
2V/i^ - ab

a + b
. If the lines are parallel, then tan 9 = 0, then we get 

lr-ab = 0 or h^ = ab 
This is the required condition for parallelism.

tan 0 =

• 16.7. CONDITION FOR COINCIDENCE OF THE LINES
ax^ + 2hxy + d/,+'2^+2 fy + c = 0.

The condition for coincidence of the pair of lines av^ + 2/uy + + 2g a’ + 2/t' + c = 0 is
given by

h^-ab=b, = 0,/^-6t = 0.-ac

• 16.8. POINT OF INTERSECTION OF THE LINES
ax^ + 2hxy+b^ + 2gx + 2 fy + c = 0.

The point of intersection of the lines represented by ax^ + 2/u:y + by" + 2g x+ 2fy + c = 0 k
given by

^ I? ~ab ^ f?
- ac
-ab

• 16.9. CONDITION FOR THE GENERAL EQUATION OF SECOND 
DEGREE TO BE A CIRCLE

Let the genera! equation of second degree in .v and y be 
or + 2lixy + by^ + 2gx + 2fy + c = 0.

Definition. The locus of a point in a plane, which moves in such a way that its distance from 
fixed point is always constant, is called circle.
Then by the definition of a circle, the equation of a circle is

..(1)

(^•-a)^ + (y-3r = ...(2)

where {a, P) is the centre and r its radius.
Comparing (1) with (2) and then we observed that the general equation (1) represents a circle

if
a=b*0 and h = 0.

Therefore, this is the required condition for the general equation of second degree to be a
circle.

• 16.10. CONDITION FOR THE GENERAL EQUATION OF SECOND 
DEGREE TO BE A PARABOLA

Let the general equation of second degree in x and y be
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ax^ + by^ + 2hxy + 2gx + 2Jy + c = 0. General Equmicn of Secant! Degree...(1)

Definition. The locus of a point, which moves so that its'distance from a fixed point {called
focus) is equal to the distance of this variable point from a fixed straight line, is called a parabola.

Let k + my + n = 0 be a fixed straight line and (a, P) be a fixed point, then by the definition 
of the parabola, the equation of parabola is 

Ix + my + n V(x-a)2 + (y-P)^
Viw

(lx + my + n)^ = (/^ + m^) [{x - a)^ + (y - P)^]
P’x^ + rn^y^ + + 2lnixy + 2liu + 2mny - {/^ + m^) {x^ + - 2ax - 2py +
mV + i^y^ = 2lmxy + 2x (- In - al^ - am^)

or
or
or

+ 2y (- mn - - Pm^) + {a? + p^) (/^ + m') - = 0

takes the form :or
{mx - lyf + 2Gx + 2Fy + C = 0.

From (2) it has been observed that the second degree terms in the general equation of a 
parabola forms a perfect square. Therefore, using this conclusion on the general equation of second

...(2)

degree equation (1), we can say that
ax^ + 2hxy + by^ + 2gx + 2fy c = Q

reduces to a parabola if
h^~ab = (i.

This is the required condition.

• 16.11. CONDITION FOR THE GENERAL EQUATION OF SECOND 
DEGREE TO BE AN ELLIPSE

Let the general equation of second degree in x, y be 

ax~ + 2hxy + by^ + 2gx + 2Jy + c = 0. ...(1)
Dennition. The locus of a point which means in such a way that its distance from a fixed 

point is always less than its distance from a fixed line, is called an ellipse.
On the based as discussed in above postulates, the required condition for the general equation 

given (1) to be an ellipse is
<ab.

• 16.12. CONDITION FOR THE GENERAL EQUATION OF SECOND 
DEGREE TO BE A HYPERBOLA

The general equation of second degree in x. y is 

ax^ + by^ + 2hxy + 2gx + 2^ + c = 0.

Definition. The locus of a point which moves so that its distance from a fixed point is always 
greater than its distance from a fixed line, is called hyperbola.

Therefore, (1) becomes the equation of a hyperbola if

h^>ab.

...{1)

This is the required condition.
SOLVED EXAMPLES

Example 1. Show that the equation of second degree 
5x^ -2xy + 5y^ + 2x-lOy-l = Q

represents an ellipse.
Solution. Compare the given equation with

ax^ + 2hxy + by^ + 2gx + 2fy + c = 0 
a = 5.b = 5.h=~\.f=-5,g=l.c = -T.

A = abc + 2fgh - af^ - bg^ - cl^
= (5) (5) (- 7) + 2 (- 5) (1) (- 1) - (5) (-5)' - 5 (1)' - (- 7) (- 1)' 
= - 175 + 10- 125-5+7

we get

= -288
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Calculus <4 Geometry h^-ab = {- I)^-{5) (5)- 1 -25 =-24 <0 

ellipse^^^^

and
<ab.

Hence, the given equation is an 
Example 2. Show that the equation

+ Sxy + 2y^ + 26x + 13y + 15 = 0 0

rrepresents a pair of parallel lines.
Solution. Since the given equation is

+ Sxy + 2/ +26x + \^y + 15 = 0. 

Compare (1) with the equation
ax^ + 2hxy + by^ + 2gx + 2fy + c = Q 

a = i,h = A.b = 2.g = lXf= 13/2, c = 15. 
A = abc + 2fgh - af^ - bg^ - ch^

...(1)

we get

13f(8) (2) (15)+ 2 yl(l3)(4)-8 y - 2 {13)'-15 (4)'

= 240 + 676 - 338 - 338 - 240 = 0. 
h^-ab=l6~l6 = 0.Also

Hence, the given equation represents a pair of parallel straight lines.
Example 3. Show that the following equation represents a pair of lines. Find, also the angle 

between them :
6x^ + 13xy + 6y^ + 8x + 7y + 2 = 0. 

Solution. Since the given equation is
6x^ + 1 "ixy + 6y^ + 8x + ?>’ + 2 = 0.

Comparing (1) with the equation
ax^ + 2hxy + by' + 2gx + 2fy + c = 0 

a = 6,h= 13/2, 6 = 6. g = 4./= 7/2, c = 2. 
A = abc + 2fgh - af^ - bg^ - ch~

we get.

x2
6.(4)^-2.= 6.6.2+2.y4.^~6.y 

169 ^147= 72+ 182- —-96-2 2
316 316-316

/

= 158- = 0.2. 2
Thus the given equation represents a pair of straight lines.

2^ft^-ab ]-IThe angle between these lines = tan
a + b

2^2 -36
5^-I -1= tan = tan 12 '6 + 6

• SUMMARY
• General equation of second degree in j;, y ;

/(•*' /. z)=ax^ + by^ + 2hxy + 2gx ■\-2fyt-c = Q 

where a, b, c,f, g and h are constants.

• Equation ax? + 2hxy + by^ + 2gx + 2^ + c = 0 represents a pair of straight Ivnes if 
abc + 2^h -a/ - bg^ + ch' = 0.

• ax +2hxy + by = 0 represents a pairs of straight lines passing through the origin.
• angle between the lines represented by ax^ + 2hxy + by^ = 0 is given by

r2^h^-ab 1

!/*■

-I0 = tan
a + b
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2 2• If at + 2/ixy + by + 2gx + 2/y + c = 0 represents a pair of straight lines, then these lines are 
perpendicular if a + ^» = 0 and parallel to each other if = ab, - ac and/^ = be.

■ If the lines intersect each other then the point of intersection is/ _______\

General Equalinn of Seu)n:l Oegrte

V4^,V4'' -ab ' I?
— ac

— ab J
• The general equation ax^ + 2lixy + by' + 2gx + 2fy + c = 0 will represent;

(i) a circle if a = b^0 and h = 0,A*0
(ii) a parabola if h^ = ab, A^O
(iii) a ellipse if }?>ab, A 0
(iv) a hyperbola if <ab, A ^ 0 
where A = abc + 2fgh - af^ - bg^ - ch^.

• STUDENT ACTIVITY
1. Show that the equation 6t^ + + + 8j: + 7y + 2 = 0 represents a. pair of straight lines.

2. Show that + 2jt>' + - 2x - 1 = 0 represent a parabola.

• TEST YOURSELF
Show that the equation 25x^-12(k>’+144y^-25x +bOy - 36 = Orepresents two parallel 
straight lines.

2. Show that the equation 3x^ + 3y^ - 2x + 3y - 5 = 0 represents a circle.
3. Show that the following equation llx^ -4xy + 14y^ - 58x - 44y + 71 = 0 represents an ellipse.
4. Show that the following equations :

(i) 16x^ - 24xy + 9y^ - !04x - 172y + 44 = 0 (i) 4x^ - Axy + y^ - 8.v - 6y + 5 = 0. 
represents parabolas.

1.
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5. Show thal the equation 3x^ - 5xy - 2)'^ + 5-t + 11> - 8 = 0 represents a hyperbola.

OBJECTIVE EVALUATION
► FILL IN THE BLANKS :
1. The general equation of second degree in x and y has at least 

nature of the equation.
2. The equation ax^+ 2lixy + by^+ 2gx + 2fy + c = Q represents a pair of straight lines if 

abc + 2fgh - af^ - bg^ - ch^ =

> TRUE OR FALSE :

Calculus dt Geomeiry

constants to find the

-‘tf
(:

Write T for true and F for false statement:
j_ The equation ax^+ 2lixy +by^-i-lgx+ 2fy + c = 0 represents a rectangular hyperbola if 

a + b = 0 and ab — li^ < 0. (T/F)
2 The equation x^ + 2hxy + + 2gx + 2/y + c = 0 represents a circle if /i = 1.
3 .The equation x^ + 4xy + 4y^ + 2gx + 2fy + c = 0 represents a parabola.

> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate are :
j The equation ax^ + 2hxy + by^ + 2gx + 2fy + c = 0 represents a rectangular hyperbola if 

fi^ > ab and :

(T/F)
(T/F-)

(c) a = 0 (d) b = 0.(b)a-b = 0
The equation 9x^ + I2xy + 16y^ + 2gx + 2fy + c = 0 represents : 
(a) Ellipse

(a) a + b = 0
2.

(d) Two straight lines.(c) Hyperbola(b) Parabola

ANSWERS

Fill in the Blanks :
1. Five 

True or False :
1. T

Multiple Choice Questions :
1. (a)

2. 0

2.F

2. (b)
□□□
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Sysiein of Conu sUNIT

SYSTEM OF CONICS
STRUCTURE

• standard Forms of Conics
• Reduction of General Equation of Second Degree into a Conic
• Determination of the Co-ordinates of the Centre of a Conic 

Equation of a Conic when the Origin is at the Centre
• Determination of the Lengths, Posiions and Direction of the Axes of the Central Conic
• Determination of the Eccentricity of a Central Conic
• Determination of the Co-ordinates of the Focus or Foci and the Equation of the directri> 

or Directrices
• Summary
• Student Activity
• Exercise

LEARNING OBJECTIVES
After going through this unit you will learn :

What are conics in detail.
How to calculate the centre, lengths, directionof its areas and its eccentricity.

• 17.1. STANDARD FORMS OF CONICS
(I) Standard form of an ellipse. The standard form of an ellipse is

2 2
X = 1.2 . 2a b

Case 1. If a > b, then its major axis is x-axis and its minor axis is y-axis. Also the length of 
semi-major axis is a and semi-minor axis is b. '

Centre is (0, 0), focus are (± ae, 0) where b^ = {1 - e'}.
The equations of directrix are x ± a/e = 0, also all the four vertices are (± a, 0) (0, ± b).
Case 2. If > a, then its major axis is y-axis and minor axis is Jt-axis of length 2b and 2a

respectively.
Centre is (0, 0), focus are (0, ± be), where b\l-e\
Also, the equations of its directrix are y±b/e = 0, and all the four vertices are (±a,0).

(0,±h).
(II) Standard form of a parabola.
(i) = 4ax. Its vertex is (0.0} and focus is (a. 0).
AIso the axis is x-axis and the equation of its directrix is x -H a = 0.

4ax. Its vertex is (0, 0) and focus is (- a, 0).
Also the axis is x-axis and the equation of its directrix is x - a = 0.
(iii) = 4ay. Its vertex is (0, 0) and its focus is {0, a).
Also the axis is y-axis and its directrix is y -I- a = 0.
(iv) x^ = - 4ay. Its vertex is (0,0) and its focus is (0, - a).
Also the axis is y-axis and its directrix is y - a = 0.
(III) Standard form of a hyperbola. The standard form of a hyperbola is

(ii)

22
X iL = 1.2 1.2 a b

Here, the centre is (0,0) and focus are (± ae, 0), where, b^ = a^ (e^ - 1). 
Also the vertex are (± a, 0) and the equation of its directrix are x + a/c = 0.

Self-Instructional Material 111



Calculus <6 Geomeiry • 17.2. REDUCTION OF GENERAL EQUATION OF SECOND DEGREE 
INTO A CONIC

Let the general equation of second degree in x and y be 
ax^ + 2hxy + by^ + 2gx + 2^ + c = 0.

Change the equation (!) to the equation in which the term xy is removed. This can be done

such that the x change to x cos 0 - y sin 0 and y to

..(1)

2h \1 -1by putting 9 = - Ian
a-b

JT sin 9 + y sin 6. Thus.transformed equation becomes 
+ By^ + 2Gx + 2Fy+C = 0. ...(2)

Now there arises some cases:
Case I. If A = B, then the equation (2) becomes a circle. 
Case II. If neither A nor B is zero, then (2) becomes 

a/ + 2Gx + By- + 2Fy + C = 0 
( r ^ ( F 'iA X- + 2-X +B y^ + 2-^y +C = 0 

A B

A

cY f Vf' G- 
A ^ + - >4-- =-

or

G'r G^ F^^ ¥B v^ + 2- y + -; - —A^ • B^ A + C = 0x +or B

F^
-C.+or

B

Let
A B

s2 2
G 4 =D.Ax + — +B y +

\ { y ( G F']
Now by shifting the origin to the point • The equation (5) is transformed to

A .D

Ax!'^ + By'^ = D

...(3)B

/2 AX y ...(4)= 1.or D/A D/B
Therefore the equation (6) represents an ellipse if both D/A and D/B are positive. 
Also the equation (6) represents the hyperbola if D/A and D/B are of opposite sign 
Case III. If either A or B is zero, let us suppose A = 0, then (4) becomes 

By^ + 2Fy + 2Ga + C = 0 .
By- \2Fy = -2Gx-Cor

y =-2Gx-Cor B

T F F^ 

B y + 4

-C= -2Gx +or B
2 F^ C

= -2G X-or 2BG 2GB
<2 F^ CF 2G

2BG 2G ■\ Y 
- F. „ , then above equation is transformed to

2BG 2G B

or
S 6

f CNow shift the origin to

2G,2 X. ...(7)B
This equation represents a parabola. Similarly if we take B = 0, then we shall again obtain a

parabola.

• 17.3. DETERMINATION OF THE CO-ORDINATES OF THE CENTRE OF A 
CONIC

Working Procedure for Finding the Centre :
(I) First treating the given conic as a function y) = 0.
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(II) Now differentiate >’) = 0 partially with respect to x and y respectively and

obtain
dx dy

9(1)(III) And solving ^ 

(x, y) of the conic.

= 0 and = 0 for X and y. These value of x and y give the centredy

• 17.4. EQUATION OF A CONIC WHEN THE ORIGIN IS AT THE CENTRE
Let the equation of a conic be

ax^ + 2hxy + by^ + 2gx + 2fy + c = 0
The required equation of a conic referred to centre as origin is given by

ax^ + Thxy + by^ + —^—7 
ab-n

A = abc + 2fgh - af^ - bg^ - ch^.
SOLVED EXAMPLE

Example 1. Find the co-ordinates of the centre of the conic whose equation is 
+ 52xy - ly^ - 64x - 52y ~ 148 = 0 and hence the equation of the conic referred to centre as

...(1)

= 0 ...(2)or

where

origin.
Solution. Let us assume

<t)(j:, y) s 32x^ + 52xy - ly^ - 64a- - 52y - 148 = D.(l) 
Differentiating (1) partially w.r.t. x and y respectively, we get

|^ = 64;t + 52y-64

9$and = 52a-- 14y-52.9y
Now solving ^ = 0 and 90 = 0, we get x l,y = 0.9y
Hence (1, 0) is the centre of the given conic. 
Now the new constant d = ga+f^ + c

= (- 32) (1) - 26 (0) - 148 = - 32 - 148 = - 180. 
Therefore, the equation of the conic referred to centre as ongin is 

32A:^ + 52xy-7y^-180 = 0 
32 ^ 52X +or 180^ 180^180

• 17.5. DETERMINATION OF THE LENGTHS, POSITIONS AND DIRECTION 
OF THE AXES OF THE CENTRAL CONIC

Let the equation of a central conic be
Ax^ + 2Hxy + By^= 1.

Let us choose a concentric circle of radius r of the equation
2,2 2 X +y =r

x-+r

-d)

= 1. ...(2)or 2r
The equation of the lines joining the origin to the points of intersection of (1) and (2) is

obtained.by making.(l) homogeneous with help of (2), we.have
f A X +yAx^ + 2Hxy + By^ = 02

f-

1A-— x- + 2Hxy-\- B-^ y^ = 0. ...(3)or
r

These two lines given in (3) will coincide if and only if the circle and central conic touch 
each other at the extremities of either axis of the conic and therefore, we have

1V
A--J = 0

r r

(-.■ For a pair of coincident straight lines we know that ab - l^ = 0)
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Calculus <6 Geometry \-\{A + B) + {AB-H^)=Q. 
r r

(AB-H^)r‘^-{A + B)r^+[=0
Since the equation (5) is a quadratic equation in r so (5) gives two values of r . Let these 

values of be and
- - Now using (3) and (4), we get -

...(4)or
[

...(5)or

>2
1A-— x + Hy =0
r

which is obtained by multiplying (3) by A--^ and using (4). 

Thus the equation of either axis is
r

1 ...(6)4 — "jj .V + Hy = 0-
\ /

Since and r2^ are the two values of so that there arises some cases.
Case I. If both and r2^ are positive and > r2 then the conic will be an ellipse and the 

greater value of r i.e. /•) will be semi-major axis while the smaller value of/•/.£. r2 "'■H besemi-minor 
axis. Hence the length of major axis is 2ri and the length of minor axis is 2r2.

Case II. If > 0 and r-i < 0, then the conic will be hyperbola and the real value of /• i.e. 
rj will be semi-transverse axis while the imaginary value of r i.e. ri will be semi-conjugate axis. 
Hence, the lengths of transverse axis and conjugate axis are respectively 2r| and 2r2-

Now the equation (6) corresponding to r\ and r-i will give the equations of semi-axes of the 
conic as follows:

1 ...(7)2 x + Hy = 0A -
ri

1 ...(8)7 x + Hy = 0.

Direction of axes. The equation (1) can be rewritten as 
ax^ + 2hxy + by^ + d = 0

and A -

Ad =where
ab - I?

In order to remove the term xy from above equation we rotate the axes through an angle 0 
keeping the origin fixed. Then we get ,

^ 2/11 -I9 = - tan a- b
2 tan 6 

1 - tan^ 0
h tan^ 9 + (a - tan 0 - /i = 0.

This equation (9) is quadratic in tan 9 so it have two values of tan 0. say tan 9i, tan 02. These 
two values give the slopes of the axes of the given conic.

2h2htan 29 =or -----7 ora-b a- b
...(9)or

• 17.6. DETERMINATION OF THE ECCENTRICITY OF A CENTRAL CONIC

1. Eccentricity of an ellipse. Since we know that if r\^ > r-i > 0. then the conic will be 
ellipse and its eccentricity e is given by

2. Eccentricity of hyperbola. If and r-f are of opposite sign, then the conic will be 
hyperbola and its eccentricity e is given by

e = ^
1 + 2

''1
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System oj ConicsSOLVED EXAMPLES
Example 1. Find the lengths and the equation of the axes of the conic whose equation is 

36x^ + 24xy + 293*^ - 72x + 126> + 81 = 0.
Solution. Let us assume

<l){x. >’) s 36x^ + 24xy + 29/ - 72x + 126>' + 81 =?.(J!1) 
Differentiating (1) partially w.r.t. x and y respectively, we get

ax =72--^243-72

and = 24x + 58y+ 126.ay
a^Now solving ^

(2,-3). Therefore the new constant

= 0 and = 0, we get X = 2, y = - 3. Hence the centre of this conic isay

d = otg+/p + c
g = - 36./= 63. c = 81 and a = 2, p = - 3 

<f = 2 (-36)+63 (-3)+ 81 =-72- 189 + 81 =- 180. 
Thus the equation of the conic referred to centre as origin is 

36x^ + 24xy + 29y^ - 180 = 0 
36 2 ^ 24 ^ 29 2 ,

Here

or

which is the form of
Ax^ + 2Hxy + Sy^ = 1
36 12 29where ^ 180

Now the lengths of the axes are given by
-7-4(>' + S) + (4S-wV0

'W = • fi =
180 180

r r

/ rHlSO, 180 180 180 180
l_il 1 900 _
/ 180 V (180)^ ”
'l 45 Vl 20'

180 p- 180
J \

P = 9 ot 4
= 9, =4 r^ = 2,r2 = 2.

Obviously rf and r2^ both are positive, therefore the given conic is an ellipse. 
Hence the lengths of major axis = 2ri =2 (3) = 6 

and the length of minor axis

= 0or

or

= 0or

or
i.e.

= 2r2 = 2(2)=4.
Now the equation of major axis referred to (2, - 3) as origin is

1Ax + //y = 0
^1

'36 _ f 
180 9

12 y = 0 or 4x + 3y = 0.X +or 180

Now shift the origin back from (2, - 3) by putting x - 2 for x and y + 3 for y, we get 
4(x-2) + 3(y + 3) = 0 or 4x + 3y+l=0.

This is the required equation of major axis referred to {0,0) as origin.
And the equation of minor axis referred to (2, - 3) as origin is

j x + //y = 01A-

'36 r 
180 4

12 y = 0 or 3x + 4y = 0.x +or 180

Again shift the origin back from (2, - 3) by putting x - 2 for x and y + 3 for y, we get
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Calculus 4 Geometry 3(-x-2)-4()' + 3) = 0 or 3x-4>--18 = 0,
This is the required equation of minor axis referred to (0,0) as origin.

• 17.7. DETERMINATION OF THE CO-ORDINATES OF THE FOCUS OR
FOCI AND THE EQUATION OF THE DIRECTRIX OR DIRECTRICES

Let the equation of a conic be
+ Ihxy + ky^ + 2gx + 2fy + c = 0. ...(1)

Case I. If the conic (1) is an ellipse and let its semi-major axis be of the length a and its 
slope be tan 6. Let (a, P) be its centre, then the equation its axis is

cos 9 sin 9
where r is the distance any point from (a, P) on this axis. In case of ellipse this distance
r = ±ae from the centre (a, P). Then the co-ordinates of the foci of the ellipse are

...(2)

(a ± ae cos 9, p ± ae sin 6)
(a-t ae cos 9, P-t-ae sin 0) and (a - ae cos 9, p - ae sin 0).

Directrix. Let Q and Q' be the points on the semi-major axis, where the directrices of the 
ellipse meets its axis is at a distance r = ± a/e from its vertices. Thus the co-ordinates of Q and 
Q are respectively.

i.e.

\ W

Q ((X + (a/e) cos 9, p + (a/e) sin 0) 
0'(a - (a/e) cos 9, P - (a/e) sin 0).and

Equation (2) can be written as
X sin 0 - y cos 0 - a sin 0 -t- p cos 0 = 0. ..(3)

Since the directrix is perpendicular to the axis (3) so it equation is given by 
X sin 0 -I- y cos 0 + A = 0.

This equation (4) passes through the poin Q and Q.
Hence the equation of the directrices of an ellipse are given by 

(x - a) cos 0 + (y - P) sin 0 ± a/e = 0.
Case 11. If the given conic is a hyperbola, then the foci and the directrices are same as above, 

only difference is that in this case a is the length of semi-transverse axis.
Case HI. If the conic is a parabola and let (a. P) be its vertex and tan 9 be the slope of its 

axis and 4a be the length of its latus rectum. Then the equation of the axis of the parabola is 
x-a_y-p_^ 
cos 0 sin 0

where r is the distance of the point P(x, y) from (a, P).
Since the focus of the parabola lies on its axis and is at the distance ‘a’ from the vertex. 

Hence the co-ordinates of the focus of the parabola are 
(cx + a cos 0, p + a sin 0).

...(4)

...(5)

Directrix. Now above equation of axis can also be written as 
X sin 9 - y cos 0 - a sin 0 -i- P cos 6 = 0.

Let Q be any point of its axis, through which the directrix passes and is at the distance 
r = - a from the vertex. Further since we know that the directrix is perpendicular to the axis, so 
that the equation is

xcos 0 + y sin 0 -t-X = 0.
This directrix passes through Q (cc - a cos 0, P - a sin 0). 
Hence the required equation of the directrix of the parabola is 

(x - a) cos 9 -I- (y - P) sin 0 -H a = 0.
REMARKS

For the co-ordinates of extremities of major axis put r = ±a in (a + rcos 6, P + rsin 9).
For the co-ordinates of the extremities of minor axis put r = ±b in 
(a-t-r cos 9, P-f-r sin 0) where (a, P) is the centre and tan O is the slope of the minor 
axis.
For the co-ordinates of the extremities of latus rectum, take (a, P) as focus and r = distance 
of focus from the extremities of latus rectum, and tan 0 is the slope of latus rectum.
The equation of latus rectum will be a line parallel to the minor or conjugate a.xi.s that 
passes through the focus and hence its equation can be easily found.

►

►

►

>
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System o/ Conics2>
Latus rectum of ellipse or hyperbola = 2

r\
SOLVED EXAMPLES

Example 1. Find the centre, lengths, and equations of axes, eccentricity, foci, latus rectum 
and equations of the directrices of the ellipse

40x^ + 36xy + 25y- - 196a: - I22y + 205 = 0.
Solution. Let us assume

({.(a:, y) = 40a:^ + 36A:y + 25y^ - 196^ - 122v + 205 = 0
a* •^ = 80x + 36y-196

i ...(1)« t 4'

dx
3({)and = 36A: + 5Qy- 122.

86 86Solving T = 0, ■:^ = 0, we get OA’ ay
x = 2,y = l.

dy

Thus the centre is (2, I).
The new constant d = ga+f^ + c.
Here f = - 98,/= - 61. c = 205 and a = 2, p = 1, then 

rf = -98 (2)-61 {l) + 205 
= - 196-61 +205 =-52.

Hence the equation of the conic referred to (2, 1) as origin is 
40x^ + 36xy + 25y^ - 52 = 0 
40 2^36 ^ 25 2 ,
52^ ^^"^^52^=^
Ax^ + 2Hxy + By^=l

or

or

where 52 52 52
Now the lengths of the axes are given by

■\--^(A + B) + (AB-H^)=0

25_r/8f''
r* p- 52 52 52 52 52

1 65 1 'I 676

/ 52 p- (52)2 
^l_IiYl_52

52 P- 52
\ )\ J

1^ = 4, \ i.e. = 4,/•2^ = 1.
Therefore, the lengths of major axis and minor axis are respectively given by 4, 2. 
Now the equation of the major axis is 

( 1 '
A-— x + Hy = 0

= 0or
/ /

= 0or

= 0

52 4
18 y = 0X +or 52

3x + 2y = 0.
Shift the origin back from (2, 1} by putting a: - 2 for a and y - 1 for y, we get 

3(A-2) + 2(y- 1) = 0 
.3a +.2y -8 = 0..

And the equation of minor axis is
( 1 'l/I —^ x + Hy = 0

or •

or

ri

'40 ,^1 18
— - 1 A + —y = 0or 52 52
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Calculus d Geometry -2x + 2y = 0.
Shift the origin back from (2,1) by putting j: - 2 for and y - 1 for y, we get 

-2(A:-2) + 3(y- 1)=0 
- 2x + 3y + 1 =0 

2x - 3y - 1 = 0.
Hence the required major and minor axes are respectively 

. 3x + 2>-8 = 0 and 2x-3y-l=0. •.
Eccentricity of the ellipse. The eccentricity e is given by

1 -4 =^l3M=^/2.

or

or
or

1

r. 4’,

Latus rectum. The iatus rectum of an ellipse is given by

('•' ''1 >':)L.R. =
ri

2(1)^
= i.

2
Foci. The foci lie on the major axis 3x + 2y - 8 = 0. 
Therefore, the slope of this axis is given by

tan 9 = -1
sine = 3/V!y, cos0 = -2/Vr3’ 

The distance of the foci from the centre {2, 1) is
(-■ 0 is obtuse)

<3 = ±^.r=±ae = ± rie = ±2 .

.-.The foci of the ellipse are
f ( 1 '(a +r cos 0. P +r sin 9) s' 2±VJ

VU\ \ /

\\

m.. ,//
3>/^‘s[2- — . 1 + —' 

VIT VTT
2vr2 +
^/IT Vis

Equation of the Directrices :
The equation of the directrices of an ellipse are gi ven by

(x - a) cos 0 + (y - (3) sin 0 ± r|/e = 0
(x - 2) (- 2/VTy) + (y - 1) (3/VlT) + 2 (2/-^) = 0

2 3 4- —(x-2)+-4=(y-l)±- = 0or
Vl3 VT3

-2(x-2) + 30'-1)±4 = 0or

Vf =02j + 4 + 3y-3 + 4or

and -'2x + 4 + 3y-3-4

2i - 3y 1+4 rj-"or

Vfand 2t-3y = 01-4

These are the required equation of directrices.

« SUMMARY
• Equation + 2/u:y + hy^ + 2gx + 2^ + c = 0 is transformed to the equation 

Ax + By^ + 2Gx + 2Fy + c = 0 by putting x cos 0 - y sin 0 for x and x sin 0 + v cos 0 for x in

— 1 
a- b

1 -1given equation, where 0 = — tan
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• Coordinates of centre of the given conic :
(i) Find and 3^ 

ax ay

System ofCoiiii s

8(1) 8(tl(ii) Solve ^ = 0 -^ = 0, Ihe values of x and y so obtained give the centre y).

• Equation of conic with origin as centre
ax^ + 2lixy + by^ = —r 

ab -
= 0

where A = abc + 2fgh ~a^ - bg' - ch'.
• Equation of central conic is Ax^ + 2Hxy + By^ =1
• Equation of semi-axes of a central conic + 2Hxy + = 1 are given by

1 'i
j: + //> = 0and x + Hy = ()

V r, J
where r] and rl are the roots of the equation

1
r2

iAB-H^)/-{A + B)r^+l=0
• If rj> rl>0 then the conic is an ellipse, inthis case length of major axis is 2r^ and the length

"sjI . If rf > 0 and < 0, then the conic is a 

hyperbola, in this case length of transverse axis is 2ri and the length of conjugate axis is 2r2 

and its eccentricity is

of minor axis is 2r2 and its eccenticity is

• STUDENT ACTIVITY
1. Solve the coordinates of the centre of the conic 32x^ + 52xy - 7y^ - 64x - 52y - 148 = 0.

2. Show that the conic 36x^ + 24xy -t 2<jy^- 72a' + i26y + 81 =0 is an ellipse.
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Cniculili <& Geometry • TEST YOURSELF
1. Find the co-ordinate of the centre of the conic whose equation is

36x^ + 24xy + 29y^ -72x+ llby + 81=0.
2. Find the centre of the conic section

13x^-18.*.v + 37/ + 2a-+14>'-2=0. '
Also, find the equation of the conic section referred its centre as origin.

3. Find the lengths and equations of the axes of the conic
+ 4x>'+ 5/-24.r - 24v = 0.

4. Find the equation of the the directrices of the conic
55x^ - 30x>' + 39y- - 40x - 24y - 464 = 0.

5. Find the centre, foci and the equations of the axes of the ellipse
x" + XV + - X + 4v + 3 = 0.

Also trace it.
6. Find the lengths and the equations of the axes of the conic 

5x^ - 6xy + 5/ + 26x - 22y + 29 = 0.

ANSWERS

. I 1 7 7•2. -^’-4 ■ 13x^-18xy + 37/-4 = 0.
I J

3. Major axis : 2x + y = 4, length = 6; Minor axis : x - 2y + 3 = 0, length = 4
4. 3x + 5y = 36, 3x + 5y = -28.

.5, Centre (2. - 3), foci 2 + — ’ - 3 ±L ^/T STJ
Major axis : x + y + I = 0,Minor axis : x - y - 5 = 0.

1. (2,-3)

□□□
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Confocnl ConicsUNIT

CONFOCAL CONICS
STRUCTURE

• Confocal Conics
• Equation of Confocals to an Ellipse
• Some Properties of Confocal Conics

• Summary
• Student Activity
• Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

How we define confocal conics and what are their properties.

• 18.1. CONFOCAL CONICS
Definition. Those conics which have same two points as their foci or those conics having 

same focal points, are called confocal conics are also having same axes.

• 18.2. EQUATION OF CONFOCALS TO AN ELLIPSE
Let the equation of an ellipse be

22
X

..-(1)= 1.

If fl > fc, then the co-ordinates of its foci are (± ae, 0) where e a
f+«e.O)s(±Va^U?,0).

Let us.consider the equation
22

X y -..(2)= 1,
+ + X ----------------------- I---------

Now the co-ordinates of the foci are [+ "^(a^ -t- A) - {b^ + A), 0] or (± - b^, Q), for all
values of A.

Therefore, the foci of (2) and (1) are same. Hence, the equation (2) are the confocal conics
of{l).

• 18.3. SOME PROPERTIES OF CONFOCAL CONICS
Property I. To prove that confocals cut at right angles. Let the two confocals be

2
X y .-(I)= 1

b^ + la' + X 1 I
22

yX = I. ..,(2)and
a^ -t- A2 b^ + Aj

Suppose both confocals (1) and (2) intersects at (a. P) so that {a. P) will satisfy (1) and (2),
we get

£a'
= 1

b' + X,a^ + Ai

£a' = 1.and
a^ + X^ b' + X2

Substracting these equations, we get
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CalculiL\ & Geomeiry 1 1 1 1a' + P' = 0
t2 + X] fl + X-i

(X2-A]}a^ ^
(a^ + Xi)(a' + X2) ib^ + Xi){bUk2) 

ct^ ,
(a^ + Xj) (a^ + X2) (b^ + X|) (b^ + X2)

b^ + X| b^ + X2 
(X2 -Xi)

= 0or

...'(3)= 0or

i

('•' ^-1 =‘ A;)

Now the tangents at (a. (3) to the confocals (1) and (2). are given by 1
fCU: = 1 ..(4)+

a^ + X| i^ + X)
ouand = 1, ...(5)+
+ X2 b^ + X2

Slopes of (4) and (5) are respectively, m\ and om; where
a/(a^ + Xi) a(i>^ + Xi)

ffji =- j.3/(a'+x,)
cx/(a^ + X2) 

p/(/j" + X2) 
a(^’ + X,) 

p(a^ + X,)^
{b' + Xj) (^' + X2)

P(fl- + X|) 
a(b' + X2) 

3(a‘ + X2) 
(i" + X2) 

3 + X2)

and m2 = -

H»i . fH2 =

= - 1. [using (3)1
3' + X|) (a^ + X2)

This implies tangents at (a, 3) to the confocals (1) and (2) cut at right angles. Hence confocal 
cut at right angles.

Property II. Through a given point in the plane of a conic, two confocals can be drawn, one 
of them is an ellipse and other is a hyperbola.

Let the equation of a confocal to an ellipse be
2 2

+ X b^ + X
Suppose (a, 3) is a given point in the plane of (1) so it will satisfy (1). we get

= 1. ...(I)

= 1. ...(2)+
a^ + X bUX

The equation (2) is a quadratic in X. Hence through (a, 3) we can draw two confocals. 
Further, let us take + X = p i.e. X = p-b^.
Now putting the value of X in (2). we get

a'
= 1~2----------------7a^ + p-b^ ft

a.’ £ = 1or
p. + a^-b'^ It

a'
(•,• ftV == 1+or 22 ^p + a e

p^ + {fl V - ct^ - 3^) It - = 0.
Let Pi and P2 be the roots of (3), then we have 

p,P2 = -3Ve^

...(3)or

^ P1P2 IS negative
=> one of p = + X is positive and other is negative.
Again, let us take + X = p i.e. X = p-a^.
Now put X = p - in (2), we get

a' £
2 ~ ^—I- ,

It p + b^ -a
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Conjocat Conics£ /- . 2 2 2 ,2, (. a e = a - b )= 1— +or 2.21^ \i-a e
- (a^e^ + aH P^) + ci}a^e‘ = 0, „.(4)or

Let and \i2 be the roots of (4), the we have
+ + P^2 2Hi + |i2 = fl e ...(5)

HiH2 = aWand

From (5) it is observed that both the roots of (4) are positive i.e. both value of + X are
positive.

Hence one of the confocals is an ellipse and other is hyperbola.
SOLVED EXAMPLES

22
Example 1. If the confocals through F(a, P) to the ellipse ^ + ^2 = 1 are

2 22 2
X yX y = 1 and = 1-----

a + Xj h +X2
- X]Xi

2 l2a u
+ P^ — (2^ — = X] + X2.

- 1 =show that
a^b^

and
-> 't

x" y~
Solution. Let the equation of a confocal to the ellipse “2 ^ = 1 be

2 2
yX

...{!)= 1.+
a^ + X l/ + X 

This confocal (1) passes through (a. P), then we have
a' Pi

= 1+
a^ + X b^ + X 

a- (b^ + X) + p- (a^ + X) = (a^ + X) (b^ + X) 
o}b^ + CX^X + P^«^ + P^X = a^b^ + X {f2- + b-) + X^
XS X {a^ + b^-o?- P^) + aV - a-b^ - p^a- = 0.

This is a quadratic equation in X so it has two roots X| and X2 (say). 
Hence, we obtain two confocals

or
or

...(2)or

2 2 22
X y X y= 1 and = 1,++

c? + X2 + X2+ X| Ip' -‘r X|
Also we have

X, + X2 = - (a^ + P-o}- p^)
X,X2 = a V - tPP - P^a-

...(3)
and

From (3) we obtain
(p + - P = Xi + X2

X1X2
and

a^ P ah-

• SUMMARY
^2

• Confocal conic of — + "^ = I are given by 
a b

+ 1, Xe R.
2 2

yX

a^ + X b^ + X
• Confocal conics cut each other at right angles.
• Through a given point in the plane of a conic, two confocals can be drawn one of them is an 

ellipse and the other is a hyperbola.
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Calculivi Jc Geometry • STUDENT ACTIVITY
1. Prove that confocals cut at right angles.

I

t

t

2 2V X \2. If the confocals through P (a, p) to the ellipse -r + •^ = 1 are —---- = 1 and
a^ + Xi +

= 1 the prove that A,] + A.2 = - (a^ + b^)-
2

y+
+ A2 b^ + 1.2
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Conf/Kal Conict
• TEST YOURSELF
1. Prove that the locus of the point of contact of the tangents from a given point to a system of 

confocals is a cubic curve which passes through the given point and through the foci.
2. Prove that the two conics ax^ + 2hxy + by^ = 1 and a'x^ + 2h'xy + b'y^ = 1 can be placed so as 

to be confocals if
• {a-bf + Ah^ {a’-b')'^ + Ah’‘^

(ab -
OBJECTIVE EVALUATION 

> FILL IN THE BLANKS :
1. Confocal have the same two points as their foci as well ks same

{a'b' -h'^f

2 2
2. Confocals to an ellipse ^ ^

a b
3. Confocals cut one another at 
► TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:
1. Confocal have same foci but do not have same axis.
2. Through a given point in the plane of a conic, two confocals can be drawn, one of them is an 

ellipse and the other a hyperbola.

= 1 are

(T/F)

(T/F)
2- 2-

The foci-of the confocal —'-+-^— = ! are [±‘Va^-/j^-2X, 0].3. (T/F)

> MULTIPLE CHOICE QUESTION : 
Choose the most appropriate one :

2
1. The centre of the confocal+

I

(a) {0,X)
(0 (0,0)

2. The foci of the confocal —

2
= 1 is ;

c^’'+ X b^ + X
(b) (A.,0) 
(d) (X,X).

2 2
= 1 are :+ X + X

(a) (±
(c) {±Sa^-b^-2X, 0) (d) None of these.

(b) (0, ±.^a^-b-)

3. Confocal cut at an angles :
(a) n/4 
(c) n/3

(b) n/2
(d) Jt/6.

ANSWERS

Fill in the Blanks :
2 2

2 • 2^- 1 
fl^ + X b^+X

X1. Axis 2. 3. Right angles+
True or False :

1. F
Multiple Choice Questions :

1. (c) 2. (a)

2.T 3.F

3. (b).

□□□
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Calculus & Geometry UNIT

j

SYSTEM OF CO-ORDINATES
STRUCTURE

Co-ordinate System in Space 
Co-ordinates of a Point in Space 
Octants
Change of Origin {Shift of Origin)
Distance between Two Points 
Division of the Join of Two Points 
Application of Division of Join of Two Points 
I Summary
# Student Activity
• Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

• About the 3-dimensional co-ordinate system 
^ How to locate a given point in space.
• How to find the distance between two given points in space.

• 19.1. CO-ORDINATE SYSTEM IN SPACE
It has been observed from review of 

two-dimensional geometry that an object having some 
volume can not be described by two dimensional 
geometry, because any object occupied some space will 
have some points which are not in a same plane. 
Therefore to describe the location of the points of any 
volumetric object, we consider a space system in which 
there are three mutually perpendicular lines called the 
axes of coordinates and the geometry having three 
dimensions also known as solid geometry.

Let XOX', YOY" and ZOZ be three mutually 
perpendicular lines shown in fig. 1. The point O'is 
known ns origin and the lines are called rectangular axis, 
if these axes are taken in a pairs t.e.. YOZ, ZOX and 
XOY, these from co-ordinates planes known as YZ. ZX 
and XT-planes respectively.

Z
4 k

Y'

A'’<- »A'o

r
\ r

Z‘

Fig.l

• 19.2. CO-ORDINATES OF A POINT IN SPACE
Let P be any point in space. To find the location 

of this point P, let us draw the planes through P parallel 
to the co-ordinates planes as shown in fig. 2.

These planes cut the co-ordinate axis at points 
A, B and C on X-axis, f-axis and Z-axis respectively. 
Let OA=x, OB-y and OC = z. The co-ordinates of 
P be {x, y, z). Hence we can say that the co-ordinates 
of any point are the perpendicular distances with 
proper signs from co-ordinates planes to that point.

I i

Qc

k A
>.V45

B.
i/ R

Y

Fig. 2
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Systems of Ca-ordinciies• 19.3. OCTANTS

The co-ordinate planes i.e., YZ, ZX and XY planes divide the whole space into eight parts, 
called the octants. These octants contain negative axes also.
Let XOX\ YOy and ZOZ be three mutually perpendicular axes.
Then the octants are :

X✓ sy. /• z \I/ \/ \ I/ \ \2. OX'YZ, 3. oxyz,
7. ox'rz.

Here dashes' represent the negative side of the respective 
axis. In the first octant OXYZ all the co-ordinates are positive. \
Let these co-ordinates for any point P be (x, y, z), then the 
co-ordinates of this point P with respect to other octants are 
{-x,y.z), ix,-y,z], ix,y,-z), (x,-y,-z), i-x.y,-z). A"^
(- X, - y. z) and (- x,-y,- z) respectively.

To know about the octants, consider a sphere of any radius 
and let the centre be assumed the origin 0 of the co-ordinates 
axis and consider a great circle of this sphere. Now taking two perpendicular diameters of this 
circle as two axes XOX' and YOY and a line through O perpendicular to the plane of great circle 
is taken as third axis ZOZ as shown in fig. 3. In this way the whole sphere is divided into eight 
surfaces as written above in the beginning of this section. These surfaces are called the octants.

Examples 1. Find the position of the following points ;
((70 {-2. 1.5)
(W) (3,2,-1) 
ix) (-6,-6,6)

1. OXYZ,
5. OXYZ, 6. OX'YZ,

4. C^Y^. \,' 
8. <l)X'YX-/\

\ I \S / \
\
\1 X 1(
I
It \\ \ ft \N \

\ t \ /\ t /
Y'✓

Fig. 3

O') (4.5,7)
(iv) (-3,- 1,-6)
(vi0(7,-l.-l)
(-^) (L0,0)
Solution, (i) (4, 5, 7) is in the octant OXYZ.
(ii) (1, - 3,2) is in the octant OXYZ.
(iii) (- 2, 1,5) is in the octant OX'YZ.
(iv) (- 3, - 1, - 6) is in the octant OX'YZ.
(v) (0,0, 1) is on the c-axis.
(vi) (3,2, - 1) is in the octant OXYZ.
(vii) (7, -1,-1) is in the octant OXYZ. 
(viii) (- 5,2, - 2) is in the octant OX'YZ.
(ix) (- 6, - 6,6) is in the octant OX'YZ.
(x) (1,0.0) is on the X-axis.
(xi) (0,7, 0) is on the T-axis.

(») (1,-3, 2) 
iv) (0,0,1) 
(v»0(-5,2,-2)( 
(tti) (0,7,0).

• 19.4. CHANGE OF ORIGIN (SHIFT OF ORIGIN)
Let OX. OY and OZ be three mutually 

perpendicular axes and let P be any point whose 
co-ordinates with respect to these axis be (a, b, c). Now 
we want to shift the origin O at P. For this purpose 
draw three lines through P parallel to OX, OY and OZ 
respectively and thus obtained new co-ordinates axes.
Let these new axes be denoted by PXi, PY] and PZ, as 
shown in fig. 4.

Let Q be any other point whose co-ordinates with 
respect to OX, OY and OZ be (aj, b^, C|). Now we shall ^ 
find the co-ordinates of Q with respect to new axes

PXi, PYi and PZ,. Let r be the position vector of a point P with respect to the origin O and r| be 
the position vector of Q with respect to O. Then

OP = r = a i + b j + c k
—< A A ,

OQ = r] = O] i +.£>1 j + c\ k
A A A

where i, j and k are the unit vectors along X-axis, T-axis and Z-axis respectively.

In AOPQ. OP + PQ = OQiBy triangular property of vector)

PQ = OQ - OP = ri - r = (0^ i-i- b^j -i- Cl k) - (a i-i- b j + c k)

“
i \

1
O,

2,

Fig. 4

A A

A

and

A A A A A A
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Calculus Qeomeiry A A A

PQ = (fli - a) i+(l)i - i))j + (C| - c) k.
Thus we obtained, the position vector of Q with respect to new origin P of new co-ordinate 

axes. Hence the co-ordinates of Q with respect to new co-ordinate axes are (n| - a,b\- b. c'l -1 ).
I

• 19.5; DISTANCE BETWEEN TWO POINTS
Let us consider two points P and Q in a space whose distance from each other is to be requircd. 

Let the co-ordinates of P and Q be (X|, yj, Z)) and yi- ^z)-
Let F) and Tj be the position vector of P and Q with respect to O.
Then we have t

A AA
ZTi =OP = Xx k

------» AAA

r2 = OQ = xzi + yzJ 

In AOPe, OP + PQ = OQ

A

and

or PQ^OQ-OP =Tt-Tt

AAA 
= (*2'+>’2./ + 22^)

A AA

>•
AA A

PQ = (a-2 -Xi) i + iyz-yi)j + (Z2 - Zi) k. Hy. 5

Thus the distance between P and Q is the magnitude of the vector PQ i.e.. PQ=\PQ |. Thus 
PQ = V{X2 - Xif + 0-2 - yif + (Z2 - Zi)^ •

REMARK 
• > tween two points, if one of them is origin and other is (.r, y, z) is equal toDi

'x^ + y^ + z^

• 19.6. DIVISION OF THE JOIN OF TWO POINTS
Let Pfxi, >1.2|) and Q{X2. y2< Zz) be two points. A line 

divide the PQ (i.e., join of P and Q) in a ratio m : n (where 
m and n are some integers) at the point Rix, y, z) as shown in 
fig. 6. R(x.y.z)n

Let fi, Kz and r be the position vectors of P, Q and R > ■ 
respectively with respect to the origin 0. Since we have i*'. ni

P (X|, y,, Z|)

PR m 
RQ~ n

or m RQ -n PR or m RQ = n PR
'i

0m {OQ-OR) = n (OR-OP) 
m (r2-r) = n (r-r,)

or
or Fig. 6

rntz + nri
...(1)(m + «) r = mr2+ /ir| or r =or

III + It
A A A A A A

Since r = xi+yj + zk. = x, i+ \, j + Zi k
AAA

and r2 = X2i + y2; + Z2*-
Equation (1) becomes

AAA

A A m{x2i+yzj + Z2k) + nix^i + y^j + Zlk) 
xi+yj + zk= --------------------------------------

A A A
A

III + I]
»u:2 + nx:iA /;iV2 + ny|A

or X i + y i + zk =----------- / + —--------- j +ni + n m + ii
mzz + iiZ] A 
----------- k.

Ill + II
A A

Comparing the coefficients of /, j and k of both sides, we.get
A
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Sysiem.i of Co-onlinme.\mxj + nxi
X =

m +n 
myz + nyj ...(2)

y = m+n 
mzi + nziz = m+n

Hence, the co-ordinates of R are
'^mx2 + rtJTi myi + nizi + nzj''

m + n\
Corollary. The middle point of the join PiX],yi,Z\) and Qixj, >'2 Z2) 

•*1 +X2 yi + >2 2l + 22

m + n m + n

2 2 2

Corollary. If a line divides the Join ofP and Qina ratio X : 1, then co-ordinates of intersection 

X+lA,+ lA.+ lpoint are

REMARKS
^ If A is positive real number, then the line divides the join of two points internally. 
>• If A is negative real number, then the line divides the join of two points externally. 
>• If A = 0, then the line will pass through one of the join of two points.
► For external intersection, the co-ordinates of intersection will be 

Aj:2-xi Ay2-yi Az2-zi'
A-1 ’ A-1 ’ A-1 ■

• 19.7. APPLICATION OF DIVISION OF JOIN OF TWO POINTS
Some application of division 

of join of two points, are, to find 
the centroid of a triangle and a 
tetrahedron :

(i) Centroid of a triangle.
Let the co-ordinates of A, B and C 
be (X|,>'i,zi), (x2,y2-23) and
(-<3. ys. 23) forming a triangle ABC. ^*2’ ^
Since we know that the centroid of 
[xABC is the intersection of 
medians of ^BC. Let C be the 
centroid of M6C, and let AD be a median of AABC. Then G divides the median AD in a ratio 
AG : GD = 2:1, where D is the middle point of BC as shown in fig. 7,

Z|)

2
G

1
Cix^.yi.Zi)D

Fig. 7

'X1+X2+X3 yi+yi+ys 21 + 22 + 23^ ------ -------  ,------ ------  ,------ -------centroid of AABC is 3 3 3

(ii) Centroid of a tetrahedron. Let the co-ordinates of A, B, 
C and D be (xi,y,,z,), (j:2.y2-22). {-*3’>3-23) and {xt,yi,Z4) 
respectively forming a tetrahedron ABCD. Let Cj be the centroid of 
ABCD (face of tetrahedron). Since we know that the centroid of 
ABCD will lie on AGt and will divide AG^, in a ratio 
AG : CGi = 3:1, where G is the centroid of ABCD as shown in fig.

B

8.
the centroid of tetrahedron ABCD is

(xi+X2+X3 + Xt yi+y2+y3+y4 21+Z2 + Z3 + Z4
--------------------—-------------- , --------------------- ^------------------ y -------------------^-----------------

44 4 U
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Calculus & Geometry SOLVED EXAMPLES
Example 1. P is a variable point and the co-ordinates of two points A and B are 

(-2, 2,3) and (13,-3, 13) respectively. Find the locus of P if3PA = 2PB. |
Solution. Let the co-ordinates P be (x, y, z). Then the distance between P and A-, P and B 

respectively are '
PA = + 2f + (y- 2f Hz- 3?
PB = V(;t- 13)^ + (y + 3)^ + (z- 13)^
3PA = 2PB________

3'^{x + 2f + {y-2f-y(z-3f =2^(x-I3f + (y + 3f + [z-i3f.
Squaring of both sides, we get

9 [{x + 2)S (y - 2f + (z - 3)^] =4[{x- 13)- + (y + 3f + iz-13f] .
9lx^ + 4-t-4x+y^ + 4-4y + z^ + 9-6z\

= 4 [jS 169 - 26i + 9 + 6y + + 169 - 26zJ
9 (x^ + y^-t-z^-t-4x-4y-6z+n) = 4 (x^ -i-y^-hz^- 26x + 6y- 26z + 347)
9j:^-H 9y^ + 9z^-H 36^ - 36y - 54z + \53 = 4x^ + 4y^ + 4z^ - \04x + 24y- 104z + 1388 

-t- 5y^ + 5z^.+ 140x - 60y + 50z - 1235 = 0 
-t- y^ + z^ + 28x - 12y -i- lOz - 247 = 0 

which is the required locus.
Example 2. Show that the points (1,2, 3), (2, 3, 1) and (3,1, 2) form an equilateral triangle. 
Solution. Let ABC be triangle and the co-ordinates of A, B and C be (1, 2, 3), (2, 3, 1) and

and
Since

or

or
or
or
or

(3,1,2).
AB = V(1 - 2f + (2- 3f + (3- 1)^

= V(- 1)^ -H (- 1)^ -H (2)^ = Vi + 1 + 4 = V6 
gC = V(3-2)^ + (l-3)^ + (2-l)^

= V(l)^-H(-2)^ + (l)^ = V1+4 + 1 =V6 
CA = V(1 - 3)^ + (2- 1)^ -H (3 - 2f

= V^~2)2 + (1)2 + (1)2 = Vl -H4-H = V6.
Thus AB = BC = CA. Hence AABC is an equilateral.
Example 3. Find the co-ordinates of the point that divides the join of two points (2. - 3, 1) 

and (3,4, - 5) in the ratio 1 : 3.
Solution. Let P and Q be two points whose co-ordinates are (2, - 3, 1) and (3,4, - 5) and lei 

R be that point which divides the join of P and Q in the ratio 1 : 3.
Let m ; n = 1 : 3 and co-ordinates of R be (.i, y, z).

mxi + >tti 1 (3) -t- 3 (2) 3 -r 6 _ 9
4 ”4

_my2 + nyi _ 1 (4)-r3(-3) ^4-9 _ 5 
^ mAn 4 4 ~ 4
_OTZ2 + «2i_l(-5)-r3(l)_ 

m + n 4 4
9 5
4 ’ ~ 4 ’ ~ 2 ^

and

x = 1 -h3mAn

-5-t-3 2^_1
4 “ 2

Hence

Example 4. The mid-points of the sides of a triangle are 
(1,5, - 1), (0,4, - 2) and (2,3,4). Find its vertices

Solution. Let ABC be a triangle and let the co-ordinates 
of A.B and C be (xi.y,, zi). (x2,y2,Z2) and (x^, yj, zj) 
respectively. Then we have

= i y'
2 ’ 2

XiAx2 = 2.y, +y2= 10, zi AZ2 = -2. ,..(1)

A (i|,y,-ri)

/■ EZjAZj 
■ ’ 2 = - 1

or B C
Similarly,

•*2 + -*3 - 0- >’2 + >3 - 8, Z2 -I- Z3 - - 4 
a:3-*-jr, = 4,y3-Hy, = 6, Z3 + Zi = 8.

Adding (1), (2), (3), we get

...(2)

...G)
Fig. 9
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Systems oj ■Co-i’nliiinies2 {xi +X2 + Xi) = 6, 2 O', + >2 + ya) = 24,
2 (2, + Z2 + zj) = 2

Xy+X2-^x-i = 2,yi+y2 + yi = 12, z, + Z2 + Z3 = 1- 
Subtracting successively (1), (2), (3) from (4), we get

x^='i,X2 = -\,x-i= 1, y, =4, ^2 = 6. >3 = 2 
Z] = 5, Z2 = “ 7i Z3 = 3.

Hence the vertices of the triangle are
/I (3,4,5), B(-l,6,-7), C(l,2,3),

...(4)or

and

• SUMMARY
• In 3-D geometry there are eight octants.
• Distance between 0,,y,,z,) and (j2>>2’^2) is given by 'i{x2-xyf + 0'2->'1)^ + (z2~
• If a point P (a:, y, z) divides a line segement AB with A (x,. y,. z,, and B (X2. >2. Z2) in the A : 1 

AXi + AT,
\

V2 + yi
A+i

A < 0 then the division is externally.
• Coordinates of centroid of the triangle ABC with A (x,. y,, z,), B (X2.y2. Z:) and C (X3, >3. Z3) is

Az2 + Z,•. If A>0, then the division is internally and ifthen X = . z =. >’ = A+1A+ 1-

z' X, + X2 -t- Xj y, -H >2 + >3 Zl + Z3 + ^4 A
33 3

\ y

• Co-ordinates of centroid of tetrahedron ABCD with A (x, , y,, zi). B (x2, yi, Z2). C (X3, >3. Z3) and 
x\+x2 + x2 + xa y^+y^ + y^ + y^ Zi+Z3 + Z4'i

D(x4.y4, Z4) is

• X = r cos 6, y = /• sin 0, z = z are the transformations for cyiinderical polar coordinate systemj.
4 4 4

where 0 = tan '
X

• X = r sin 0 cos (j), y = r sin 0 sin ^ and z = r cos 0 are the transformations for spherical polar
■{x^+y^y

co-ordinate system, where tan ^, tan 0 = z

• STUDENT ACTIVITY
1. Show that point (1, 2, 3), (2, 3, 1) and (3, 1, 2) form an equilateral triangle.

Show that the points (3, - 2, 4), (1, 1, 1) and (- 1, 4, -2) are collinear.2.

I
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• TEST YOURSELF
1. A variable point P moves in such a way that its distance from two fixed points A (3,4,5) and 

B (- 1, 3, - 7) are always same. Then find the locus of P.
Find the locus of a point P which moves in such a way that its distance from the point 
A(a, b, c) is always equal to r.
A, B, C are three points on the axes of x, y and <; respectively at distances a, b, c from the origin 
0; find the co-ordinates of the point which is equidistant from A, B, C and 0.
Find the incentre of tetrahedron formed by planes x = 0, >> = 0, z = 0 and x + y + z = a. | 
Show that (0,7, 10), (-1,6,6), (-4,9, 6) form an isosceles right angled triangle. . j , 
Find the co-ordinates of the point which divides the join of (2, 3,4) and (3, -4. 7) in the ratio 
2;-4.

2.

3.

4.
5.
6:

ANSWERS
1. ' 8x + 2y + 24z + 9 = 0 2.x^ + y^ + z^ / . \ / \. a a a

4’?’4

2ax - 2by -2cz-v a + b^ + c - r = Q 

6. (1,10,1)a 6 c 
2 ’ 2 ’ 2

OBJECTIVE EVALUATION
> FILL IN THE BLANKS :
1. (VJ, - V2, - VJ) lies in the octant.........
2. (- 1, - 2, - 3) lies in the octant...........
3. In the octant OXYZ, the y-co-ordinate is
> TRUE OR FALSE :
Write ‘T’ for true ‘F’ for false statemet:
1. The number of octants are 6.
2. (1,0,0) lies on the X-axis.
3. (0, 3,4) lies on the XT-axis.
> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The point (- x, - y, - z) lies:

(a) OXYZ
2. The number of octants are ;

(b) 7
3. The distance between_(l, 2, 3) and (3,2,1) isj 

(a)
4. The middle point of the Join of (1,2, 3) and (- 1, - 2, - 3) is:

(a) (1,-2, 3) (b) (1,1,1)

3.

(VF)
cr/F)
(T/F)

(b) OX'YZ (c) OX'YZ (d) OX'YZ.

(d) None of these.(a) 6 (c) 8

(b)>/2 (c) 3V2 (d) 1.

(c) (0,0,0) (d) (-1,-2, 1).

ANSWERS

Fill in the Blanks :
1. oxrr

TVue or False :
l.F 2.T 3.F

Multiple Choice Questions :
1. (b) ' 2. (c) 3. (a) 4. (c)

2. OX'rr 3. Negative

□□□
\
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Direction Co.vine.v and Dinclinn RatiosUNIT

DIRECTION COSINES 

AND DIRECTION RATIOS
STRUCTURE

• Direction Cosines of a Line 
Co-ordinates of a Point in Terms of D.C.'s

• Relation between Direction Cosines
• Direction Ratios
• Direction-Cosines of a Line through Two Points
• Projection of a Line through Two Points on Another Line whose D.C.’s are I, m, n
• Angle between Two Lines

Angle between the Lines whose Direction Ratios are given
• Condition for Perpendicularity and Parallelism

• Summary
• Student Activity
• Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

How to calculate the direction cosines and direction ratios of the given line. 
How to determine the angle between the / given lines.

• 20.1. DIRECTION COSINES OF A LINE
Let AB be a line which makes the angles a, p and y with the positive axes of X, Y and Z 

respectively. Draw a line OP through 0 and parallel to the line AB as shown in fig. 2.
The line OP makes the angle a, p. y with positive axes of X, Y, Z respectively provided 

a + p + y^2n. Thus the non-dimensional quantities cos a, cos cos y are called the direction 
cosines of the line AB.

The direction cosines of any line are usually denoted by the letters /, m and n respectively, i.e., 
I = cos a, m = cos p, n = cos y.
z

p

o.
p

p.b'

y

Fig. 2
Direction Cosines of Co-ordinate Axes.

(a) Direction eosines of A'-axis. Since we know that A-axis makes the angle a = 0®, P = 90®, 
Y = 90® with positive axes so its direction cosines are cos 0®, cos 90°. cos 90° i.e., 1,0, 0.
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(b) Direction cosines of F-axis. K-axis makes the angle a = 90®, P = 0°, y = 90° with positi ve 
axis respectively so that its direction cosines are cos 90°, cos 0°, cos 90° i.e.\ 0,1,0.

(c) Direction cosines of Z-axis. Likewise z-axis makes the angle a = 90°. P = 90°, y = 0° 
with positive axis X, Y,Z respectively. Thus direction cosines of z-axis are cos 90°, £05 90°, 
coj0° j.e., 0,0,1.

Calculus & Geometry

• 20.2. CO-ORDINATES OF A POINT IN TERMS OF D.C.’s
.Let P be any point in a space and let OX, OY and 

02 be rectangular axes. Suppose OP = r. Draw a 
perpendicular from P to X-axis which meets at M. Let 
the co-ordinates of f be (x, y, z). Then in LOPM, 
ZPMO = 90°.

7.
t >

P (X. y. z)

OM = cos a
OP .
OM = OP cos a

£aO, ■MX

{■: OM = x.OP=r) 
/ = cosa)

x = r cos a
Yix = lr

Similarly,
Hence the co-ordinates of P are (/r, mr, nr) where 

/, ni and n are direction cosines of OP.

Fig. 3y = mr, z = nr.

• 20.3. RELATION BETWEEN DIRECTION COSINES
Let OX, OY and OZ be the system of co-ordinate 

axes.mounted muiually perpendicular. Now draw a line 
OP through 0 and parallel to the given line AB. Let 
OP be r. Then the co-ordinates of P are {Ir, mr, nr) 
where I, m, n are direction cosines of AB. Suppose that 
co-ordinates of P are assumed (x.y, z). Then 

OP = r =
and we have x = Ir, y = mr. z = nr 
squaring and then adding, we'get

y^ z^ = (Ir)^ + (mrf + (nr)^ 
x^ + y^ + Z^^ r^ (/^ + m^ + n)

Z

O

or
or

Hence proved the result.

• 20.4. DIRECTION RATIOS
Definition. The three real numbers a, b, c which are proportional to the direction cosines

I, m. n of a line, are called direction ratios of that line. 
I m nThus we have a b c

b ca , n = ±l = ± , m = ±
VaSb' + c'

• 20.5. DIRECTION-COSINES OF A LINE THROUGH TWO POINTS

Let P and Q be two points through which a line is passing. Let the co-ordinates of P and Q 
be (xi.yi.Zj) and (xj.yi. Z2) respectively, and let the direction cosines of PQ be I, m. n. Now draw 
two perpendicular PP' and QQ' from P and Q to X-axis respectively. Suppose the line, PQ makes 
the angles a, P and y with the positive X-axis, T-axis and Z-axis respectively; then 

1 = cos a, m = cos P, n = cos y.
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The direction cosines of a line through
X2-Xi

Direction Cosine\ and Direction Ratios
4 -

P{xx>y^.z^)indQ{x2,y2.Z2) are
PQ lO

yi-yi zi-z\ I’ where PQ is distance between

P and Q. Moreover it has been observed that 
^2“2i ‘‘ts proportional to 

/, m and n, hence X2-X], >2 -yj. 22 “ Z\ are the 
direction ratios of a line passing through
/’(a:i,yi,2,)and!2(-T2.y2.22)-

I MPQ PQ

O
P' Q'

Fig. 5

• 20.6. PROJECTION OF A LINE THROUGH TWO POINTS ON ANOTHER 
LINE WHOSE D.C.’S ARE /, m, n

Let P and Q be two points with coordinates (xj. yj, zj) and (x2, y2. Z2) respectively, through' 
P and Q a line is passing whose projection on another line of direction cosines I, m, n is to be 
determined- Let OX, OY and OZ be the rectangular axes. Therefore,

------» AAA

OP = xi J+yiy + z, k
-----* AAA

OQ=X2i + y2j + Z2k.

PQ=OQ-OP = (X2 i + y2J + Z2 k) - {Xi i + yij + Zi k)

PQ = (.*1 - -«]) t + 02 - yi)J + fe - zi) k.
Now the unit vector along another line whose d.c.’s are /, m, n is

A ^
a = 11 + mj ■¥ n k.

Thus the projection of PQ on another line is

and

A
PQ.a -7*. B. A■ir*Projection of B on-4 is

Mla
A A

[O2 - X|) i + O2 - yi) J + (Z2 - Zi) k].{li + mj + nk)
AAA

I i« + /n > + fi /t I 
Oz - -ti) / + O2 - yi) m + Zi) n

{■: i^ + in^ + n^=-\)
Corollary. Vie projection of a line PQ on another line whose d.c.'s are l,m,n is, if 

P (0.0,0) and Q (jti, yi. zi)

= O2 -•*!)/ + O2 -yi) "> + (Z2 + Zl) «

= Xil + y\m + z\n.

• 20.7. ANGLE BETWEEN TWO LINES
To prove that ifl],m[,ni and I2, t«2' n2ore the direction cosines of two lines and 0 is the angle 

between them, then
cos 0 = Ifi + mitni + nin2.

Let/IB and CD be two lines whose direction cosines are /j, mj, n\\I2, rn:- '•z respectively and 
let 0 be an acute angle between AB and CD as shown in fig. 2.6 (a). Now draw two lines OP and 
OQ through O and parallel to AB and CD respecfively. Let the co-ordinates of P and Q be 
(a:i,yi,Zi) and (^2. y2. zf) such that (?P = rj and 0Q = T2, Thus the angle between OP and OQ will 
be equal to 8 and also the direction cosines of OP and OQ are.equal to li, mi, nj and I2, m2, «2 
respectively.' Since we know that
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1Qih’yi’h)

\\

=^P{x^.y^.zO0
♦X

Fig. 6 (b)Fig.6 (a)

xi = hrx, yi = m,r,, n = /ijr,; jtj = /2''2. >2 = "*2''2’ ^2 = ”2^2 
.'. projection of OQ on OP = (x2 - 0) /j + {>2 - 0) mj + (z2 - 0) n\

= ^2^1 +>'2"'l +Z2«l = r2(^1^2 + "'l'”2 + «l'‘2)

...(1)

...(2)
(■•' J:2 =/2''2->’2 = "12/-2. Z2 ='*2''2)

But we have
Projection of OQ on OP = OQ cos 9 = r2 cos 0. ...(.3)

From (2) and (3), we have
r2 cos 0 = r2 (/1/2 + "ii"i2 + 

cos 0 = /if2 + mi»n2 + n]n2-
Aliter. InAOPQ

-------♦ AAA
OP = xi i + yij + Z[k
-------» AAA

OQ = x2i + y2j + ztk.and
4

Since | OP | = rj and 1-021 = 2‘2. then

^.OQ = OP OQ cos 9
AAA AAA

(j:, i + y^j + Ztk). (xj 1 + ^2./ + ^2 cos 0
x\X2 + y\y2 + Z\Z2= n^2cos 0
'"1^2 (/ll'2 + + = 2‘iC2COS6

COS 0 = hh + miOTa + ”i”2.

(-•• 'a.'b = ABcgs%)

or
[From (i)]or

or

• 20.8. ANGLE BETWEEN THE LINES WHOSE DIRECTION RATIOS ARE 
GIVEN

Let tj|, i], C] and 02, ii- C2 be the direction ratios of two lines, then the direction cosines of 
these two lines will be

^1 C|
h=- ’ m, = ’ «i =

■ va,^ + F|^ + c,^Va,^ + fci^ + c,^
^2 C202and [2- ---------------------

^02^ + ^2^ C2^
• 02 =• ^2 =

V(T2^ + i^2^ +Vo2^ + ^>2^ + C2^.'

Thus we get
cos 0 = /1/2 + "*l"«2 + '‘l'’2-

flia2 + 6li2 + ClC2cos 9 =
Vaj^ + ftl^ + Cl^ • "^02^ + ^2^ + C2^

• 20.9. CONDITION FOR PERPENDICULARITY AND PARALLELISM
(a) Condition for perpendicularity. If the two lines whose direction cosines are /|, W). n 

and l2< t«2. t!2 ore perpendicular, then we have
cos 0 = l]l2 + »iim2 + n|«2-
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Direction Coxines and Direction RatiosSince 0 = 90°, this implies cos 6 = 0, hence the condition is 
Iili + mim2 + nin2 = 0.

In terms of direction ratios this condition becomes 
fllO2 + 6ift2 + CiC2 = 0-

(b) Condition for parallelism. If the two lines whose d.c.'s are respectively 
I2, m2, are parallel, then we have

sin 0 = - mfif + (m|«2 - + {nfj - '’2^1)^] •

Since we know 6 = Otthis implies sin 0 = 0
(/im2 - mihf + (mini - njinif + (wi/z “ = 0-

This gives that
l^mi - mfj = 0, min2 “ = O' ”1^2 “ = 0-

Hi + 1 j

Ij = I2, rri] = mj. Bj = n2’
This is the required condition.
In terms of direction ratios this condition becomes

Oi bi Cl

I I ft]

1

PERPENDICULAR DISTANCE OF A POINT FROM A LINE
To find the perpendicular distance of a point P{xi. y],z\)from a line passing through a point 

A(ct, 3. y) whose direction cosines are I, m, n.
Let AB be a line through A(a, 3. y) and whose d.c.’s are I, m, n.

Let PN be the perpendicular from P to AB as shown in the adjoint 
figure 7.

P{xpyi. 2,)

Therefore AN = Projection of AP on AB
= (ji - g) / + Oi - 3) m + jz] - Y) n. -...(l) 

AP = ^ix,-af + (yi-^f + (Zi-^-
A N B

Fig. 7Now
We have

PN^=AP^-AN^
= Kx, - af + Oj - 3)^ + {z, - y)^] - l(Jc, - g) / + (y, - 3) m + (zi - Y) nf 
= [x, - af (1 - h + (y, - 3)' (1 - fd + U] ' Y)^ (1 - «"}

- 2 [im {xi - g) O'] - 3) + w/i Cvi - 3) (zi -y) + in (.ti - g) (zi - y)]

= (Xt - af (r,^ + n^) + (y, - 3)" + (z, - y)'
- 2 [Im (x, - g) (y, - 3) + mn (yi - 3) (Zi - Y) + /« {ati - g) (z, - Y)]

['.’ T + m" + n" = 1]

-3)-w(z, -y))^ + (/(zr -a)f + l»t(2‘i-a)-l(y, -3)}^
P/V = VX {B(y,-3)-«i(zi-Y)P.

HOW TO SHOW THAT THREE GIVEN POINTS ARE COLLINEAR
In order to show that three points A, B and C are collinear. we proceed as follows : 
fi) First we find the direction ratios of .43 and .4C.
(ii) If these direction ratios are proportional, then A, B and C are collinear.

SOLVED EXAMPLES
Example!. If cos g, cos 3 and cosy are the direction cosines of a straight line, then prove

that
sin^ g + sin^ 3 + Y = 2. 

Solution. Since we know that
l^ + m^ + n^=l.
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cos^ a + cos^ p + cos^ y = 1

(1 - sin^ a) + {1 - sin^ P) + (1 - sin^ Y) = 1 
3 - sin^ a - sin^ p - sin^ y = ^ 

sin^ a + sin^ P + sin^ Y = 2.
Example 2. Find the. direction cosines of a line which is equally inclined to the axes. 
Sohition. Let /. m, n be the direction cosines of a line which is equally inclined to the axes.

i = cos a, m = cos P, n cos y)
or
or
or Hence pruned.

then
a = p = y.

f_tt\_n_ 
1 " 1 ~ 1cos a = cos P = cos y or

V/2 +1 m = ±-iI-or 1 1 vTTT+r

Example 3. If P (6,3. 2), Q (5, 1,4). (3, -4,7) and 5(0, 2,5) are four points. Find the
projection of PQ on RS.

Solution. Firstly find d.c.’s of/?5.
d.r.’s of are 0 - 3, 2 + 4, 5 - 7 i.e., - 3, 6, - 2. 

zl ^ zl
1 ' 1' 1 ' ■ \-

1l = ± • n

d.c.’s of RS are

Thus the projection of PQ on RS
(X2 -Xi)l + (y2- yi) m + (z2- z,) n \

(5-6)[-|| + (l-3)|y] + (4-2)M

1_12_4 
~ 1 1 1

Example 4. Find.the direction cosines 1. m, n of the two lines.which are connected by the 
relation I + m + n = 0 and mn - 2nl - 21m = 0. Also, show that angle between lines is 271/3. 

Solution. Since we have 1

- 13 13
7 7

[ + m + n = 0 
mn - 2nl - 2/m = 0.

Eliminating n from (1) and (2), we have
- m (/ + m) + 2/ (/ + in) - 2/m = 0 
-ml-+ 2/^ + 2/m - 2/m = 0 or 2/^ - /m - m^ = 0 

2/^-2/m + /m-m^ = 0

...(1)

...(2)

or

l__m f_
1 " 1 ■ 1“-2(21 + m) (/ - m) = 0 or .(3)

Now eliminating / from (1) and (2). we have 
mn + 2n (m + n) + 2m (m + n) = 0 
mn + 2mn + 2n^ + 2m^ + 2mn = 0 or 2m^ + 5mn + 2/r = 0 
2m^ + 4mn + mn + 2n^ = 0

(2m + n)(m + 2n) = 0 Y = —^ ’-2“ 1

or

m n
...(4)

From (3) and (4) we obtained
l__tn__n_ / m n
1 ‘ 1 " -2 ’ 1 “-2“ l'

Thus the direction cosines of two lines are respectively given by 
1 1-21-21

'l6 'Is
Again, if 9 is the angle between these lines, then

1 W 2 \ /
I 1 3 1 „ 271

6 = -i ^ ® = T
1

cos 0 = + +VeJ 'Is \ / \ > ■Is -Is -Is, -Is I\ /\ / \ / \ y
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Direciion Co.vinc.v md Dincnon• SUMMARY
• cos a,cos p,cos Y are the direction cosines of a straight line with a + P + y^^^n. We take 

i = cos a, m = cos P, x = cos y. Then P' + tr?-i-n =\.
• {x,y.z)^{lr,mr.nr).
• If fl, b. c are the direction ratios of a line, then its direction cosines /, m, n are obtained by

± a - ± c
V^TFT?"’ '^Ja^TWT?' " + f}' +

• Direction cosines of a line segment PQ with (x,,yi.zi) and Qix2.y2.Z1) is given by
22-Z]

1 =

y2-y\X2-X,
/ = , n =, m =

PQ PQPQ
• The projection of PQ, (x,. )>|, Zj), C 22) O" a line of d.c’s l.m.n is given by

(x2 + X|) / + (y2 - Yi) « + - zi) «•
• If /ni,ni and I2. mi- ”2 are the d.c’s of this lines and 0 is the angle between them, then

cos 0 = /|/2 + m]m2 + «in2 if the direction ratios of the lines are given then
0^02 + bfbi +C1C2

'^ai + b\ + c\ '^ai + h2 + ci 
where a^.b^.Cf and a2' ^’2’ ^2 are the direction ratios of two lines.

• Lines are perpendicular if

cos 0 =

/1/2 + WiMi) + n|/i2 = 0
(1102+ ^1^2+ ‘^1^2 = 0-or

• Lines are parallel to each other if
/l = /2. W] = '«2. «I =”2
Oi bi Cf

or
02 f»2 <^2

• STUDENT ACTIVITY
1. Show that sin^ a + sin^ p + sin^ y = 2, where cos a, cos p and cos y are the direction cosines 

of a straight line.

2. Show that the lines whose d.c’s are given by / + m + « = 0 and 2mn + 31n - 5/m = 0 are at right 
angles.
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• TEST YOURSELF

1. Find the direction cosines of a line whose direction ratios are 2, 3,6.
To show that the direction cosines of a line whose direction ratios are a, b. c are2.

ba c

V77777 V77777 vT777
Find the direction cosines of the line segment joining the points P{2, 3, - 6) and Q{3, - 4, 5). 
If P(2,3, - 6) and Q{2, - 4,5) are two points, find the d.c.’s of OP, PO. OQ and PQ where 
O is the origin.
Find the length of a segment of a line whose projections on the axes are 2,3, 6.
If the points P and Q are (2, 3, - 6) and (3. - 4,5), then find the angle between OP and OQ 
where O is the origin.
If /, m, n are the direction cosines of a line, then prove that: + m^ + = 1.
Find the direction cosines of two lines which are given by the relations

/ - 5m - 3n = 0 and 7/^ + 5m^ - 3«' = 0. '

3.
4.

t .

5. ■i

6.

7.
8.

ANSWERS

2 3 6 — , — , — 
7 7 7

3 1 -7 11
' VItT VTtT VItI

1.

4. d.c.’s of OF are r ’ X ’ ^ 2d.c.'s of PO are - — • - 

4 5——=d.c.'s of FQ are 
5V2 5>/2 5-‘l2

3 6
7 7 7 7 7

d.c.’s of OQ are > 1 -7 11
VItT 'Im

j__ j_, J__________ L
'Ig 'J6 -Ha 'f\4 VT?

-15. 7, 6. 0 = cos . 8.35

OBJECTIVE EVALUATION
► FILL IN THE BLANKS :
1. If a line makes the angle a, p, y with the co-ordinate axes respectively, then ct + P + y?t..........
2. The numbers which are proportional to the direction-cosines are called...........
3. The direction-cosines of 2-axis are...........
4. If I, m, n are actual direction-cosines of a line, then -f- =.....
>• TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:
I. The direction ratios of a line passing through the points (2, 3, 5) and (7,6, 8) are 5, 3, 3. fr/rj

J__ 2_ _J_
^'6 Vb

am 
(T/F)

2. If 1, - 2, - I are the direction-ratios of a line, then its direction cosines are

3. The diretion-cosines of x-axis are 0,0,1.

► MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
1. The direction-cosines of y-axis are :

(a) 0,1,0 (b) 0,0,1
2. The direction-cosines of a line OP are I, m, n and OP = r, then the co-ordinates of F are

(a) (0,0,0) (b)((,m,n)

(c) 1,0,0 (d) 1,1.1,

(c) (r, r, r) (d) {tr, mr. nr).

ANSWERS

Fill in the Blanks :
1. 271 2. Direction-ratios

TVue or False:
l.T 2.F 3.F

Multiple Choice Questions :
1. (a) 2. (d) 3. (a) 4. (b)

3. 0,0,1 4. 1

□□□
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UNIT The Plane

THE PLANE
STRUCTURE

• General forms of a Plane
• Intercept form of a Plane
• Normal form of a Plane
• Equation of a Plane passing through Three Points
• Angle between Two Planes

• Test Yourself-1
• Length of perpendicular from a given point to a given plane

• Distance between Tow Parallel Planes
• Bisectors of the Angle between the Planes

• Summary
• Student Activity
• Test Yourself-2

LEARNING OBJECTIVES
After going through this unit you will learn :

About the different forms of the plane 
• Mow to find the plane passing through 3 points.

How to calculate the angle between 2 planes and distance between planes.
> How to determine the planes bisecting the angle between the two given planes.

• 21.1. GENERAL FORMS OF A PLANE
(a) General equation of first degree in x, y, z represents a plane.
The general equation of a plane is given by

ax + by+cz+d = 0
(b) General equation of a plane passing through a given point.
Let A{xx,yi, zj) be a given point and let the equation of a plane ht ax + by ■¥ cz + d = 0 that 

passes through A(X], yj, zi), then we have
ax\ + by I A cz\+ d = Q 

substracting these two equations, we get
a(jr - jTi) + f»(y - y i) + c(z - z,) = 0.

This is the required general equation of a plane passing through (jtj, yi, Zj).
(c) Equation of a plane that passes through the origin is given by

ax + by + cz = 0.
(d) Equations of the plane parallel to the co-ordinate axes are given by
(i) If a = 0, (hen fry + cz + d = 0 is a plane parallel to x-axis.
(ii) If fr = 0, then ax + cz + J = Oisa plane parallel to y-axis.
(tii) Ifc = 0, then ax + by + d=0 is a plane parallel toz-axis.
(e) Equations of the co-ordinates planes ;
(i) The equation to yz-plane is x = 0
(ii) The equation to zx-plane is y = 0
(iii) The equation of xy-piane is z = 0.
(I) Equation to the planes parallel to the co-ordinate planes
(i) The equation of a plane parallel to yz-plane is x = a (constant)
(ii) The equation of a plane parallel to zx-plane is y = fr (constant)
(iii) The equation of a plane parallel to xy-plane is z = c (constant).
(g) Equations of the planes perpendicular to the co-ordinate axes :
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(i) The equation of a plane perpendicular to A:-axis is obviously parallel to yz-plane, so it 
equation is jt = a.

Similarly,
(ii) The equation of a plane perpendicular to y-axis is y = 6.
(iii) The equation of a plane perpendicular to z-axis is z = c.

Calculus & Geometry

• 21.2. INTERCEPT FORM OF A PLANE
Dennition. The equation of a plane which cuts off intercepts on the coordinate axes, is called 

Intercept form of a plane.
The equation of a plane in intercepted form is given by

a b c
a = intercept on x-axis, b = intercept on y-axis, c = intercept on z-axiswhere

I• 21.3. NORMAL FORM OF A PLANE
Definition. The equation of a plane in terms of a perpendicular distance from origin to the 

plane and direction-cosines of this perpendicular, is called Normal form.
The equation of a plane in normal form is given by

lx + my + nz=por (•.• l^ + m^-hn^= 1)

• 21.4. EQUATION OF A PLANE PASSING THROUGH THREE POINTS
To obtain the equation of a plane passing

though three points. 
■ Let f‘{x,,yi.zi},Q(x2,y2,Z2)

Rix^, y3, Z3) be three points through these the 
equation of a plane is to be required.

The equation of required plane is given by

and

1a: y z 
X] yi zi 
^2 >’2 22 
•*3 ya 23

1 = 0, -.(A)1
1

• 21.5. ANGLE BETWEEN TWO 
PLANES y

Definition. An angle between two planes 
is equal to the angle between the normals to the planes.

Let OfX + biy + cjz + (fj =0 and 03^ + h^y + C2Z + <^2 = 0 be two planes and let 9 be the angle 
between them. Then we have

O1O2 + ^1^2 C1C2
COS 0 =

"^aj^ + b\ + + bi + C2^

where n|, fej.ci; 02. Cj are the direction ratios of the norma! to the planes.
Corollary 1. The planes are perpendicular if a^ai + bxb^ + c^c^ - 0.

ai b2 C2
Corollary 3. The equation parallel to a given plane ax-¥by-t-cz + d = Q is 

ax-t- by + cz+ X = Q, where X is to be determined by additional condition.
SOLVED EXAMPLES

Example 1. A plane meets the co-ordinate axes in A. B. C such that the centroid of the triangle 
ABC is the point (p, q, r). Show that the equation of the plane is

+ ^ + ^ =
P r

Solution. Let the equation of the plane be

- + f + -=l.
a b c

Corollary 2. The planes are parallel if

-1
I ...(1)
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The plane (1) meets the co-ordinate axes in A(a, 0.0), S(0, b, 0) and C(0,0, c). Therefore, the 
coordinates of the centroid of the AABC are 

(a+ 0 + 0 0 + fc-(-0 O-hO-Hc'

The Plane

a b c
r3’3 -3 3 3

Since centroid of AABC is given as (p, q. r).
^ ap = - or a = 3p.

b = 3q and c = 3r.Similarly,
Now substitute the values of a, b, c in (I), we get

f- + ^ + f=l or ^ + ^ + ^ = 3.3p 3q 3r
Example 2. Find the intercepts of the plane 4x + 3y - 12z + 6 = 0 on the axes. 
Solution. First change the given plane into intercepted form,

4x-f-3>'- 12z + 6 = 0.
4x + 3y-i2j = -6.

Divide by -6 throughout (1), we get

p q T

-d)

X Z
-3/2 -2 1/2

Thus intercepts on x-axis, y-axis, z-axis are respectively - - 2, —■

Example 3. Find the equation of the plane passing through the points (1,- 1,2) and 
(2, - 2,2) and which is perpendicular to the plane 6x-2y + 2z = 9.

Solution. The equation of any plane through the given point (1, - 1,2) is \
a(x-l) + f>(y+l) + c(z-2) = 0

If the plane (1) passes through the second given point (2, - 2,2), then 
a(2-\) + bi-2 + l) + c{2-2) = 0 

a - b + 0 . c = 0

...(1)

...(2)
If plane (1) is perpendicular to the given plane 6>:-2y + 2z = 9 i.e., their normals are 

perpendicular to each other, then

or

•I

6a-2b + 2c = 0 or 3a-b + c = 0 -(3)
Now solving (2) and (3) by cross-multiplication, we have

b ba c ca
'1-0 0-1 -I-h3°^-l -1 2

£ _ 6__£_
1 “ 1 " -2 -(4)or

Eliminating a, b, c from (I) and (4), we get 
1(a:-1)-H0'-h1)-2(3-2)=0 

x- + y-2z + 4 = 0,or
which is required equation of the plane.

• TEST YOURSELF-1

1. Find the intercepts made on the co-ordinate axes by the plane x - 3y + 2z-9 = 0.
2. Reduce the equation of the plane x-i-2y-2z-9 = 0tothe normal form and hence find the 

length of the perpendicular drawn from the origin to the given plane.
3. Find the dimension-cosines of the normal to the plane 

2x + y + 2z = 3.
Find also the perpendicular distance from the origin to the plane.

4. Find the equation of a plane passing through the point P{a, b, c) and perpendicular to OP. 0 
being the origin.

5. The co-ordinates of a point A are (2, 3, - 5). Determine the equabon to the plane through A at 
right angles to the line OA, where O is the origin.

6. Find the equation of the plane which cuts off intercepts 6,3, - 4 from the axes of co-ordinates. 
Reduce it to normal form and find the perpendicular distance of the plane from the origin.

7. Find the equation of a plane passing through the point (1.1,0), (1,2, 1) and (- 2. 2, - 1).
8. Find the equation of a plane through the point (1,2,3), perpendicular to the plane

+ 2y + 3z = 1 and parallel to z-axis.
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Find the equation of the plane through the points (1, - 2,2). (- 3, 1, - 2) and perpendicular to 
the plane X + 2y - 3? = 5.

Calculus i Geometry 9.

ANSWERS

2 2, - 2- 3^+ jy-J2 = 3.p = 3.

3. d.r.’s are 2, 1, 2; perpendicular distance = 1.
4. ax + by + cz = a^ + + c^- 5. 2x + 3y-5z = 3S.

6. 7 + -^-4= 1; Normal form ;—
0 3 4

7. 2x+3>'-32-5 = 0,
8.2:t->’ = 0.- 9. ,r+16>- + llz + 9 = 0.

1. 9,-3, 9/2.

124 3 12
x + y -

V29

• 21.6. LENGTH OF PERPENDICULAR FROM A GIVEN POINT TO A GIVEN 
PLANE

Let P(X]. >1,2|) be any point and let the general equation of a plane be 
ax + by + cz + d = 0.

Then the perpendicular distance from (jri.yi, zi) to (1) is equal to 
axi + byj + czi + rf

• 21.7. DISTANCE BETWEEN TWO PARALLEL PLANES
To find the distance between two parallel planes.
The distance between two parallel planes is obtained by two methods.
Method I. Choose any point on one of the given planes and then find its perpendicular 

distance from other plane.
Method II. First of all find the perpendicular distance of each plane from origin and retain 

their signs and find the algebraic difference of these two perpendiculars which gives the required 
distance between the parallel planes. But while applying this method we should be careful that 
the coefficient of x in both planes are of the same sign.
SOLVED EXAMPLES

Example 1. Find the distance between parallel planes
2x-2y + z + 3= 0 and 4j: - 4y + 22 + 5 = 0.

Solution. Let pi andpi be the perpendicular distances from (0, 0. 0) to each planes.
d3

P\ =
V(2)2 + (-2)- + (1)' a--¥b- + c-
^=1
3

5 5and Pi = '^(4)' + (-4f + (2)'" ^
Thus distance between the planes =P\~Pi-^~\=^-

Example 2. A variable plane is at a constant distance pfroin the origin and meets the axes 
in A,B and C. Show that the locus of the centroid of the tetrahedron OABC is 

x~'^+y~^ + z'‘̂= I6p~^.
Solution. Let the variable plane be

-+^+-=1 
a b c

...(1)

- 1 (perpendicular distance from (0. 0.0) to (1))

I+ +b ca
\ >
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1111
2 / 2 2~ 2 a b c p

Since (1) meets the co-ordinate axes in A. 6 and C, so that the coordinates of A, B and C are 
(a, 0,0), {0, b, 0) arid (0,0, c) respectively. Now the centroid of the tetrahedron OABC is

ffl + 0 + 0 + 0 O + fc + 0 + 0 O + O + c + O)

r/!t- Planeor •••(2)

/ t \a b c
O'" 4’4’4 -4 4 4 \

Let (a, p. y) be the centroid of OABC, then 
a b a c

a = 4a, i = 4P. c = 4y-
Substitute these values of a, b and c in (2), we get 

1,1,1 1
■sc...

16a^ 16P^ 16y^
a"^ + P”^ + Y”^= 16p”^or

Thus the locus of (a, P, y) is
X ^ + y ^ + z I6p Hence proved.

• 21.8. BISECTORS OF THE ANGLE BETWEEN THE PLANES
Let a]X + bjy + CiZ + d, =0 and a2X + b-^y + C2Z + ^2 = 0 be two planes and let P{x, y, z) be any 

point on the bisector plane as shown in fig. 2.
Draw PM and PN two perpendicular from P to the 

given planes respectivley. Therefore the plane PQ will be the 
angle bisector of Z.MQN between two given planes if 
PM = + PN.

Thus the perpendicular from P to the plane 
a,x + b\y + ciz + di=0 is given by

aij: + ^iy + CiZ + <fi
'PM = ...{1)

and the perpendicular distance from P to the other plane
a^x + biy + C2Z + d2==Q is given by

a^x + b-^y + c-^z + d^
PN = ...(2)

Vt22^ + bi^ + Cl

Therefore by (1) and (2) and using the result PM = ± PN the equation of angle bisectors or 
bisector planes are -C

PM = ±PN
or aix + bjy + CjZ + di ^ Oix+ biy + cjz + di 

Voj^ + *2^ + C2^

Here positive and negative signs indicate that there are two angle bisectors, one of them is 
acute and other is obtuse bisector.
Distinction between Acute and Obtuse Bisector:

Let 0 be an angle between one of the bisector planes and one of the given planes. If 9 is 
obtained greater than 7i/4 (or 45®), then the chosen bisector plane is obtuse bisector otherwise acute 
bisector plane. _ y

ED EXAMPLES Q ^SOl^ 
-----/ E_ Example 1. Find the equation of the planes bisecting the angle between the planes 

x-t-2y42z = 9 and 4j: - Sy + 12z +13 = 0 and distinguish them.
Solution. The equation of angle bisectors are given by 

x + 2y + 2z-9_ I 4j:-3y+12z+13
>)l6 + 9 + I44Vl +4 + 4

-11- (x + 2y + 2z ~ 9) = ± — (4x - 3y + 12z + 13)or
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Cniculus & Geometry Taking + ve sign, we get
11̂ (x + 2>> + 2z-9)=^(4x-3>+ 12^+ 13)

13x + 26>’ + 262- 117= 12x-9>’ + 36z + 39 
x + 35y - iOz “ 156 = 0.

or
...(0or

Taking - ve sign, we get
11 -TT {4^-3>>+ 12z+ 13)-(x + 2y + 2z-9)

13.r + 26)- + 26z - 117 = - (12j: - gy + 36z + 39) 
13x + 26y + 26z- 117 = - 12x + 9y - 36z-39 
25x+ 17y + 62z-78 = 0.

13 f
or
or
or

Distinction of Acute and Obtuse Bisector.
l.et 0 be an angle between x + 2y + 2z-9 = 0 and 

x + 35>'- lOz- 156 = 0.
1x1 + 35x2-10x2 1+70-20

Then cos 0 =
Vl + 4 + 4 . Vl + 1225 + 100 3V1326

51 17cos 9 =
3Vi326 ■'(1326
Vioj?tan 9 = > 1.17

0 > 45*.
Hence the pWe x + 35y - lOz -156 = 0 is obtuse bisector and 25x + lly + 62z - 78 = 0 is an 

acute bisector. / ^
Example 2. Show tiuil the origin lies in the acute angle between the planes 

x + 2y + 2z-9 = 0 and 4x - 3y + 12z +13 = 0.
Solution. First adjust the constant term in each plane to be of same sign. Thus wc obtain, 

-x-2y-2z + 9 = 0 and 4x-3y + 12z + 13 = 0.
Now calculate OiOi + b\bi + CiC2.

1

a,02 + b[b2 + C|C2 = (- 1) 4 + (- 2) (- 3) + (- 2) 12 
= -4 + 6-24 = -22

which is obtained negative. Hence the origin lies in acute angle between the planes.

SUMMARY

General equation of a plane is ox + 6y + cz + a'= 0 where a' + + c' 0.
Euation of yz plane is x= 0.
Equation of zx-plane is y= 0.
Equation of xy-plane is z = 0.

Intercepted form of plane is ~ + { + -=1. 
b c

Normal form of a plane is lx + my + xz= p-
Equation of a plane passing through three points (X), yi, Z|). (x2, yz, Zz) and (xj. yj. zz) is

x-x, y-y, z-Zi 
•>^2-^1 >':-yi 22-2i =0
•*3-^1 yz-yi 23-zi

• Length of perpendicular drawn from (xj.yj, zj) to the plane ox + hy + cz + d = 0 is given by

aX| + by■^ + czz + d
+ V + c-

• Equations of bisector of angle between given planes Ojx + h|y + C|Z + (•/]= 0 and 
02^: + bzy + C2Z + d2 = 0 are given by

ojx + biy + C\Z + dz ozx + bzy + C22 + dz
+ bz + Cz

• Equation of a plane through the planes
F = fljx + biy - Cjz + d| = 0 and Q = a2x + b2y + czZ + d2 = 0]S given by P + XQ = 0.
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• STUDENT ACTIVITY
1. A plane meets the coordinate axes in A, B, C such that the centroid of the triangle ABC is the 

point (p, q, r). Show that the equation of the plane is- + ■^ + -= 3

• i t \rC

2. A variable plane at a constant distance 3p from the origin meets the axes in A, B, C. Show that 
the locus of the centroid of th triangle ABC is + + = —

X y P2 ■

• TEST YOURSELF-2
1. Find the distance between the parallel planes :

(i) 2t-3>-6c-21 =0 and 2j: - S)” - + 14 = 0
(ii) 2x-y + 3z-4 = 0 and 6x-S)-+ 92 + 13 = 0.

2. Find the equation of the locus of a point P whose distance from the plane
- 2y + 3z + 4 = 0 is equal to its distance from the point (- 1,1,2).

3. A variable plane passes through a fixed point (a, 3. Y) and meets the axes in A, B, and C. Show 
that the locus of the point of intersection of the planes through A, B and C parallel to the 
co-ordinate planes is

X y z
4. Two systems of rectangular axes have the same origin. If a plane cuts them at a distances 

<1, b. c and a', b', c' respectively from origin, show that
J_ J_ J___l_ _1_ _1_

2 ~ /2* a b c a' b c
5. A variable plane is at a constant distance p from the origin and meets the axes in A, 8 and C. 

Show that the locus of the centr^ of the triangle ABC is ^ + y" ^ + 2~ ^ = 9o”

= 1. \
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ANSWERSCalculus Jc Geometry

25 ••
3VI4

2. 13^^ + 45/ + 40z^ + 24a^ - 36w + 12yz + 50x -82> - 220z + 278 = 0.
OBJECTIVE EVALUATION 
► FILL IN THE BLANKS :
1. The general form of a plane is...........
2. The plane Ir + my + ;iz = p is a...........
3. A plane cuts intercepts of length 2, - 3, 5 on co-ordinate axes, then the equation of plane

*- •
(ii)1. (i) 5

I

IS
4. The direction-ratios of the normal to the plane ox + i>y + cz = 0 are
> TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:

X y z1. The intercepts form of a plane is - ^ -

2. The plane — + ^ -1- — = 1 meets the z-axis at (0, 0, a).
a b c

3. The normal form of the plane is lx + my + nz = p-
> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

1. The intercept on x-axis of the plane ~ ^ ^ ■

(a) b

= 1.
(TH-)

a/i')
(rm

(b)fl
(d) c.(c) 1

2. The perpendicular distance from the origin to the plane lx + my + ni = p \'s \
(b)/(a) p

{c)n (d) 1,

ANSWERS
Fill in the Blanks :

1. ax + by cz-^d-Q 2. normal form

4. a,b.c
True or False ;

1. T 2. F 3.T 4.T 5. F
Multiple Choice Questions :

1. (b) 2. (a)

3
2 3 5 = 1

□□□
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The Siraighi Unc ’UNIT

THE STRAIGHT LINE
STRUCTURE

• Equations of a Line in Different Forms
• Test Yourseif-1

• Equation of a Piane through a Given Line
• Angle between a Line and a Plane

• Test Yourself-2
• Coplanar Lines
• Projection of a Line on a given Plane

• Test Yourself-3
• Shortest Distance between Two Lines

• Summary
• Student Activity
• Test Yourself-4

LEARNING OBJECTIVES

After going through this unit you will learn :
About different forms of a straight line 

• How to find the angle between the plane and the line 
How to find the plane through the given line 
How to find the projection of a given line on a given plane

• 22.1. EQUATIONS OF A LINE IN DIFFERENT FORMS
(i) General form (non-symmetrical form).

Since every equation of first degree in A:,y and z 
represents a plane, when two such planes intersect a 
line of intersection is formed, therefore the equations 
of two planes simultaneously represent a straight line. 

<iix + &iy + fiz + <fi = 0

* .

If and
flj* + ^2 y + C2Z + r/2 = 0 be two planes in general form. 
Then the general form a straight line is given by 

Geometry and Vectors
a

a^x + bx y + C|Z + <fi = 0 
a2X + b2y + C2Z + d2 = 0 r

(ii) Symmetrical form.
Symmetrical form of line is

Fig.l

x-a y-3 z-y = AP1 m n

Corollary 1. The equation of a line passing through a point (a, 3, y) having direction ratios 
a.b.c- Then its symmetrical form is

x-a _y-^ _z-y 
a b c-

Corollary 2. To obtain the equation of a straight line passing through two points.
y-yi _ z-zi 

X2 -xi y2 - yi Z2 - zi
a:-JTi
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Cakvlwi & Geomeiry This is the required line in symmetrical form passing through two points (xj, ^i, jj) and
i

SOLVED EXAMPLES
- 2
— is parallel to the plane 3-v - y + 4; = 7, then findExample 1. Iftheline^^^ y - 3 z

1
c.

Solution. Dr's of the given line are 2, l,c.
Dr's of the normal to the plane 3j: - y + 42 = 7 are 3, - 1, 4. 
The line is parallel to the plane if

2x3+ix-l+cx4=0 
c = - 5/4,

i
t

=>
2
“ meets the planeX ^ V + 1 zExample 2. Find the point in which the line —-— = ^ = — 

X - 2y + z = 20.
Solution. Since the equations of the lines are 

x-2 y + 1

12

z-2 . -
= r (say).

Any point on this line is F(3r+ 2,4r- 1,12r + 2).
The given line meets the plane x - 2y + z = 20 so P lies on this plane.

{3r + 2) - 2 {4/-- 1) + (12/-+ 2) = 20 
7r= 14 or r = 2.

Putting this value of r in the co-ordinates of P, the required co-ordinates of the point are 
(3 (2)-r 2,4 (2) - 1,12 (2)-y 2) i.e.. (8,7,26).

Example 3. Show that the line joining the points A(2, - 3, - \ )anclB{i, -1,2) has equations 
x-2 y + Z z-t-1

3 4
. iiOijnii. •

or

•6 3 3
Find two points on the line whose distance from A is 14.
Solution. The d.r.’s of the line AB are

8 - 2, - 1 - (- 3), 2 - (- 1) or 6, 2, 3.
Thus the equation of a line AB through A whose d.r.’s are 6, 2, 3 are 

x-2 y+3 z+1
36 3

These are the required equations of the line joining the points A and B.
x-2 v+3 z+I --------^ = r (say)

so any point on this line is P(6r + 2, 2r - 3, 3r - 1).
Since

Ut 6

PA = 14,
V(6r -f 2 - 2f +i2r-3 + 3)^+ (3r - 1 -H )^ = 14 

V36r^ + 4r--r9r^ = 14 or V49r^ = 14 
± 7r = 14 or r = ± 2.

Putting r = 2 and -2 successively in the co-ordinates of P, we get the required points a.s' 
(14, 1,5) and (-10.-7.-7).

or
or

• TEST YOURSELF-1
- 2
— with the planex+ 1 y -t- 3 z -Find the co-ordinates of the point of intersection of the line 

3x -(- 4y + 5z = 20.
Find the co-ordinates of the point where the line joining the points (2,-3, 1) and 
(3,-4,-5) meets the plane 2j:-i-y + z = 7.
Show that the distance of the point of intersection of the line — 
plane x-y -I- z = 5 from the point (- 1. - 5, - 10) is 13.
Find the equations of the line through the points (a. b. c) and (a, b'. c') and prove that it passes 
through the origin if aa' + bb' + cc' = rr where r and r' are the distances of the given points 
from origin.

1. 31

2.
-2 y+ i 2— and thez -3. 4 12

4.

ANSWERS

4 x-a _ y-b z-c 
a - a b' - b c - c2. (1,-2,7).1. (0,0,4).
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•• The Srniiyhr Line

• 22.2. EQUATION OF A PLANE THROUGH A GIVEN LINE
(a) If the line is in symmetrical form. Let the line be 

x-a y-(3 z-y
-..(1)I m n

Since the plane is to passes through the given line. Therefore the plane will pass through the 
fixed point (a, P, y). Then the equation of a plane through (a. P, y) is 

a(x - a) + - P) + c{z - y) = 0.
Since the plane (2) is passing throguh the line (1), then its normal is perpendicular to (1). 

al + bm + cn = 0.

-(2)

Hence the required plane is
a{x - a) + fcO - P) + c(z -y)=o, 
al + bm + cn =0.where

(b) If the line is in general form so let the equation of a line is
a\x + b\y + C[Z + tfj = 0, 
a2X + b-2y + CiZ-h di = Q

Hence, the equation of a plane through (3) is given by
{a\X + b\y + Cjz + d{) + kia^x + + c^z + di) = 0.

...(3)

REMARK
If « 5 0 and V s 0 are equations of two planes, then the equation of a plane through the 
intersection of these planes is w + ?.v = 0 where is a parameter.

>

• 22.3. ANGLE BETWEEN A LINE AND A PLANE

To find the angle between the line ^ ^ ^^ = -■—^ and the plane ax + by + cz + d - 0.I m n
Let 0 be the angle between the line AB and the plane, then 

the angle between the line AB and normal AN to the plane will be 
90°-e. \

Direction ratios oiAN are a, b, c and direction ratios of line 
AB are /, m. n.

al + bin + cn .90»-e,cos (90° - 9) = ,e.
V(a- + b' + c^) (I' + + n^)

al + bm + cn A
sin 0 =t.e..

V(a- + b^ + c') (/^ + m^ + n^) 
This gives the angle between the line and the plane. Fig.S

SOLVED EXAMPLES
Example 1. Find the equation oftbe plane through the line ^ ^ z-y and parallelI m n

g' v-P^ z-y’to the line —

Solution. The equation of a plane through the line 
x-a y-P z-y

/' in n

I nm
a(x - a) + i>{y - P) + c(2 - 7) = 0 

where a. b, c are the d.r.'s of the normal to the plane (1).
Since the plane (1) containing the first line whose d.r.’s are l,m,n and it is parallel to the 

second line whose d.r.’s are m\ n. then we have'
al + bm+'cn = 0 

aT + bm' + cn = 0.
Solving (2) and (3) by cross multiplication, we get

...(1)IS

...(2)
and ...(3)

ba c
mn'-m'n I'n-ln' Im'-Tm

Putting the proportionate values of a. b and c in (1), the equation of the required plane is 
{mn - m'-n) (x - a) + (I'n - In') (y - P) + (Im' - Tm) {z-y) = 0.
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C(tIcuIus •£ Geometry Example 2. Find the equation of a plane containing the line ^ + ^ = 1. x - 0 and parallel to

the line---=l,y = 0. 
a c

Solution. The equation of a plane containing the line
i + l.x = 0 
b c
' \
^ + --1 +Aj: = 0 or 
b c

^ + ^ + - 
b c

-1=0. ...CDIS

\INow d.r.’s of normal to this plane are

o c
Since this plane is parallel to the line

X Z , n ■ X------- =1,>’ = 0 i.e., —
fl c a

-a y z-0
0 c

whose d.r.’s are a, 0, c.
1 1A.a + — .0 + — .c = 0 
b c

A.a + 1= 0 or X = - l/a.
Putting this value of A. in (1), the equation of required plane is

a b c
^-^-^+1=0. 
a b c

or

or

• TEST YOURSLF-2
1. Find the equation of the plane throu|h the^ line^ P = ax * by-i-cz +d = Q,

Q £ a'x + b'y + c'z + d = 0 and parallel to the line — = —
2. Find the equation of a plane through (he line of intersection of the planes x +2y + 3c - 4 = 0 

and 2^:+ >'-2 + 5 = 0 and perpendicular to the plane 5j: + 3> + 62 + 8 = 0.
3. Find the direction cosines of the line whose equations are a: + > = 3 and Jt + > + 2 = 0 and show 

that it makes an angle 30® with the plane >-2 + 2 = 0.
4. Prove that the lines

3jc + 2> + 2- 5 = 0 = a: + >-22-3 and ->-2 = 0 = 7j: + 10>- 82- 15 are perpendicular.

ANSWERS

1. P{a'[ + b'm + c'ti) = Qlal + bm + cn)

3. 0,

2. 5U+15>-502+ 173 = 0.
iI

V2 V2

• 22.4. COPLANAR LINES
(a) When both lines are in symmetrical form :
To obtain the condition that two lines may intersect and the equation of the plane in which

they lie.
Let the equation of two lines be given by 

x-a, >-pi 2-Yi
...(1)I «im,1

x~a.2 > - P2 Z-Y2 ...(2)and h /l2
The equation of a plane through the line (1) is

a{x - CC,) +b{y- P,) + c(2 - Yi) = 0
all + bmi + c/ii =0

If the line (2) lies in the same plane, then the normal of this plane is perpendicular to (2). we

...{3)

...(4)where

have
...(5)a/2 + bm2 + cn2 = O'

Further since the point (Oz. P2, Yz) aiso on the plane; then
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0(02 - Ol) + ^>(32 - Pi) + 4Y2 ' Yl) = O’
Now eliminating a. b, c from (4), (5) and (6) we get the required condition 

02-0, !32-Pi Y2-Y1

The Siraiuhr Line.-.(6)

/ = 0.w. «i1
I2 "‘2 "2

Again eleminating a, b, c from (3), (4) and (5), the required plane is 
A:-a, y-pi z-Y,

I = 0,m,1

k "h «2

(b) When one line in symmetrical form and other in general forni:
To obtain the condition that the lines 

x-a y-3 z-Y
...(1)/ nm

a\X + biy + C\Z + d\ = 0, 
02* + b-iy + C2Z + <^2 = 0 .-(2)

are coplanar.
If the given lines intersect, they are coplanar.
Any point on the first line is {Ir + a, mr + P, nr + y)- This point will lie on the second line. 

Then we have
ai(lr + o) + 6,(/«r + P) + Ci(nr + y) + <f| =0 

oiO + fcip + Ciy + d, 
o,/ + b\m + C]n 

020 + fciP + C2y t ^2 
02/ + b2>n + Cin 

Equating the values of r, we get the required condition 
OiO + ftiP + ciy + di aia. + bi^ + C2i-¥d2 

a^l + biui + c-iti

or r - —

Similarly r = -

a,/ + fti»n +cin

• 22.5. PROJECTION OF A LINE ON A GIVEN PLANE
-o y-P z-yT *Let- be a line and ox + hy + cz + = 0 be a plane on which the projection

of the line is to be required. Therefore two ways to find the line of projection.
(i) The equation of any plane through the given line is 

A(x - o) + 5{y - P) + C(z - y) = 0 
A/ + Sm + Cn = 0.

Since the given plane will be perpendicular to the plane (1) if 
Ao + Bf> + Cc = 0.

Solving (2) and (3), we get

I m n

...(1)
,..(2)where

...(3)

CA B
me — nb na — Ic lb — ma

Putting these values of A, B. C in (i), we get
(me - nb) (* - O) + {na - /c) (y - P) + {lb - ma) (z - y) = 0 

Hence the equations ax + by + cz + d = 0 and (4) together are the equations of the line of
...(4)

projection.
(ii) Any point on the given line is P{lr + a, mr + P, nr + y). 
If this point lies on the given plane, then

a{lr + a) + b {mr + p) + c (nr + y) + = 0 
aa + bQ + cy + d A(a, P.y)or r = - al + mb + nc

Putting this value of r in the co-ordinates of P, so we get the 
point of intersection of the given line and the given plane.

Since the line passes through the point A(a, P, y) so draw a 
perpendicular from A to the given plane, which meets at Q. Let Q be p 
the foot of the perpendicular.

Now, the d.r.’s of the normal to the given plane are a, b, c and 
hence these are the d.r. ’s of the line through (a, p, y) and perpendicular 
to the given plane, therefore the equations of this perpendicular line are

Q

Fig. 6
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Calculux & Geonieiry x-a _y-^ _z~y r, (say).ba c
Any point on this line is (ari + a, br^ + (3, cYi + y) let this point be Q. then it will lie on the 

given .plane at + fcy + cz + = 0, so we have
aiari + a) + p (dr + P) + c(cr| + Y) = 0

qg + dp + cY
2 , .2 , 2'a +b +c

Putting this value of rj in the co-ordinates of Q we get the point Q.
Thus the line passing through the point P and Q is the required line of projection.

SOLVED EXAMPLES
^ ~ 1Example 1. Find the distance of the point P(3, 8, 2) from the line ^

measured parallel to the plane 3x + 2y - 3z+ 17 = 0.
Solution. Any point on the given line is N {2r+ 1,4r + 3, 3r + 2).
Let it be the foot of the perpendicular drawn from P to the line.
The d.r.'s of PW are 2r - 2. 4r - 5, 3r.
The d.r.'s of the normal to the given plane 3x + 2y - 2z + 17 = 0 are 3,2, - 2.
Since PN is being measured parallel to the given plane.

3 (2r - 2) + 2 (4r -t- 5) - 2 (3r} = 0 
6r-6 + 8r-10-6r = 0 
8r-16 = 0 or r = 2.

Putting this value of r in the co-ordinates of N, the co-ordinates of N are (5, 11. 8).
PA = V(5-3)^ + (ll-8)V(8-2)^

= V4T9T36 ='JdP = 7.

or n =-

v-3 z-2
4 3

or
or

Example 2. Show that the lines
x+3 y+5 z-7- -3- -* +_1_ _ y + 1 _ z + 1 

" 5 “ -132
are coplanar. Find the equation of the plane containing them. 

Solution. Let,
x-t-3 y + 5 z-7 ...fl)~ = r, (say)2 3
x+ 1. y+1 z+ 1 

4 " 5 ■ -1
Any point on the line (1) is P(2ri - 3, 3r] - 5, - 3r] + 7) and any point on the line (2) is 

(2(4r2-I,5r2-l,-r2-l).
If the lines (1) and (2) are coplanar, they will intersect 

2ri - 3 = 4r2 - 1 or 2r| - 4r2 = 2 
3ri-5 = 5r2-l or 3ri-5/-2 = 4 
3r|+7 = -r2-l or 3/-i-r2 = 8.

''2 (say)- ...(2)and

...(3)

...(4)

...(5)and
Solving (3) and (4), we get

ri = 3, r2 = l.
On putting these values in R.H.S. of (5), we get 

3(3)-l=9-l=8 = R.H.S.
Thus both points coincides. Hence the lines are coplanar. The point of intersection is

(3. 4,-2).
The equation of a plane containing (1) and (2) (i.e.. a plane through the line (1) and parallel 

to the line (2)> is,
x+3 y+5 z-7

2 3-3 =0'
4 5-1

(x+3) {-3+ 15} + (y + 5) {- 12 + 2} + (z-7) {10- 12) = 0 
12(x+3)-10(y + 5)-2(z-7) = 0 
12x-10y-2z = 0 or 6x-5y-z = 0.

or
or
or
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The Strnighi Line

• TEST YOURSELF-3
1. Find the projection of the line 3x-y + 2z~l=0 = x + 2y-z = 2 on the plane 

3x + 2y + z = 0.
2. Find the equations of the perpendicular from origin to the line

ax + by + cz + d = 0 = a'x + b'y + c'z + d ■
3. Prove that the lines :

_£__ i__
a p y ' ao. b^ cy ' I m n

will lie in a plane if

4. Prove that the lines ;
x-[ y-2 r-3 x-2 y-3 i-A

4 ■ 3
are coplanar; find their point of intersection. Also find the equation of the plane in which they

52 3 4

lie.

ANSWERS

2. {be' - b'c) X + {cd - c'a) y + {ah' - db) z = 0.1. 3x + 2y + z = 0 = 3A--8y + 7z + 4. 
4. (- 1. - 1,- l);x-2y + z = 0.

• 22.6. SHORTEST DISTANCE BETWEEN TWO LINES
Shortest distance between the lines can only have the meaning if, the lines do not intersect 

or the lines are not lying in the same plane, those lines which have this character, are called skew 
lines and length between them which is perpendicular to both skew lines is called shortest distance.
Length and Equation of Shortest Distance :

To obtain the length and equations of shortest distance between two non-intersecting (or skew)
tines.

(a) When both lines in symmetrical form.
(i) Projection Method. Let the two skew lines be given by 

y-3i z-Yi X-0.2 y - 32 z - 72and/ "'I «i "’2 »21
Let l.m.n be the direction cosines of a shortest distance. Since shortest distance is 

perpendicular to both the given lines. Then we have
If +/n/n| + n/i] = 0 
If + mm2 + niH = 0.

Solving (]} and (2) by cross multiplication method, we have

-..(1)
-..(2)and

I III n
mpH —fn2«i n|/2 —W] finj^lim]

Thus, direction ratios of shortest distance are “rii2ni. ni/2 - nif.lxtni -
Therefore, the direction-cosines of shortest distance are

n“ iijl] fm2 — Um111^112 — miHx 11 = , n =, m = LM LMLM

where
LM = ^[{ni|«2 “ "lint)' + ("1^2 “ + (h"‘2 “ ^2"'!)^] •

Further since, first line is passing through the point 
F(ai,Pi.Yi) and second line is passing through 
2(02,32- 72)’ Suppose the shortest distance meet the given 
lines in R and S respectively as shown in fig. 7.

Therefore the proejetion of PQ on the shortest 
distance gives the length of shortest distance which is 
given by

e(«2. P2..72)• SShortest distance
(Oj -0.2)1+ (Pi' Pz) m + (7i - Yz) n. Fig. 7
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Calculus (& Geometry Next, the equation of shortest distance is the plane containing first line and S.D. (shortest 
distance) and also containing second line and S.D. which are given by

y-Pi- z-7i
/ = 0 ...(3)"It
/ m n

x-ai y-p2 Z-Y2
and k = 0 ...(4)mi

I m n

Thus the equations (3) and (4) simultaneously gives the equation of shortest distance.
(ii) Co-ordinates Method (Point Method).
Let the equation of two lines be

jr-a, y-Pi z-y, , ,
-------------------------— = ri (say)

"i
...(1)I m,1

x-0.2 y-P2 Z-V2and = r2 (say) ...(2)k mi »2

Any point on (1) is P(/,/-, + a|, mi/-, + P,,/iir,+Yi) and on (2) is 
G(^2''2 + <^2- "*2''2 + P2' '•2r2 + Y2)-Let linePQ be the shortest distance. Then PQ will be perpendicular 
to both the lines (1) and (2) so that we have d.r.’s ratios of PQ are

kri-lxr, +a2-a,,/?i2r2-"iiri + P2-P1. «2''2-"i' i +Y2-Yi-
Since PQ is perpendicular to (I) and (2). we have

- 'izi + ttj - a,) + /ni(m2''2 - "'i/-, + P2 - p,) + /ii(«2r2 - n,/-, + Y2 - Yi) = 0 ...(3)
^2(^2''2 - + “2 - ct|) + /H2(/n2r2 " in\r\ + p2 - Pi) + 'hiniri - n,/-, + Y2 - Yi) = 0. ...(4)

Solving (3) and (4), we get and ri- Substitute these value of )-| and r, in the points 
P and Q we get the two points at which the shortest distance meets. Therefore, the distance between 
the points P and Q gives the length of shortest distance and the equation of shortest distance is thus 
obtained by the line joining the point P and Q.

(b) When one line in symmetrical form and other in general form.
Let the equation of two lines be given by 

x-a y-P z-Y

and

-..(I)t m n
u = afX + bjy + CiZ + dj =0
V = a^x + b-yy + C2Z + di = 0

and ...(2)

. The equation of a plane through the line (2) is given by 
H + Xv = 0 ...(3)

where X is a parameter.
Now find the X in such a way that (1) is parallel to (3) and substitute this value of X in (3) 

we get the equation of a plane parallel to the line (1). Therefore, the perpendicular distance from 
any point on the line (1) (a, p, y) (say) to the plane (3) gives the length of the shortest distance and 
the equation of shortest distance is obtained as the line of intersection of the two planes :

(i) the plane containing the line (1) and perpendicular to the plane (3) (ii) the plane containing 
the line (2) and perpendicular to the plane (3).

(c) When both the lines are in general form.
Let M| s 0, V| s 0 and H2 s 0, V2 s 0 be the two lines in general form that is.

Mi s cix + biy + CjZ + <f| = 0
V| s aix + biy + CiZ + <4 = 0 ...(1)

Ui H a}X + byy + C3Z + <(3 = 0 
V2 = a^x + biy + c^z + di = 0

The equation of a plane through the line (1) is given by 
M] +X|M| = 0

and the equation of a plane through the line (2) is given by
U2 + X2V2 = 0.

Now find the Xj and X2 is such a way that the plane (3) and the plane (4) are parallel. And 
substitute the values of Xi and X2 in (3) and (4) respectively. Thus (3) and (4) become parallel.

and ...(2)

(31

..(4)
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The Slrai^h! LineTherefore the distance between these parallel planes (3) and (4) gives the length of shortest distance 
between (1) and (2).

And the equation of shortest distance is obtained as the line of intersection of the two planes:
(i) • The plane through (1) and perpendicular to the plane (3).
(ii) The plane through (2) and perpendicular to the plane (4).

SOLVED EXAMPLES
Example 1. Find the shortest distance between the lines

x-l y-2 z-3 x~2 y-4 z-5 
4 ’ 3

Solution. Let /. m, n be the direction-cosines of shortest distance, since S.D. is perpendicular 
to both lines so we have

52 3 4

21 + 3/n + 4/1 = 0 
31 + 4m + 5n = 0.

-.(1)
...(2)and

Solve (1) and (2), we get
I m n

15-16 12-10 8-9
I I m n 

1 "-2" 1
m nor -1 2 -1

21 1
Ve’"” V6’" V6'

Since P{\..2,3) and Q{2.4,5) are the points on the given lines respectively. Thus the projection 
of PQ on the shortest distance is

S, D,= (2-l) 2̂  +(5-3) 11 + (4-2) -
V6 V6 V6

__1___4__^_2
'Js ^16

Hence, the length of S.D. = numerically.

1

V6
Example 2. Show that the length of the shortest distance between the tines 

x-2 ^y+1_ c.
2 ’ 3 ~4'

2x + 3y~5z-6 = 0 = 3x-2y-z + 3 is 97/(13^6).
Solution. Since, we have

x-2 _y+l_z 
2 ~ 3 ~4 

2x + 3y-5z-6 = 0 
3x-2y-z + 3 = 0

The equation of a plane through (2) is given by
(2.r + 3y - 5z - 6) + X (3x - 2y - c + 3) = 0 

(2 + 3X) + (3 - 2X) y + (- 5 - A) z - 6 + 3X = 0.
Since (3) is parallel to (1) so d.r.’s of normal to (3) is perpendicular to (1). Then 

2(2 + 3A) + 3(3 - 2A) + 4(- 5 - A) = 0 
-4X-7 = 0 or A = -7/4.

Substitute this value of A in (3), we get
f 2n f 14') f 2--^ .(+ 3+-— y+ -5+7 z 

4 4 4

...(1)

-(2)

...(3)or

or

21-6- = 04

-13x + 26y-13z-45 = 0 
13j-26y+ 13z + 45 = 0.

Now (I) and (4) is parallel and P{2, - 1.0) ts any point on (1) so length of shortest distance

or
...(4)or

is given by.
S.D. = Perpendicular distance from F(2, - 1,0) to the plane 

13.r-26y+13z + 45 = 0
13x2-26(-l)+ 13(0) +45 97

13^6V(13)^ + (-26)^ + (137
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Calcului & Geometry • SUMMARY
• Equation of a straight line in general form is a^x + byy + C\f^ d^ = 0 = <12
• Equation of a straight line in symmetrical form is

x-a. y-P z-y
I m n

where U m, n are d.c’s of the line.

• Let or + iy + cz + tf = 0 be a plane and —-g y-p z-7 a line. Then
I III n

(i) Line is parallel to the plane if al + bm + cn = 0 and oa + /jP + c7 + r/ ?= 0
(ii) Line is perpendicular to the plane ~ ~ ^ ^ •n

(iii) Line lies in the plane if al + bm + cn = 0 and oa + fcp + cy + = 0. 
g y-P z~y• Angle betwen the line — and the plane ax + by + cz +is given by •

/ m n
al + bill + cn• -1sin . + bsup2 + c~ ''ll^ + in^ +

2-Yi j: - 02 y - P2 ^ - Y2AT-tti y-Pi are coplanar ifandLines I "‘2 "2m, "1I
02-0, P2-P1 Y2-Y1

/ = 0/n.1

h m2 «2

• Perpendicular distance of ^-y^ = y - povnn = from P (.t|. yi. 2|) is given by 

yi - P zi - Y- ^ 02
Xi-a y, -3-Y xi-aPN^ = ++ I I innm n

Shortest distance between the lines 
j:-a, y-pi z-Yi y - P2 z - Y2x-ct2

is given byand
^2I "h «2mi «iI

S.D = (a2 - g,) / + (32 - 3|) m + (Ya - Yi) « 
where /, m, n satisfy the realtions

//| + m»i| + n«| = 0 and II2 + mm2 + ""2 = 0 
y z-c X y z+c

................ 1 tana 0 ' 1 tang 0• Skew lines are — =

• STUDENT ACTIVITY
1. Find the image of the point (i. 3, 4) in the plane 22:-y + z + 3 = 0.
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2. Find the shortest distance between the lines ^ ^ ^ ^ ^ ^ - -—- x-2 y-4 g-5 T/ie S!raii’ht Uneand
5 ■4 3 4

• TEST YOURSELF-5
1. Find the shortest distance between the lines

x - 3 _ y - 8 _ z - 3 ;r+.3 _ y + 7 _ z - 6
-3“2"4'

Find also i.ts equations and the points in which it meets the given lines.
2. Find the length and equation of the shortest distance between the following lines 

jr-3 y-5 z-7 x+1 y+1 z+1
1 “ -2 ■ 1 ’ 7 " -6 " -1 '
-3 y-5 z-2 X -1 >' + 1 z+1 
1 " -2 " 1 ■ 7 ■ -6 ■ 1 '
- 3_ y-5_ z-7 x+ 1 _ y +1_ z + 1
1 " -2 “ 1 ’ 7 " -6 " 1 '

(i)

(ii) -

(iii) -

ANSWERS

>-8 ^^;(3,8, 3) and (- 3,-7,6) 

y-2 z-3

1. = 

2. (i) 2V^.^
5

- 1
3 4

30 - Ilx- 2y + 7z + 9 = 0 = 27x + 26y- 33z + 22(ii)

(iii)2V29.^-^-^
3 4

OBJECTIVE EVALUATION 
> FILL IN THE BLANKS :
1. The equation of a straight line through the point (a, p, y) having the d.c.’s /. m, n is...........
2. The equation of j:-axis in symmetrical form is...........
3. The equation of the straight line passing through the two given points (A:i,yi,zi) and

{X2, >2,23) is............
rx,. .. f. .. a:-0 y-1 z-2The direction ratios or the line —— = -----4. are3

> TRUE OR FALSE :
Write ‘T’ for true ‘F’ for false :

x-a y-P z-Y is the equation of a straight line in symmetrical form.1. / (T/F)111 n
2. The equation of y-axis is ^ = Q = Y'

3. Thelineof intersection of the planes aja: F b\y + c\z + d\ = 0 und a2X + b2y + C2Z + J2 = 0 gives
(T/F)

4. The equation u + Xv = 0 represents the line of intersection through the planes msO and
a/F)

(T/F)

the line in non-symmetrical form.

vsO.
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CalciihiK & Geometry > MULTIPLE CHOICE QUESTIONS : 
Choose the most appropriate one :

x-\ y-3 z+1The line •

(a) (1,3.1)
(c) (1.3,-1)

1. — passing through the point:

(b) (-1,3,-1)
(d) (-1,-3,-!).

The equation J “ o “ q represents the equation of :

3

2.

(a) x-axis 
(c) z-axis

(b) >’-axis 
(d) None of these.

The shortest distance between the lines -C+ 1 y + 2 z + 3 ,y + 2 -v+] c + 3.3. IS :2 31 6
(c) 0 (d) 2.(a) 1 (b) 6

4. The shortest distance between two coplanar lines is :
(a) 0 (b) 1 (c) 2 (d) None of these

ANSWERS
Fill in the Blanks :

-a y-p Z-Y X - Xi y-y\ i:-zi1. ^ y
10 0 3.

I X2-X1 vj-y, Z2-Z1m n
4. 2,3,3

True or False :
1. T 2. F 3.T 4.T

Multiple Choice Questions :
1- (c) 2. (a) 3. (c) 4. (a)

□□□

I
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UNIT The Sphere

THE SPHERE
STRUCTURE

te'-• Equation'bf'a Sphere
• General Forrh of a Sphere

• Test Yourself-1
• The Plane Section of a Sphere
• Spheres through a Given Circle

• Test Yourself-2
• Equation of the Tangent Plane
• Condition for Tangency of a Plane to the Sphere

• Test Yourself-3
• Intersection of Two Spheres

• Summary
• Student Activity
• Test Yourself-4

LEARNING OBJECTIVES
After going through this unit you will learn :

How to calculate the radius of the circle defined as the section of the sphere of the 
plane
How to find the tangent plane
How to find the condition that two spheres cut orthogonally '

• 23.1. EQUATION OF A SPHERE
(a) To obtain the equation of a sphere whose centre and radius are given.
Let C be the centre of a sphere whose co-ordinates are assumed (a, p, y) and let r be the radius 

of this sphere. Let P{x, y, z) be any variable on the surface of the sphere whose equation to be 
determined as shown in fig. 1.

Since we have P (x, y. z)
CP = r or CP^ = r^. ...(1)

Further since CP is the distance between two points C(a. P, y) 
and/’(a:,)', z). Then _________________________ C (a, p, y)

CP = '^{x-af + {y-^f + (z-y)\
Now substitute this value of CP in (I), we get

(ar-a)^-H>-P)^ + (z-Y)^ = rl 
This is the required equation of a sphere.
Corollary. If the centre of the sphere is origin i.e., (0,0,0) and radius is r then its equation is 

x^+y' + Z^ = r^.

...(2)
Fig. 1

Proof. In the formula
P (x. y. z)

Putting a = 0, p = 0, y = 0, we get
-t- -i- Z^ = r^. Hence obtained.

B{x^.y<^.zf,(j:,,y], 2,).4
(b) To obtain the equation of a sphere whose 

end points of a diameter are given.
Let -4(a-|, y|, Z|) and >2-^2) be the end 

points of a diameter of a sphere as shown in fig. 2.

C

Fig. 2
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i

Ccilculu.\ <6 Geiimeiry Let P(x,y,z) be any point on the surface of the sphere. Join P lo A and P to B such that 
AAPB is a right angled triangle right angled at P. Therefore the lines PA and PB are perpendicular 
to each other. Then

d.r.’s oi PA are x - x,,y -y^, z - Z] 
d.r.’s of PB are x-xj.y-yz.z- Zz 

since PA is perpendicular to PB, then we have ______
and

{X - xi) (x - x:) + O’ -yi) (y-yi) + iz- zi) (z - zz) = o.

This is the required equation of the sphere.

• 23.2. GENERAL FORM OF A SPHERE
To obtain the equation of a sphere in general form.
The equation of a sphere of radius r having centre (a, P, y) is given by

{x-a)H{>'-p)^ + (z-7)- = r^
+ y- + z' - 2ax - 2P>' - 2yz + + P^ + = 0

From (1) we observed that the equation (1) is a second degree in x, y, z having no terms of 
xy, yz and zx and coefficients of y and ^ equal to 1. Therefore the equation of the type 

+ y^ + + 2i« + 2vy + 2wz + = 0
having the same character as (1) has, is called general equation of a sphere.
Now comparing (2) with (1), we get

a = -«, p = -v, y = -w and d = a'+ P' + y^ - r.
Thus the centre and radius of (2) are given by (- ii. - v, - w) and 

respectively.

...(1)or

...(2)

^r~z ^ ’+ V + w -(•/

SOLVED EXAMPLES
Example 1. Find the equation of the sphere whose centre is [2. - 3, 4) and radius fSi. 
Solution. Since we know the equation of a sphere whose centre is (a, P, y) and radius r us

follows :
(x - a)^ + (y - P)^ +^- y)^ = r.
- 3,y = 4 and r - Vsi. then 
(x-2f+ {y + 3)- + (z-4f = 51 

X' + y" + - 4x + 6y - 8z - 22 = 0,
Example 2. Find the centre and radius of the sphere given by 

X- + y" + 2^ - 4x + 6y + 2z + 5 = 0.

Here a = 2, P

or

Solution, The given sphere is
x^ + y^ + 2^ - 4x + 6y + 2z + 5 = 0. 

Compare this equation with the equation
x^ + y^ + z" + 2ux + 2vy + 2^2 + ri = 0,
2h = -4 or « = -2 
2v = 6 or v=:3 
2iv = 2 or M'S 1 and d = 5.

Centre is (- u. - v, - w) = (2. - 3, - 1)
radius = + v^ i-w'-d

= V(-2)^ + 3^+l--5 
= V4+ 9 + 1-5 = V9=3.

Examples. Find the equation of the sphere on the point (2,-3, l)and (3, - 1.2) as diameter. 
Solution. Since we have the equation of a sphere whose end points of a diameter arc 

(X|,yi, 2i) and (x2, y2, Zz)- The equation is
(x - X,) (x - X2) + (y - yi) (y - y2) + (z - Zi) (z - 22) = 0 
(x,.yi,2|) = (2,-3. I) and (x2,yj.22) = (3,--1, 2).

we get

and

Here
Then we get

(x-2) (x-3) + (y + 3)(y+l) + (2-l)(z-2) = 0 
xHy^ + 2^-5x + 4y-32+ 11 = 0.

Example 4. A plane passes through a fixed point (p, q, r) and cuts off the axes in A. B. C. 
Show that the locus of the centre of the sphere OABC is

or

^ + ^ + ^ = 2.
X y z
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.T- •

Solution. Let the equation of a plane be

-+t+-=ia b c
which.culs the axes in /l(n, 0,0), 6(0, b. 0) and C(0, 0, c) and also passes through the fixed point 
(p, q, r), then we have

' The Sphcr.-

-d)

a b c ...(2)

The equation of a sphere OABC is
^ - (IX - by - cz = Q

a b £ 
2'2’2 'Its centre is

Let (a. P, Y) be the centre of a sphere OABC. then 
a f. b c

a = 2. fl=2.T = 5

a = 2a,b = 2^.c = 2y. 
Eliminating a. b, c from (2) and (3). we get

t 'll

...(3)or

-2- + -2- + -d=i
2a 2p 2y 

a p Y
or

Thus the locus of (a, P. y) is
2 + 5 + -^ = 2.
X y z

Hence proved.

• TEST YOURSELF-1
1. Find the centre and radius of the following sphere :

+ 2y^ + 2z^ - 2x + 4y - 6z - 15 = 0.
2. Find the equation of the sphere whose centre is (- 3,4,5) and radius 7.
3. Find the equation of a sphere whose centre is {2, - 3,4) and which passes through the point

4. Find the equation of the sphere whose centre is (1. 3,5} and which passes through the point
(3.5.6).

5. Find the equation of the sphere which passes through the points (1,-3,4), (1,-5,2), 
(1, - 3,0) and whose centre lies on the plane x + y + z = 0.

6. Find the equation to the sphere through the points (0,0,0), (0,1,-1), (-1,2,0) and 
(1,2.3).

7. (a) Find the equation of the sphere on the join (3. - 1.5) and (4.5,1) as diameter.
(b) Find the equation of a sphere whose extremities of a diameter are (1, 1, 1) and (2, 3, 5).

ANSWERS

;VTr.2 2

3. x- + y- + z^-4x + 6y-8z-22 = 0. 4. + y^ + z^-2x-6>- lOz + 26 = 0.
5. x^ + Y^ + z--2x + 6y-4z+10 = 0.
6. 8 (x^ + + z^) - 15x - 25y - 1 Iz = 0
7. (a) x^ + y' + z^-2x-4y-6z+12 = 0. (b) x"+y^ + - 3x-4y-6z + 10 = 0.

2. x^ + Y^ + + 6x - 8y - lOz + 1 = 0.1.

• 23.3. THE PLANE SECTION OF A SPHERE
When a plane cuts the sphere, a cross-section of a sphere is obtained as circle.
To prove that the cross section of a sphere cuts by a plane is a circle and find also its centre

and radius.
Let the equation of the sphere and the plane be

x^ + Y^ + z^ + 2ju: + 2vy + 2h’z + d = 0 
ax + by + cz + dt=0.

-.(1)
-.(2)and
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In the fig- 4 the dotted line represents the cross-section of a sphere cuts off by a plane (2). 
Let C be the centre of the sphere (1). Draw a perpendicular from C to the plane (2) which meets 
the plane at C, join C to P, where P is on the surface of the sphere and on the dotted line. Then 
CP lies in the plane and CC is perpendicular to the plane. Thus CC is 
perpendicular to every line which is in the plane. Therefore 
ZCC'P = 90°,

In ACrP, ZCC’P = 90°, then
CP- = CP--CC- or CP = '^CP^-CC-.

Since CP is the radius of the sphere which is constant and CC is the 
length of the perpendicular drawn from C to the given plane. Thus C'P 
comes out to be a constant for all positions of P on the cross-section.
Theretbre, the point P moves in plane (2) in such a way that the distance 
of P from fixed point C is always contant. Hence P traces out a circle whose centre is C and the 
radius is CP. Consequently the equation (1) and (2) simultaneously give the equation of a circle.

Great Circle. The cross section of a sphere by a plane through the centre of the sphere is 
called the a great circle. The centre and radius of a great circle are same centre and nulias of 
the sphere.

Calculu.s & Geometry

• 23.4. INTERSECTION OF TWO SPHERES
To prove that the intersection of two spheres comes out be a circle. 
Let the equation of two spheres be given

5i =-^y' + C + 2uyX -\-2v^y ^■2w^z + d] =0 
Si = + y' + z + 2u-<x + 2v-<y + 2w2Z + rfi = 0.

Subtracting (1) and (2). we get
5|-S2 = 0.

...d)
..(2)and

2 {«! - «2) J + 2 (vi -V2)y + 2 (w, - H’2)^ -</: = 9. ...(3)

This equation (3) represents a plane. Thus the points of intersection of two spheres are as 
same as obtained by the intersection of either (1) or (2) and the plane (3). Hence these points of 
intersection lie on a circle.

• 23.5. SPHERES THROUGH A GIVEN CIRCLE
From above it has been observed that the intersection of a sphere and a plane give a circle or 

the intersection of two spheres give a circle.
Let the given circle be represented by the equations

S = :(- + y^ + Z^ + lux + 2vy + 2wz + d = 0 
Ps ax + by + cz + di = 0

then the equation S + XP = 0 is satisfied by those points which are common to both 5 = 0 and 
P = 0 for ail values of X. In fact S + XP='0 represents the equation of a sphere through the given 
circle 5 = 0 and P = 0 together.

Likewise the equation

and

Si-h 52^ = 0
represents a sphere through the circle S| = 0 and S2 = 0 together.
SOLVED EXAMPLES

Example 1. Find the co-ordinates of the centre and the radius of the circle 
a: + 2y + 2z= 15,ar'-t--2y -4z- II =0.

Solution. The centre of the sphere
a-^ + y- + z^-2y-4z- 11 =0

is (0, 1, 2) and its radius is
r= #+1+4+11 =4.

Let p be the perpendicular distance from (0, I. 2) to the plane x + 2>’ + 2z = 15. 
0 + 2(l) + 2(2)-15 9 = -3.3Vl +4 + 4

Thus the radius of the circle is
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= V(4)^ - {- 3)^ = V!6^ = Vt,
Centre of the circle. The equation of a straight line through the point (0, 1. 2) and 

perpendicular to the plane .v + 2>’ + 2^ = 15 is given by
3’-1^2-2 

1 2 2
Any point on this line is {r.2r+ i,2r+2). let this point be the centre of the circle so 

{r. 2r+ 1,2r + 2) lies on the plane x + 2>’ + 2^ = 15. Then 
r+(2r+l)2 + 2(2r + 2)=15 

9r = 9. 
r=\.

■ The Si’here

r (say).

Hence the centre is (1, 3, 4).
Example 2. Find the equation of the sphere through the circle 

x^ + y^ + z= 9, 2x + 33’ + 4z = 5
and the point (1, 2, 3).

Solution. Since the equation of the circle is given by 
x^ + + z^ = 9, 2x + 33 + 4c = 5
S s x^ + 3' + c- - 9 = 0 
PsZx + 3y + 4z-5 = 0.

The equation of the sphere through the circle is 
S+XP=Q

x- + y^ + z^-9 + X(2x + 33 + 4: - 5) = 0.
Since (1) is passing through the point (1, 2, 3) also. Then

l + 2U3^-9 + X(2 + 6+12-5)=0 or X = -j- 

Substitute the value of X in (1), we get
3 (x- + 3^ + z^) - 2x - 33 - 4z - 22 = 0.

This is the required equation of the sphere.

i.e..
and

-..(1)or

• TEST YOURSELF-2
1. Find the radius and centre of the circle of intersection of the sphere

x^ + 3^ + - 23 - 4z = 11 and the plane x + 23 + 2z = 15.
2. Find the radius of the circle given by the equations 3x^ + 33^ + 3z^+ x-Sy-2 = 0,

x + 3 = 2.
^ JT V Z3. A variable plane is parallel to the given plane meets the axes in -4, B. C

respectively. Prove that the circle ABC lies on the surface
f! \ f \ rDC c a a b ^yz - + 7 +ZX - + - +X3 T + - =0.
CO Q C ' 0 (I

4. Find the equation of the sphere passing through the circles = 9, .xr = 4 and = 36,

ANSWERS

4. x- + 3' + z- + 4x-41 =0.1. .V7;(i.3,4). 2. I/V2.

• 23.6. EQUATION OF THE TANGENT PLANE

The equation of the tangent plane to a sphere x" + 3^ + z‘ + 2ux + 2v3 + 2wz + d = Q at the 
point (X|, 3|. Zi) on the sphere is

+3'yi + + m(x + Xi) + rO + 3j) + ^{2 +Zi) + d = 0.

Corollary. The equation of a tangent plane at (xi,3|, zj) to the sphere + y^ + z' = ^ is given
by

.2xx, +33’, +ZZ, = ;• ,

• 23.7. CONDITION FOR TANGENCY OF A PLANE TO THE SPHERE
Let the equation of a sphere be given
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Crilciilu.K tk Geanielry -I-+ z~ + 2ux + 2vyi- 2wz + d = 0 
ax + by + cz + d’,= 0. ...(2)and let the plane be

If the plane (2) is the tangent plane of (1), then the perpendicular distance from the centre 
- V. - w) of the sphere (1) to the plane (2) will be equal to the radius of the sphere
Since the radius of the sphere (1) is + w' -d.

= perpendicular distance from (-«,-v.-vr) to the plane
ax + by + cz-k d\=Q

(-«,

- au - bv - cw y d\Vi7+ v^. + - d =or t 4

Squaring of both the sides, we get the required condition

(u^ + v^ + w^ ~d) {a^ + + c^) = {au + bv + cw

SOLVED EXAMPLES
Example 1. Find the equation of a tangent plane to the sphere

x^ + y^ + z--2x-4y-6z + 9 = 0atii, 1, I). 
Solution. Equation of tangent at (-ri.}’!, Zi) to the sphere

X* + / + + 2iu: + 2i'>’ + 2wz + d = 0 is
xt| + >'}’i + zzi + «{;r + xi) + V (y + >',) + w (: + Z|) + d = 0. 

Here (xi.y], zi) = (1.1, 1) and the sphere is
+ y- + z^ - It - 4y - 6z + 9 = 0.

So, the required tangent plane is
xti + yy, + zz, - (x + AT,) - 2 0 + yi) - 3 (: + Z|) + 9 = 0 

jt + y + z-{A,-+l)-2{y+l)-3(z+l) + 9 = 0 
-y-2z + 3 = 0 

y + 2z - 3 = 0.
Example 2. Show that the plane 2t - 2y + z + 12 = 0 touches the sphere 

x^ + y^ + z'-2x-4y + 2z-2 = 0.

i.e..
or
or

Solution. The given sphere is
x^ + y^ + z^~2x-4y + 2z-3 = 0.

Centre is (1. 2, - 1) and its radius is Vl +4 + J + 3 = 3.
Now, the perpendicular distance from (i. 2, - 1) to the plane 2a:- 2y + z + 12 = 0 is 

2(l)-2(2)-l + 12
'J4 + 4 + 1

= 3
which is equal to the radius of the sphere. Hence the plane 2a: - 2y + z + 12 = 0 touches the given 
sphere.

Example 3. Find the equation of the two tangent planes to the sphere 
+ y^ + z^ - 2y - 6z + 5 = 0 which are parallel to the plane It + 2y - z = 0.

Solution. The equation of any plane parallel to the given plane 2a + 2y - z = 0 is 
2a + 2y — z = X,. ...(I)

Since (1) touches the given spheres. Then the perpendicular distance from the centre (0. 1. 
3) to the plane (1) is equal to the radius VT of the sphere.

2xO+2xl-3-X = ±^5-
V4 + 4 + 1

-3-X = ±3V^ or l = -3-{±2'l5). 
Substitute the value of X in (1). we gej_

2a + 2y - z
2a +2y - z + 3 + 3^/5’ = 0.

This is the required equations of tangent planes.

or

3 - (± 3-J5)
or

TEST YOURSELF-3
1. Find the equation of tangent planes of the sphere a^+ y^ + z^ + 2a - 4y + 6z - 7 == 0 which 

intersect in the line
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77i(' Sijlu'rc6.V-3>'-23 = 0 = 3z + 2. >
2. Find the equation of the sphere described on the line joining the points (3,4, 1) and 

{- 1. 0, 5) as diameter and find also the equation of the tangent plane at (- 1,0,5).
3. Prove . that the equation of the sphere which touches the sphere

+ + z^) + ICU- 25>' - 2z = 0 at (1. 2, - 2) and passes through the point (-1,0.0) is
+ y^ + z^ + 2x-6y+ I = 0.

4. Find the equation of the sphere touching three co-ordinate axes. How many such spheres can 
be drawn.

5. Find the equations of the spheres which pass through the circle .x^ + y^ + z'^ = 5. 
a; 2_v -H 3j; = 5 and touch the plane 4a: + 3>’ = 15.

6. Show that the sum of the squares of the intercepts made by a given sphere on any three mutually 
perpendicular straight lines through the fixed point is constant.

7. A sphere touches the three co-ordinate planes and passes through the point (2, 1,5). Find its 
equation.

ANSWERS

2. 2a:-y-t-42-5 =0 and 4a--2y-2- 16 = 0.
3. a-^ + 2^ - 2x - 4y - 62 -1- 2 = 0; a: -I- y - 2 -t 6 = 0.
5. x^ + y^ + z^± 2rx ±2ry± 2rz -I- 2r^ = 0; Eight spheres.
5. :^ + y^ + z^+ 2x+ 4y + 6zx - l[ = 0'. 5 (x' +y' + z~) - 4x-Sy - I2z -3 = 0.
7. ^^-fy^ + 2^-10x-10y- 102 + 50 = 0.

• 23.8. INTERSECTION OF TWO SPHERES
(a) Angle of intersection of two spheres.
When two spheres intersect each other, then the angle of intersection of two spheres at the 

common point of intersection is equal to the angle between their tangent planes at the common 
point.

(b) Condition for orthogonal intersection of two spheres.
When two spheres intersect each other, the intersection is said 

to be orthogonal if the angle of intersection is a right angle.
Let C| and C2 be the centres of two spheres and P be the

common point of intersection as shown in fig. 5.
Since ZCiFCi = 90°, then in ACiFCj

C,C2^=CiP'-^C2F^.
Let T] and rj be the radius of two spheres respectively then 

ri + ri - C1C2 .
Let- the equation of two spheres be

a:^ + y^ + 2^ + 2«ia: + 2v,y + 2^12 -H = 0 
x~ + y^ + z^ + 2u2X + 2v2y + 2w22 = 0.

Then centres Cj and C2 are respectively {- Kj, - Vj, - wi) and (-■ hi, - '’2, - wi) and 
= «i'4-V] -H W| - c/i and ri = U2 +'^2 + ^2 ~ ^2- 

The distance between the centres Ci and C2 is • •
CiC2‘ = (U2 - Uif + (Vj - V|)^ •+ {^2 - W|)^

...(1)

...(2)
and ...(3)

(1) becomes
222 222 2 2 

Hj + Vj -H W) — di + U2 +V2^ + W2 —d2=(U2-Ui) + (Vt — Vj)" + (W2 — Wj)

2«i«2 + 2v,V2 + 2m’iM’2 =</i -H di-
This is the required condition for onhogonaiity of two spheres.

REMARKS

or

► If I n -f- r21 = C1C2, then the spheres touch externally.
>• If I ''i - ^21 = C1C2, then the spheres tocuh internally.
>■ If 0 be the angle between the tangents at the point of intersection of the spheres, then

2,2 2
r, + r2-CiC2

2ri/-2
cos 0 =
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Calculus <S Geometry SOLVED EXAMPLES
Example 1. Find the equation of the sphere that passes through the circle

spherex^ + y‘̂ + z^-2x + 3y-4z + 6==0.
+ y^ + + 2x + 4y - 6z+ 1 i =0 orthogonally.

Solution. The equation of a sphere through the circle
+ 2^ - 2a: + - 4z + 6 = 0, Ir - 4>- + 5^ - 15 = 0 is

{/ + - 2x + 3> - 4c + 6) + lOx - 4>> + 5z - 15) = 0
+ / + z^ + (- 2 + 3X) X + (3 - 42.) >- + (- 4 + 5X) z + 6 - 152. = 0....( 1)

3x-4>' + 5z- 15 = 0 and cuts the

or
Since (1) cuts the given sphere

a:^ + >’^ + z' + 2v + 4^ - 6z + 11 =0 orthogonally. 
2«iH2 + 2v|V2 + 2w|H’2 = di +^4- 

3-4A
Then.

2 -2 + 32. 2 -4 + 52.+ 2 x2 + 2 x(- 3) = 6-I5X+ll2 2 2 2
2(- 2 + 32.) + 2(3 - 42.) - 3(- 4 + 52.) = 17 - 152.
- 5X = 1 or X = - 1/5- 

Putting the value of X in (1), we get

5(x^ + y- + z^) - 13x + 19y - 25z + 45 = 0.
This is the required equation of a sphere.
Example 2. Two spheres of radii ri and r-i cut orthogonally. Prove that the radius of the 

common circle is

or
or

19
— )'-5z+9 = 0

or

fi'-i

V..V.A
Solution. Let the equation of the common circle be 

x^ + y^ = a^, z = 0.
Therefore, the equation of the given spheres through the circle (1) are 

x^ + y^ + z'+ 2Xz - = 0
x^ + y^ + z- + 2pz-n' = 0.
Cf = k + a . fy = \X + a .

Since (2) and (3) cut orthogonally, then
2«| Uy + 2\‘[V2 + 2m’] Wy = d] + dy

2Xxp = -a'-n^ or X^p'= fl'’(squaring)

...(1)

...(2)
and ...(3)

/ 2 2, , 2 2, 4(r, ~a){ry -a) = a ('. r/= X" + fi", is” = ft ■*■"')or
'■l''22 2 = fl^(r|^ + r2') orn =or ry

'■|'■2

.'. radius of the circle is
d 2 , 2Nr, +r2

• SUMMARY

• Equation of a sphere of centre (a, P, y) and radius /• is (x - a)^ + (y - P)' + (z - 7)‘ = r'.
• Equation of a sphere having (xi.y,, z) and (A:2,y2, zz) as end points of its diameter is

(x - X|) (x - X2) + (y - yi) (y - yy) + (z - Z|) (z- zy) = 0.
• General quation of a sphere is x^ + y^ + z^ + 2m.v + 2vy + 2vvz + if = 0 with its centre

(- u, - V. - w) and radius = 'lu^ + - d.
• Equation of sphere through

5 s x^ + y^ + zV 2«x + 2vy + 2wz + d = 0 
F s ox + iy + cz + d = 0and

is givn by 5 + XF = 0.
• Tangent plane at (xj.yi.z,) to th sphere x^ + y^ + z‘ + 2nx + 2vy + 2wz + d=0 is given by

• ^i + yyi + ZZi + « (a: + x,) + V (y+ y,) + wfz + z,) + d = 0.
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Two sphe^ x^ + y^ + zh 2ii,x + lv,y + + rf, = Q and
^ +y +2u2X + 2\’2}’ + 2w2Z + d2 = 0 cui onhogonally if 2k,«2 + 2i',i'2 + 2w

* STUDENT ACTIVITY

7/jr Sphrrr
I>i’2 -</( +i/j.

J. A plane passes through a fixed point (p. q, r) and cuts olT th
locus of the centre of the sphere OABC is ^ + ^ + - = 2

X y z ■

axes in A, B. C- Show that the

.. Find the equation of the tangent plane to the sphre .t^+>’^ + j^-2x-4>'-6c + 9 = 0 at 

(1.1.1).

a
® TEST YOURSELF-4

c + 2 = 0 at the point,:phere which touches the plane 3x-5-2y-
orJtofonfllly the sphere + c _4x+6y + 4 = 0

g*eres Si = 0 and S’ = 0 at right angles wiH cut the

of aFind the eqtation
(1.-2.1) and also cuts

^ Prove that thesph«e>.,S,+X2S2 = 0«nshtangles.

Show that the spheres^

two

^r'*z^-^x-2y-^2i-y = 0
- 8x - 8y - 10: + 4! = 0and

touch externally.
Show that the two spheres

r + >-' + + 6y + 2: + 8 = 0
+ 6.r + 8y + 4; + 20 = 0and

arc orthogonal.

ANSWERS

1. + y^ + z‘ + 7x + lOy - 5: + 12 = 0.
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OBJECTIVE EVALUATION 

► FILL IN THE BLANKS :
j In the equation of a sphere the coefficients ofy^. must be

The equation ax' + by^ + cz^ + 2ux + Ivy + 2wz + rf = 0 represents a sphere if 
The equation of a sphere whose centre is (0. 0. 0) and radius is a is...........

Cotctilus & Geometry

f
2.
3. f

V TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:
j The centre of the sphere x^ + y^+z^ + 2ux + 2vy + 2it'z + d = 0 is (- u, - v. - w).
2. The centre of the sphere (;c - 2) (a: - 4) + (y - 1) (>’ - 3) + (z - 3) {z - 5) = 0 is (3, 2, 4). (7'//')
3. The centre of the great circle is the centre of the sphere.

t r im-}

(VF)

> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

2 2 2The centre of the sphere .r +>■ +z - ax~ by - cz = 0 is :
/ I ^n £ £
2’ 2' 2

1.
(a) (0,0,0) (b)

(d) (a,' b. c).' ' 2’ 2' 2 
2 The radius of the "sphere 2x^ + 2y^ + 2z} = 50 is :

(b) 25(a) 5
(c) 50

3. The number of spheres that are touching the co-ordinate axis are ; 
(a) Infinite 
(c) 1

(d)2.

(b)0
(d) None of these.

ANSWERS
Fill in the Blanks :

1. unity 
Ttme or False :

l.T 2.T 3.T
Multiple Choice Questions : 

l.(b) 2. (a) 3. (a)

2. a = b = c 3. x- + y^ =

[

f
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'Ili/j Ci’iti-UN I T

THE CONE
STRUCTURE

The Cone
Equation of a Cone with Its Vertex at the Origin 
An Important Result
Equation of a Cone Passing through the Axes
• Test Yourself-1
Equation of a Cone having a given Vertex and given base (Guiding Curve) 
Condition lor the General Equation of Degree Two to be a Cone
• Test Yourself-2
Tangent Line and the Tangent Plane 
Condition on Tangency 
The Reciprocal Cone
• Summary
• Student Activity
• Test Yourself-3 

LEARNING OBJECTIVES
After going through this unit you will learn :

How to find equation of a cone with given vertex and given base curve. 
How to find the cone reciprocal of the given cone,

• 24.1. THE CONE
Deflnition. A surface generated by a moving straight line which passes through a fixed point 

and touches a given surface or intersect a given curve, is called the cone.
Vertex. A fixed point through which a moving line passes, is called the vertex of the cone. 
Guiding cun'e. The moving line which interest the given curve, this curve is called the guiding

curve.
Generator. The moving line in any position is called the generator.

• 24.2. EQUATION OF A CONE WITH ITS VERTEX AT THE ORIGIN
To obtain the equation of a cone having its vertex at the origin is a homogeneous equation 

of degree two in x, y, z.
Let us assume that the genera! equation of degree two in x, >■ and z represents a cone with its 

vertex at origin 0. Let its equation be
ax^ + by^ + cz^ + 2Jyz + 2gzx + 2hxy + 2ux + 2vy + 2tvz + d = 0.

Let f' be any point on the cone whose co-ordinates is (X|,yi, Zi). Then the equation of its 
generator OP is given by

...(1)

___ Z_

^1 yi 2i
Any point Q on this line is (rxj. ry,, rz\) where

...(2)

i = i2 = ^ = ,.(say).
>’l 2i

Since OP is the generator of (1) and Q is any point on this tine OP. then Q will satisfy the 
equation (1) for all values of r.

a{rxS' + b{ry^)' + c-(rz,)- + 2/r^yiZ, -H 2gr^z,X; + 2hr%y,
+ 2urxt + 2v/7i -t- Iwrzi +d = 0
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Cnlcidus <t Geomerry (ac|^ + byi^ + czi^ + 2fyiZ\ + 2^21X1 + 2/ja:|Vi) + /•(2((.V| + 2\'3'| + 2ivc|) + cl = 0.
For all values of r (3) must be an identity. Therefore we must have 

axi^ + by^^ + cz\' + 2fyiZi + IgZiX^ +2hx\yi = 0 
2h.T| + 2vyi 4- 2wz| = 0 

d = 0.
From equation (5) it has been observed that the point Pix^.y^, zj) satisfies an equation of 

degree one which gives that the surface is a plane if u, v and w are not all zero. But the surface is 
assumed to be a cone, hence u. v. w all should be zero, t.e., 11 = v = w = 0. Now from equation (6) 
we obtained that = 0. Therefore substituting w = v = w = 0 and r/ = 0 in (1) we get (1) reduces to 
a homogeneous equation of degree 2 in x. y, z-

ax' + by^ + cz~ + 2fyz + 2gzx + 2hxy = 0.
Hence the equation of a cone with its vertex is a homogeneous equation of degree two in

.2 ...(3)or I

...(4)

and ...16)

i.e..

X. y, z.
Conversely, Every equation which is homogeneous of degree two in x, v, z represents a cone 

with its vertex at the origin.
Let the homogeneous equation of degree two in x, y, z be given by 

ax^ + by^ + cz + 2fyz + 2gz,x + liixy = 0.

Let P{x\^ >'i< 2i) be any point. Which obviously satisfies (1). Therefore for all values of / , the 
point (rail, /y-i, rz[) also satisfies the equation (1). Thus any point (r^i, ryi, rzi) on the line OP. where 
Ois the origin satisfies the equation (1). Hence the line OP is the generator of the surface (1) through 
the origin. Consequently the surface (1) represents a cone with vertex at the origin O.

...CD

• 24.3. AN IMPORTANT RESULT
The direction-cosines of the generator of the cone satiify the equation of the cone with its 

vertex at the origin.
Let the equation of a line representing the generator of a cone with its vertex at the origin be

£-2.-1.
I in n (1)

and let the equation of a cone be

ax^ + by' + cz^ + 2fyz + 2gzx + 2hxy = 0. ...(2)
Any point on the line (1) is {Ir, mr, nr), where r is the distance of this point from the origin 

O, because I, m. n are the actual direction-cosines. Since any point on the generator will satisfies 
the equation of a cone (2), then

P'lal^ + bnt^ + cii^ + 2finn + 2gnl + 2hlin] = 0
al^ + btrP' + cn^ + 2fmn + 2gnl + 2hlm = 0

Conversely. If at + bm + cn' + 2fmn + 2gnl + 2hlm = 0. then the line with direction-cosincs 
1. m, n is a generator of the cone (2) with its vertex at origin.

(;.• rv.O)or

• 24.4. EQUATION OF A CONE PASSING THROUGH THE AXES
Since we know that the equation of a cone with its vertex at the origin i.s satisfied by the 

direction-cosines of its generator. Here the xr-axis. y-axis, and z-axis are the generators of a required 
cone.

Let the equation of a cone with its vertex at the origin of degree two be given as 
ax' + by^ + cz^ + 2fyz + 2gzx + 2hxy = 0.- 

Since-t, y, z axes are the generators of (1) and d.c.'s of xr.y and z are respectively, 1.0, U; 
0, 1, 0; 0. 0, 1. then we have a = 0.b = 0 and c = 0.

Thus (1) becomes

...(])

2fyz + 2gzx + 2hxy = 0 
fyz + gzx + hxy = 0.

This is the required equation of a cone of degree two with its vertex at the origin passing 
through the co-ordinates axes.
SOLVED EXAMPLES

or

Example 1. The plane ~ ^ ~ ~ ^ meets the co-ordinate axes in A, B and C. Prove that 

the equation to the cone generated by lines drawn from 0 to meet the circle ABC is
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DC c a a b ^vz ~ + T +CT - + - +jy T + - =0.
CD a c b aV / \ / V /

Solution. Since the plane - + ^ + - = 1 intersects the co-ordinate axes in A. B and C, then the 
a b c

co-ordinates of A, B, C are respectively (a, 0, 0), (0, b. 0) and (0. 0, c).
The equation of a sphere passing through A(a, 0,0), B(0. 0), C(0,0, c) and 0(0, 0, 0) is

x' + y^ + z'-ax- by - cz = 0.
Therefbre, the circle ABC is the intersection of the sphere (1) and the plane

- + f +a b c

Now making (1) homogeneous with the help of- + ^-i--

x^ + y' + z -(ax by ^■cz)y-\ = 0
/ \

a:' + + Z^ - (ax + by + cz), - -H
a

The Com-

-..(1)

= 1 as follows ;

f + - =0b c
'a b\
- + - =0. b a

or

'^b c 
— + T +ZX — + — +xy c b a c

c a
Hence proved.or

Example 2. Prove that the equation of the cone, whose vertex is the origin and base the curve 
z = k.f(x.y)=0is

z z
\ y

Solution. Let the equation of the generator through the origin 0 be 

I in n
Since this line meets the plane z = k. then

£ _ _ A
I m n

...(1)

Ik ink
x = —,y =n n

Now putting the values of .v and v in_/(x, y) =0, we have 

n n = 0. .-(2)
Eliminating I, in, n from (1) and (2), we get

f(^ = 0. Hence proved.z z

Example 3. Find the equation to the cone whose vertex is origin and which passes through 
the curve given by ax^ + by' = 2z,lx + my + nz = p.

Solution. The equation of given curve are 
OA-- -h by- = 2z 

lx -(■ my + nz = p.
Equation (2) can be written as 

lx + my + nz

...(1)
and ...(2)

= 1. -(3)P
Now making (1) homogeneous with the help of (3), the required equation of (he cone with 

vertex at the origin is
lx + my + nz'ax' + by' = 2z 

p(ax' + by^) = 2z (lx + my + nz).
P

or

• TEST YOURSELF-1

1. Find the equation of a cone whose vertex is (0. 0. 0) and which passes through the curve on 
intersection of the plane lx + my -¥nz=p and the surface ax"^ + by^ + cz} =\.

2. Find the equation of the cone with vertex at the origin and which passes through the following 
curve :

ax'+ by^-t-= 1, cu-+ py^ = 2z.
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ICalculus tJ Ceomelrv 3. Find the equation of the cone with vertex at (0.0, 0) and passing through the circle given hy 
+ y' + + X - 2y + 32 - 4 = 0, .-v - y + : = 2. f

>1

ANSWERS

2. 42- (ax' + by- + cz) = [ax' + Py')^1. p^{ax- + by- + cz-) = {lx + my + nz)'. 
3. x^ + 2y^ + 3z-+xy-yz-0.

• 24.5. EQUATION OF A CONE HAVING A GIVEN VERTEX AND GIVEN 
BASE (GUIDING CURVE)

To obtain the equation of a cone whose vertex is (a, P, y) and the guiding curve {base) the
come

a:C + by- + 2hxy + 2gx + 2_^ + c = 0,2 = 0.
Let the equation of any line in symmetrical form through the point (ct. p. y) be 

x-a. _ y - P _ 2 - y ...(I I/ m n
Then the required tone is given by

a (02 - -{xf + i(Pz - yyf + 2h{az - yx) (pz - yy)

__________ + 2;e(a2 - Yx) (2 - y) + 2/(P2 - yy) (2 - y) + c(z - y)^ = 0

or

• 24.6. CONDITION FOR THE GENERAL EQUATION OF DEGREE TWO TO 
BE A CONE

Working Procedure
(1) Make the equation homogeneous by niultipiying a new variable ' with proper power.
(2) Differentiating the equation so obtained partially with respect to x. y, z and i.
(3) Now equating the differential coejficeinis to zero and then put r = 1.

If F= F(x, y, 2, O' <ben at t= 1.

oy az
^ = 0= 0 andTx 3f

0.^ = 0,3F 0 give the vertex and if this vertex satisfiesFirst three equations ^ 
ax

dF— = 0, then the eqaution F{x,y. z) = 0 is the equation of a cone, 
at
SOLVED EXAMPLES

Example 1. Find the equation of a cone whose vertex is the point P{a. p, y) and whose 
generating lines pass through the conic

3z3y

2 2X iL = 1.2 = 0.2 + , ■? 
a b-

If the section of this cone by the plane x = 0 is a rectangular hyperbola show that the locus
of P is

Y^ + Z- = !.

Solution. The equation of a line through (he point (a, P. y) 
x-a y-P 2-y

b^

...(1)I nm
Since the line (1) meets the plane z = 0, then 

x-g y-p -y ...(2)/ in n
and the co-ordinates of the point at which (I) meets 2 = 0 is given by (2). are

n n

This point will lie on the given conic, if
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■,2 s21 f N
-T a--^

The Cone

n
= L .,.(3)•)

ar n
Eliminating I, m. n from (1) and (3), we get 

x-a / nM2v-3\"I 1

{az-yxf (pz-yy)^ . 
b^

= 1^ a-Y z-y z-ya

or ...(4)

This is the required equation of a cone. 
Further, the section of this cone (4) by jr = 0 is

= (z-yf
2 2 (P^-yy)^a 2

(By putting j: = 0 in (4))2 b^a
'a? ^.,1I ^ + 22Y-r = 0

0

If this equation represents a rectangular hyperbola in yz-plane then, we have

I 2 u,
Z2y *b a

or
b^

b^ b-
V J

The locus of F(a, p, y) is obtained by generating a, p, y to x, y, z. That is

Example 2. Prove that the equation
ax^ + by^ + + lux + Ivy + 2wz + d = 0

2 2 2 .. U V w
represents a cone tf — + T + — = «• 

a b c
Solution. Making the equation homogeneous of degree 2 by multiplying the proper power of

coefficient of y^ + coefficient of z^ = 0)

= 1. Hence proved.b^

t, we get
J[x, y, z. t)sax^ + by^ + cz + luxt + 2vyr + 2^2/ + dt^ = 0. 

Differentiating (1) partially w.r.t. x, y,.z and t, we get

= lax + 2Mf,

...(1)

= Iby + Ivi,dx dy

= 2c2 + Iwt, 
d2

Now putting t = 1 and taking ^ = 0, -^ = 0,
ax - dy dc

^ = lux + Ivy + Iwz + Idt 

0^
= 0, we get

lax + 2u = 0 = 0 and t = I
dx

^ uax + u={) or x = -—■or
a

V wSimilarly, y = -T. 2 = -b c
and i« + vy + W2 + d = 0.

Substitute the values of x. y and z in (2), we get
3 ? 3 9

I* V' W , ^ U V
- — -~r- — + d = 0 or — + -7 a b c a b

-..(2)

2

— = d. •
c

• TEST YOURSELF-2
1. Find the equation to the cone whose vertex is the point (a, b. c) and whose generating lines 

intersects the conic px^ + gy^ =1,2 = 0.
2. Find the equation of the cone, whose vertex is (a, p, y) and base ax^ + by^ = I, z = 0.
3. Prove that the equation of a cone whose vertex is the point (a, p, y) and base curve as

z' = 4dy, X = 0 is (yx - azf = 4b(a- x) (ay - Px).
4. Find the equation to the cone whose vertex is (a, P, y) and base y^ = 4<ix, 2 = 0.
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5. Find the equation to the cone whose vertex is (a, p, Y) and whose generating lines pass throughCalculus Geometry

the conic — + , = 1,2 = 0.

The vertex of a cone is (a, b. c) and the yc-plane cuts if in the curve F(y, ’) = 0, .v = 0. Show
that the at-plane cuts it in the curve

- bx cx-az' y = 0.F —

6.

I= 0.
X-a X-a

ANSWERS

1. c' (px' + qy^) + (pa^ + qb^ - 1) -2c (apzx + hqyz-z) = c~.
2. a(ccz- yx)- + b(^z- yy)- = (z- yf. 4. (pz - yyf = 4a (az - yx) (z -- y). 
5. b- (az - yxf + (pz - Yy)' = aV (z - Y)^-

• 24.7. THE TANGENT PLANE

The equation of a plane to the cone ax^ + by'+ cz' + 2Jyi + 2gzx + 2hxy = 0 at the point
(a, P. y) is

xiaa +h^+gy)+ y(ha + AP +Jy) + z(ga +/ P + cy) = 0

• 24.8. CONDITION OF TANGENCY
To obtain the condition for a plane lx + my nz = Q to be a tangent plane to the cone 

ax^ + by^ + cz + 2/yz + 2gzx + 2hxy = 0.
Since the equation of a cone with vertex at the origin is given by

ax' + by^ + cz?' + 2fyz + 2gzx + 2hxy = 0 . ■ ..(1)
and the equation of a plane is

...(2)/x + my + ni = 0.
The equation of a tangent plane at (a, P, y) to the cone (I) is

x(«a + /ip + gY) + + &P +/f) + z{ga +/p + cy) = 0.
Let us suppose (2) and (3) represent the same plane, then we have 

ag + lip + gY lia + ^P + fr ga+/P + cY

...(3)

= k (say)
/ m n

«a + fjp + gY -. 
aa + /tp + gY - /* = 0.
/la + iP +/i' - mk = 0 
ga +/P + CY - = 0.

Since the point (a, P, y) also lies on the plane (2). then 
la + (jiP + ny = 0 

la + m^ + ny-Q.k-Q.
Now eliminating a, p, y and - k from (4), (5), (6) and (7). we get

a h g I 
b b f in 
g f c n 
I m n o

...(4)or
..(5)Similarly,
...(6)

..(7)or

...(8)

This is the required condition.

• 24.9. THE RECIPROCAL CONE
Definition. The locus of the lines passing through the venexofagiven cone and perpendicular 

to the tangent planes is obtained a surface, which is called the reciprocal cone.
Or

The locus of the normals drawn through the vertex of a given cone to the tangent planes is 
called the reciprocal cone.

Equation of the Reciprocal Cone :
To obtain the reciprocal cone to the given cone

as? + by' + cz + 2fyz + 2gzx + 2hxy = 0.
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Let the equation of a tangent plane to the given equation of a cone be 
lx-\-iny + III = 0.

The Ciinr

■ .-(1)
The equation of a cone is

ax^ + by^ + cz- + Ifyz + 2giv + 2l\xy = 0. 
Since (1) is a tangent plane of (2) provided the condition 

+ Bn? + O? + 2Fmn + 2Gnl + 2Hlin = 0

-(2)

-(3)
A = bc B = ca-g^,C = ab-!?. F = gh- af,
G = Ilf- bg, H =fg - cli.

The direction ratios of a normal to the plane (1) are /, m, n.
The equation of the normal to the plane (1) passing through the vertex (0.0,0) of the given

where

cone (2) is

I m n
Eliminating /, m. n from (3) and (4), we get

...(4)

Ax^ + By^ + + 2Fyz + 2Gzx + 2Hxy = 0. •

This is the required equation of the reciprocal cone of the given cone. 
Reciprocal Cone of Ax^ + By^ + Cz^ + 2Fyz + IGtx + IHxy = 0. 
Let the reciprocal cone of

A:C + By' + Cz^ + 2Fyz + 2Gzx + 2Hxy = 0 
be the cone A'x~ + B'y^ + Cz? + 2Fyz + 2G'zx + 2H'xy = 0 

A' = BC-F^, B’ = CA-G^. C = AB-H^,
F = GH-AF, G' = HF-BG, H' = FG-CH.
A' = BC-F^= {ca - g^) {ab - h^) - (gh - af?

= a'bc - ad? - abg^ + g't? - g^h' - a^f + 2afgh 
= aiabc + 2fgh - af - bg" - ct?)
= nA, where A = abc + 2fgh -af- bg^ - cl?. 

Similarly. B'= hA.C'= cA, F =/A, G'= gA, H'= hA.
Now substitute the values of A', B', C, F. G', H' in (2), we get 

A {ax^ + by^ + cz? + 2fyz + 2gzx + 2hxy) = 0.

...(2)
where

Since A ^ 0

ax^ + by^ + cf + 2fyz + 2gzx + 2hxy = 0.

This is the required equation of the reciprocal cone of
Af + Bf + Cf + 2Fyz + 2Gz.t + 2Hxy = 0.

REMARK
of + bf + cf + 2fyz + 2gzx + 2/ay = 0 

Af + By- + Cf + 2Fyz + 2Gzx + 2Hxy =• 0 
are the reciprocal cone to each other. That is why the word “Reciprocal" means.

SOLVED EXAMPLES
Example 1. Find ihe equation of a cone reciprocal to the cone 

ax^ + by^ + cz^ = 0.
Solution. Let the reciprocal cone be

Ax^ + By^ + cf + 2Fyz + 2Gz* + 2Hxy = 0.
Since the equation of the given cone is 

af + by^ + cf = 0.
Now compare this equation (2) with the equation

af + by^ + cf + 2fyz + 2gzx + 2/ay = 0 
a = a,b = b,c = c,f= 0, g = 0. /i = 0.

Further since./! = be -f. B = ca- g^.C = ab - f,
F = gh - af G = hf- bg. H =fg - ch.
A=bc-f = bc-0 = bc 
B = ca-g^ = ca-0 =
C = ab -1? = ab - 0 = ab

>
and

..•(1)

...(2)

we get

ca
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Calculus <i Geometiy F=:gh-af=0-0 = 0. 
G = 0,// = 0,

and
Similarly
Substitute these values in (1). we get

bcx^ + cay^ + ab^ = 0.
Divide by abc, we get

2 2 ■ _2X ^ + ^ = 0.— +
ba c

This is the required equation of a reciprocal cone.
Example 2. Prove that the equation

/V +4^^ + h\- - 2ghyz - 2hfzx - 2fg xy = 0 
± -^(gy) ± S(hz) = 0or

represents a cone which touches the co-ordinate planes.
Solution. The given equation is__

V^±V(i^±V^=0 or■,V^±V^= + ^/^.
Squaring of both sides, we get___

fic + gy±2-0)'l(^ = hz or fx +gy - hz = + 2'^^.
Again squaring of both sides, we have

(Jx +gy - lizf = 4fgxy
+ sY + /'V + 2fgxy - 2ghyz - 2fhzx = 4fgxy 

fx^ + gy + iiV - 2fgxy - 2ghyz - 2fhzx = 0.
This is a homogeneous equation of degree 2, hence this represents a cone.
If the plane x = 0 intersect (1), then

gy + h^z^ - 2ghyz = 0 or {gy - hzf = 0.
It is therefore obtained a perfect sqaure hence a: = 0 touches (1). Similarly y = 0, : = 0 also 

touch the cone (1)

or
-.(])or

• SUMMARY
Equation of a cone with its vertex at the origin is given by 

rcc^ + by^ + cV + 2fyz + 2gzx + 2hxy = 0.

If 7 = -^ = - is the generator of a cone ax^ + by' + cz' + 2fyz + 2gzx + 2hxy - 0, then
I m n

al^ + bm^ + cit^ + 2fnm + 2glx + 2hlm = 0.
Equation of a cone passing through coordinate axes is 

jyz + 8ZX-i-hxy = Q.
Tangent plane at (a. 3, y) to the cone a.x^-+ by' + cz + 2fyz + 2gzx + 2hxy = 0 is given by 

(aa + /ip + gY) + y {ha + ip +fy) = z {got +3 + cy) = 0.
The equation of a cone reciprocal to the given cone ax^ + by^ + cz' + 2fyz + 2gzx + 2hxy * 0 is 
given by

Ax^ + By^ + + IFyz + 2Gzx + 2Hxy = 0.
where A = bc B = ca-g^.C = ab-li'.F = gh -af,G = hf- by, H=fg - ch.
Angle between the plane ux + uy + wz = 0 and the cone

/(x.y, = + by^ + cz^ + 2Jyz + 2gzx + 2hxy = 0 is given by
_________ + v~ + w^____________ '
{a + i + c),(i/ + v^ + rv^) -/(«. v, w) .

-10 = tan 2p

a h g u 
h b f V 
8 f c w
14 V W O

The cone ax^-t-by'-i cz^ + Ifyz + 2gzx + 2hzx + 2hxy = 0 has three mutually perpendicular 
generators if a + i + c = 0.
The cone ox" + iy^ + + 2^z + 2g^ + 2/wy = 0 has three mutually perpendicular tangent
planes iff + + h^ = ai + ic + ca.

2where P =
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• STUDENT ACTIVITY
1. Find the equation of the cone whose vertex is the origin and which passes through the 

given by ax^ + by^ = 2z, lx + my + nz= p.
curve

2. f^ve^that the equation ax^ + by^ + cz^+ 2ux + 2vy + 2wz +d=0 represents a cone if 
H V ,— + -- + — = d. a b c

• TEST YOURSELF-3
1. Show that the reciprocal cone of the cone

± ± = 0 
fyz + gzx + hxy = 0.

2. Prove that perpendicular drawn from the origin to the tangent planes to the cone 
ax^ + by^ + cz^ = 0 lie on the cone

3. Find the equation of the cone reciprocal to the conefyz + gzx + hxy = 0.

IS

a c

ANSWERS

fV + gV + hV - 2ghyz - 2hfzx -fgxy = 0.1.

OBJECTIVE EVALUATION 
> FILL IN THE BLANKS :

1. The equation of a cone with its vertex (0, 0, 0) is homogeneous of degree...........
2. Every homogeneous equation of second degree represents a cone whose vertex is.......
3. The equation of a cone of second degree passing through the axis is...........
4. • The equation of the cone whose vertex is (0,0,0) and base the curve z = k,j{x, y) = 0 is

> TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:

X y z1. If the line y = ^ = ~ a generator of the cone yjx.y, z) = 0 (a homogeneous equation 

of second degree), theny^/,/n. n) =0.
2. The equation of a cone with its vertex at (0, 0, 0) is not homogeneous.
3. Every homogeneous equation of second degree in x, y, z represents a cone.

(T/F)
(T/F)
(T/F)
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Cnlciiliix i Geometry > MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :
The vertex of the cone fyz + gzx + hxy = 0 is :
(a) (0,0,0) (b) (1,1,1)
2. The degree of every homogeneous equation of a cone is :

(c) Three

i

(c) (0, I, 0) (d) (0.0.1),

(d) None of these.(a) One (b) Two
•/

ANSWERS
Fill in the Blanks :

3.fyz + gzx + hxy = 0 4. f — - ^ =02. (0,0.0)I. Two
z z

TVue or False :
1. T 2. F 3.T

Multiple Choice Questions :
1. (a) 2. (b) □□□

9

I
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The CylinderUNIT

THE CYLINDER
STRUCTURE

Cylinder
Right Circular Cylinder
Equation of a Cylinder Passing through a Given Conic
Equation of a Right Circular Cylinder
Equation of a Tangent Plane to th Cylinder
Summary
Student Activity
Test Yourself

LEARNING OBJECTIVES
After going through this unit you will learn :

About the cylinder and how to get the equation of the cylinder passing through the 
given conic

• How to find the equation of right circular cylinder 
How to find the tangent plane to the given cylinder

• 25.1. CYLINDER
Definition. A surface generated by a variable straight line which moves parallel to a fixed 

line and intersecting a given curve or touching a given surface, is called a cylinder.
Axis of the cylinder. The fixed line parallel to which a variable straight line moves, is called 

the axis of the cylinder.
Guiding curve. A straight line which intersect a given curve. This given curve is called the 

guiding curve.

• 25.2. RIGHT CIRCULAR CYLINDER
Definition. A surface generated by a moving straight line (generator) which moves in such 

a way that it is always at a constant distance from the fixed line (axis), is called a right circular 
cylinder and the constant distance is called the radius of this right circular cylinder.

• 25.3. EQUATION OF A CYLINDER PASSING THROUGH A GIVEN CONIC
To obtain the equation of a cylinder whose generator are parallel to the fixed line (axis) and 

intersecting the given conic.
Let the equation of fixed line through the origin 0 and having the direction-ratios /. m. n be

£ - X 
I ■ m It

...(1)

and that of the given conic be
ax^ + 2hxy + by^ + 2gx + 2fy + c = 0, z = 0.

Let P (a, (3. y) be any point on the surface of the cylinder. Then the equation of its generator is
.-(2)

x-g y-P z-Y
...(3)! m n

This generator (moving straight line) meets the plane z = 0 at the point whose co-ordinates

^ !la--*-. p - 0 . This point lies on the conic (2), we getare n

Self-Instructional Material 181



\2Calculus & Geomeity f .
a a--^

\ /+ 2/a-^ U-i!“
n n n

+ t = 0
n

Geometry and Vectors
(I (On - lyf + 2h(an - /y) (pn - /ny) + fc(p« - wy)^or

+ 2gn(cui - ly) + 2fii (P/I - my) + iCc = 0 ...(4)
Thus the locus of the point P(a, p,y) is obtained by generating a = P = y, y = z in (4), we

get
a(nx - Izf + 2h{nx - fe) {ny - mz) + b(ny - mz)^ 
_________________+ Ignlnx - Iz) + 2fnlnv - m7^ + it^c = 0

...(5)

This is the required equation of a cylinder.
Corollary. The equation of a cylinder whose axis is the axis of z passing the given conic 

ax^ + 2hxy + by^ + 2gx + 2fy + c = Q. z = Q 
is fx, y) s ox^ + 2hxy + by^ + 2gx + 2/y + c = 0.

X y zProof. Since the equation of a cylinder whose axis is J = passing the conic

+ f>y^ + 2hxy + 2gx + 2^ + c = 0, z = 0 is
alnx - Iz)' + 2h{nx - Iz) (ny - mz) + biny - mz)^ + 2gn{itx - tz) + 2fit{ny - mz) + n'c = 0

(From (5)1
Here the axis is axis of z, then putting / = 0. /n = 0. n = 1 in above equation, we get 

fix, y)s ax^ + 2hxy + by^ + 2gx + 2fy + c = 0. Hence pro red.
REMARKS

>. The equation/(x, y) s + 2/u-y + + 2gx + 2^ + c = 0 represents a conic in plane
geometry whereas in solid geometry it represents the equation of a cylinder w-hose aixs 
is the axis of z.

> The equation of a cylinder which intersects the curves fi (x, y, z) = 0, fiix. y, z) = 0, whose 
axis is the axis of z is obtained by eliminating z between f and/j.

• 25.4. EQUATION OF A RIGHT CIRCULAR CYLINDER
To obtain the equation of a right circular cylinder.
Let the equation of the axis through a point -4(a, p, y) be 

x-g y-P z-y ...(1)I m n
and let r be the radius of the cylinder let F(x, y, z) be any point on the surface of the cylinder and 
Q be-on the axis of the cylinder such that PQ= r. Since AQ is the projection of AP on the axis 
whose direction-cosines or ratios are I, m, n. Then

AQ = [{x - a) I + (y - ^) m + {z -y) n]/'^l^ + m' + n-

P,4=V[(x-a)U(y-P)' + (z-yf].
P (x, y. z)

and

A (a. P, r)
Q

Fig.l
InAAQP, x^PQA =90°.

PQ^ = PA^-AQ^
[(x-a)/ + (y-P)/n + (z-y) «]^r^ = [(x-af+ (y-p)^ + {z-Y)V

-[(x-a)/ + (y-p)m + {z-Y)nf + +
This is the required equation of a right circular cylinder.

or
..-.(2)

Self-Instructional Material 182



REMARK The Cylinder

>. If the axis of the right circular cylinder is z-axis, then the equation of right circular 
cylinder is obtained by putting a = 0, P = 0. y = 0 and / = 0, m = 0. n = 1 in (2) above, is

• 25.5. EQUATION OF A TANGENT PLANE TO THE CYLINDER

To obtain the equation of a tangent plane to the cylinder whose equation is 
ax^ + 2hxy + by^ + 2gx + 2/y + c = 0

at the point P{a, p, y)-
car + h{x^ +ya) + iyP +g(x + a) +/ty + P) + c = 0. 

Corollary. The tangent plane (1) touches the cylinder 
ax^ + 2hxy + by^ + 2gx + 2Jy + c = 0

-.(i)

along a generator.
Proof. Since the equation of a cylinder whose axis is the axis of z is given by 

fx. y) s + 2hxy + by^ + 2gx + 2^ + c = 0. ...(2)
The equation of a generator through the point (a, p.y) parallel to the axis of the cylinder is

x-g y-P z-y
= '•i (say) ...(3)0 0 1

any point on this line is (a, p, ri + y).
Now the equation of a tangent plane at (a, P, r^ +y) to (1) using the formula (1), we get 

ax(x + 2/!(xP + yg) + iyp + g{x + a) +fiy + p) + c = 0 
Thus (1) and (4) are identical. Hence the tangent plane (1) touches the cylinder along the

... (4)

generator.
SOLVED EXAMPLES

Example 1. Find the equation to the cylinder whose generators are parallel to the line 
X _ y _ z 
1-2 3

and the guiding curve is the ellipse x + 2y^ = 1, z= 3.
Solution. Let P(g, P, y) be any point on the cylinder. Then the equation of the genwator 

through P{g. P, y) and parallel to the line
X y z 
1 “-2“3 

x-g y-P z-yis given by 3 =^(say). ...(1)1 -2
Any point on this line is (/■ +g, - 2r+P, 3r+ y). This point lies on the ellipse 

x^ + 2y^ = 1, z = 3. then we get
(r + g)^ + 2(- 2r + p)^= 1.

3/- + y = 3.
Eliminating r between (2) and (3), we get

...(2)
and .-(3)

v2 x2
3-Y

{3g + 3 - y)^ + 2 (- 6 + 2y + 3P)^ = 9.
Thus the locus of P(a. p, y) is

(3x-z + 3)^ + 2(3y + 2z-6}^ = 9
9x^ + z^ + 9 - 6zx - 6z + 18x + 18y- + 8z^ + 72 + 24yz - 48z - 72y = 9 
9x^+ 18y- + 9z^ + 24yz-62x+ 18x - 54z-72y + 72 = 0,

Example 2. Find the equation of the right circular cylinder of radius 2 and whose axis is the

+ 2g + 3

or

or
or

line
x-l_y_z-3 

2 3 1 ■
Solution. Let P(x, y, z) be any point on the cylinder. The eqution of its axis is 

X- 1 _ y _ z- 3 
2 3 1
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Calculus & Geomeiry d.r.’s of this line 2. 3, 1.
2 3

d.c.’s of this line are___
Vi4 Vi4 -m

1

Let/1(1, 0, 3) be any point on the axis and let Q be a point on the axis a such that ?Q = 2. 
The projection of AP on the axis = QA

or QA = {x- \)-^ L + (c-3)- 1 1+ Cv-0)- 

{x-\f+y^ + {z-2,f.

{2x + 3>’ + z - 5)
x/TT' '/l4'lu V14

PA^and
P (x, 1', z)

A 2
A fl.O, 3)

Q -V.

Fig. 2
In APQA, ZPQA = 90', then 

PQ^ = PA^ - QA-
4 = [(x-lf + y^ + (z-3)-]--^{lx + 3y + z-5f

56 = 14 [(x ~ 1.)- + / + (;- 3)-] - (2x + 3y + c - 5)‘
14 (x^+y- + z^-2x-bzA 10) - (4x'^ + 9y'+ z’+ 25 + 12.ty + 6yz

or

or
or

+ 4zx- 2Qr - 30>' - 10.-) = 56
lOar^ + 5>’' + 13z^ - 6yz -4z.v - I2xy - 8,v + SOy - 74z + 59 = 0.

Example 3. Find the equation of the cylinder which intersects the curve 
ax^ + by^ + cz^= 1, lx + iny + nz = p whose generators are parallel to the axis of x.

Solution. The equations of guiding curve are 
ax^ + by^ + cz^ = 1 

U + my + nz = p
Since the generators of the cylinder are parallel to .r-axis. therefore the required equation of 

the cylinder will not contain the terms of x. So eliminating a- between (1) and (2), we get

or

..(1)
...(2)and

2

n +iy^ + cz-l
/

a(p^ + m^y^ + n^z' - Ipiiiy - 2pxz + hnnyz) + bP'y^ + ci^z' = /'
{an?' + b?) y^ + (at? + c?) z' + Ixunnyz - 2apmy - lapnz + {up' - ?') = 0, 

which is the required equation of the cylinder.

or
or

• SUMMARY
v-B 1-1• Equation of a cylinder whose generator is — ^ and intersecting the given conic

/ m n
ax^ + by^ + 2/iav + 2^a + 2fv + c = 0 is given by
a {nx - Iz) + 2h {nx - k) (ny - inz) + b{ny ~ mz)" + 2g/i {;w - Iz) + 2fn {ny - mz) + iCc - a.

X-a v-B z-y. . --------------- ---------- ^ IS given by• Equation of a right circular cylinder of radius r and axis

[(a - a)^ + (y - P)^ + (z - 7)^])? + + n^) - [i (a - a) + m (y - B) + n (z - Y)]'
! nm

?- {l^ + //?• + n-)
• Equation of the tangent plane at (a, P, y) to the cylinder ax~ + 2hxy + by^ + 2gx + 2^■ + c = 0 is 

given by
«C(A + h {aP + ya) + byP + g (a + a) +/Cv + P) + c = 0.
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The Cylinder• STUDENT ACTIVITY

Find (he equation of the cylinder whose generators are parallel to the line - = ^ and the
2 2 I ~ 2 3

guiding curve is the ellipse x + 2y^ = 1, z = 3.
1.

2. Find the equation of the cylinder which intersects the curve ax^ + by^ + cz^ = I 

lx + my + nz= p whose generators are parallel to the axis x.

Y

• TEST YOURSELF

-2 31. Prove that the equation to the cylinder whose generators are parallel to the line y = 
and passing through the curve x^ + 2y^ = 1, z = 0 is

x- + 2y^ + z^--xz + -yz-

2. Find the equation to the surface generated by a straight line which is parallel to the line 
y = nix, z = nx and intersects the ellipse

8 1 = 0,

2 2X Z_—z + ^= l.z = 0.

3. Find the equation of the cylinder with generators parallel to z-axis and passing through the 
curve ax' + b^ = 2cz, lx + my + nz = p-

4. Find the equation of a cylinder whose generators are parallel to the line x = y/2 = -z and 
passing through (he curve 3x^ + 2y^ = 1, z = 0.

ANSWERS

2. b^{nx - z)' + <^{ny - mzf' = a^b~n^.
3. aii}^ + bny^ + 2c (lx + my) - 2pc = 0.
4. 3x^ + 2y^+llz^ + 8yz + 6zr-l=0.

OBJECTIVE EVALUATION
> FILL IN THE BLANKS :

2 2The equation^x-,y) sat +2hxy + by + 2gt + 2^ + c = 0 represents a
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2_ The axis of the cylinder s ax^ + 2hxy + by^ + 2gx + 2fy + c-0 isCalculus ({ Geometry t
3. The equation of a right circular cylinder of radius r having its axis as z-axis is ...
4. The equation of the right circular cylinder of radius 5 whose axis is the >-axis is

> TRUE OR FALSE :
Write ‘T’ for true and ‘F’ for false statement:

The axis of the cylinder f{y. z) s ay^ + 2fyz + + 2v>’ + 2wz + c = 0 is x-axis.
2. The intersection of the curve/(A, y, z) e 0 and (})(Ar,y. z) s 0 gives the equation of a cylinder

ir/F) 
(T/F) ■

(T/F)1.

with its axis z-axis.
2 2 2The equationy +z =a ,x = 0 represents a cone.3.

> MULTIPLE CHOICE QUESTIONS :
Choose the most appropriate one :

The axis of the cylinder_/(x, y) s ax^ + 2hxy + by^ + 2gx + 2/y + c = 0 is:
(b) y-axis 
(d) None of these.

(a) j:-axis 
(c) z-axis

2. The generators of the cylinder J(y, z) a 0 are parallel to the axis :
(b) y-axis 
(d) None of these.

(a) AT-axis ,:>i 
(c) z-axis

\
ANSWERS

Fill in the Blanks :
1. Cylinder 2. z-axis 
4. ^^ + z^ = 25 

TVue or False :
1. T 2.F 3.F

Multiple Choice Questions :
1. (c) 2. (a).

3. x^ + y^ = r^

□□□
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